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manuscupts which have pioved too extensive, on the one hand, 
for publication an the ponodicals or pioceodmgs of engineering 
societies or in other journals, and of Loo specialized a diameter, 
on the othei hand, to justify ordinary commercial publication in 
book form. 

No adoquato funds or other means of publication have been 
piovidcd m the engineering field for making these works available 
In othoi blanches of science, certain outlets for compaiablo 
tiealiscs have been available, and besides, the piesses of sovcml 
univoisitics havo been ablo to tako caro of aconsidoiftblonumbci of 
scholaily publications m the vanous blanches of puic and applied 
science. 

Experience has demonstrated the value of propci mtioduclion 
and sponsoislnp foi such books To this end, four national 
engineering societies, the Amciican Society of Civil Engmcois, 
Ameiican Institute of Mining and Molalhugical Enginecis, Tho 
American Society of Mechanical Engineers, and Amoncan 
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the McGmw-IIill Book Company, Inc., for tho pioduction of a 
senes of selected books adjudged to possess usefulness for 
engineers or mdustiy but of limited possibilities of distnbutlon 
without special mtioduction 
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It will bo pioduced under tho editorial supei vision of a Committee 
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Chairman, and two representatives appointed by each of tho 
four societies named above. 

Engineering Sociotics Library will shaio in any profits mado 
from publishing tho Monographs; but tho main interest of tho 
societies is soivlce to tlroir members and tho public With their 
aid tho pubhshor is willing to adventure the production and dis- 
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unpractical. 
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nor relation or continuity in subject matter. What books are 
printed and when will, by the nature of the enterprise, depend 
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estimation of their usefulness. The aim is to make accessible to 
many users of engineering books information which otherwise 
would be long clolayed in reaching more than a few in the wide 
domains of engineering, 
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PREFACE 


In the present volume on “Applied Aoro- and Ilydio- 
mechamcs” an attempt has been made to picsent llio more 
impoitant subjects of the wide field of fluid mechanics in a 
stiictly scientific mannci, avoiding a masse of piuc mathematical 
formulas by emphasizing the technical rathei than the mathe- 
matical tiofttmont The physical moaning ot the various 
pioblcms has always been brought to the foie, and, wlicnovor 
possible, expencnce has been con elated with the fundamental 
laws and the underlying theoncs 

As in the case of the “Fundamentals cf Acio- and Hydrome- 
chanics” (McGraw-Hill, 1934) this volume has been leviowod by 
Dr Prandtl and he has added many valuablo remarks It may 
be mentioned hoio that Arts 79 to 81 were written by Dr, 
Piandtl himself* 

The fust and the second ohaptois containing tho elements of 
hydrodynamics and the laws of mechanical similanty are written 
m lather closo agieemcnt with the lecluies of Dr Prandtl In 
tho tlnrcl chapter, dealing with tho flow through pipes and 
channels, the author has incoi pointed considoiablo material of 
his own and has lopicscnled tho subject in quite an extensive 
manner by making fieo use of contompoiary literature Tho 
foiulh chapter on boundaiy layers again is wiitlon in closer 
agreement with Di PiandtPs lectures; whereas tho fiflli chaptm, 
on the diag of bodies moving through fluids, goes in many 
respects beyond tho discussion given by Dr, Prandtl. This is 
also true for tho sixth chapter dealing with tho airfoil theory* 
The last chapter, m which tho author gives a survey of experi- 
mental methods ancl apparatus, is not based on Dr PinndlPfl 
lectures, Ilowover, it was sliongly folt that m a treatise on 
aoro- and hydiodynamios at least tho moro important experi- 
mental featuics should be picscnlcd 

Tho references to contemporary literature by no moans claim 
completeness but arc given rather to facilitate a moro extensive 
study of each paiticular subject In the “Fundamentals” tho 
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number of references was intentionally limited since good books 
on classical hydrodynamics are available in which complete 
bibliographies are given. In this respect ono may refer to 
Lamb's “Hydrodynamics." 

The author wishes to acknowledge his indebtedness to Dr. J, P. 
Den Hartog for translating the German edition and for his 
kindness in undertaking the reading of the proofs. 

0. G. Tihtjenb. 

Swarthmohe, Pa., 

January , 1934. 
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INTRODUCTION 


The Problem of Flow Resistance — A completely fnctionlcss 
fluid, as was discussed in Chap III, of “ Fundamentals,” lepie- 
sentb only an idealized mental pictuie of an actual fluid The 
lesutts obtained when completely neglecting the internal fi lotion 
can theiefoie bo con&ideied m the most favoiable case only as 
approximations of actual fluid motions In general, the agree- 
ment between the thcoietical and experimental results becomes 
bettor when the viscosity becomes smaller 

This statement, howovci, is tiuo only with one impoitant 
exception (see Art 65, “Fundamentals”)* Only in the cases 
whcic tho “boundaiy layci ” formed under the influence of the 
viscosity remains in contact with the body can an appioximation 
of the actual fluid motion by means of a thcoiy in teims of the 
ideal fnctionlcss fluid be attempted, whereas in all cases whole 
the boundary layer leaves the body, a theoietical tioatment 
leads* to lesults which do not coincide at all with experiment 
And it has to bo confessed that tho latter case occuis most 
frequently 

A classical example is tho problom of tho icsislance of a body 
(foi instance, a sphcio) moving thiough a liquid with uniform 
velocity, The theoiy on tho basis of a fnctionless fluid discussed 
in Art 68 loads to tho paradoxical lcsult that the resistance 
or drag of such a sphcio is zcio The roason foi the discrepancy 
is that m the actual caso the boundary layer leaves the sphoie, 
so that the pictuio of the flow is enliiely cliffeient fiom the one 
examined in the thcoicticnl calculation 

Since tho hydrodynamics of tho fnctionless fluid leads to com- 
pletely useless results regarding tho lesistanco pioblem, and a 
consideration of viscosity m the equations of motion until now 
has offered imsurmountablo mathematical difficulties, there 
remains only tho experimental procedure foi determining tho 
laws of drag For this pm pose, extensive series of tests have 
been earned through, especially for air and water Such experi- 
menting was greatly accelerated since tho beginning of this cen- 
tury by the enormous development m aeronautics, which created 
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great interest in the knowledge of the forces oxortod by the air 
on the airplane or airship. Because such experiments in general 
are made by suspending models of airplanes or airships in 
artificially produced air currents, it became important to know 
the laws governing the mechanical similarity of the phenomena 
in the model as compared with the full-size airplane. 

Before starting the discussion of the laws of similarity, the 
elements of the theory of flow and the principles of internal 
friction of a fluid will be considered briefly, especially for those 
readers who have not road the “Fundamentals.’' 
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CHAPTER I 

ELEMENTS OF HYDRODYNAMICS 

1. The Equation of Euler for One -dimensional Flow. — When 
dealing with fluid motions one of the most uselul conceptions is 
that of a streamline, which is a cui'vo whose direction m each 
point coincides with the dnoclion of the velocity of llio fluid 
In the usual case of continuous velocity disliibuUon, all stioam- 
lines passing through a small closed ourvo foim a. so-oalled 
“stieam tube ” 

A special case of fluid motion is the ono m which at any point 
of space the velocity, picssuio, density, etc , lemain constant 
with time This evidently makes the pictiuo of streamlines 
also mvanablo and such a flow is called “steady ” 

Since the streamlines always have the clnoolion of the volocity, 
the stream tubes in the steady-state case boliavc liko solid tubes 
tlnough which the fluid passes Fiona the law of conservation 
of matter, it follows that the amount of fluid flowing through 
each section of such a stream tube 
per unit of tune must be a constant 
When A denotes the cross .section of the 
stream lube, p the density (which is 
not nccossanly constant), and w the Iu ' 1 — stionm tubo 
velocity, the so-called equation of continuity for a stream tubo 
becomes (Fig 1) 

pAw - const, (I) 

Now wo shall derive an important dynamical rolation for the 
case of a Motionless fluid To this end wo considei an olemonl 
of the fluid having llio shape of an infinitesimally small cylinder 
(Fig 2) msido a stream tubo The fundamental law of mechan- 
ics, stating that the product of mass and acceleration equals the 
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sum of tho forces, is valid for each particle of tho fluid. By 
applying this law to the cylinder of Fig. 2, we obtain 


pilAds 


Dw 

dt 


= pgdAds cos « + d/l|/) — 


mass X acceleration *» gravity forco -j~ 


pressure force 


In this formula p is tho density and g the acceleration of gravity. 
The “substantial” or total acceleration Dw/clt in the longitu- 
dinal direction of a particlo of fluid 
is generally composed of two terms; 

1, The change in velocity per 
second caused by the fact that 
the velocities at the various points 
vary with the time, c ho/dt. This 
may be called the “local” differen- 
tial coefficient. 

2. The change in velocity per 
unit of time caused by tho fact 

that each particle owing to its motion gets into a region whoro 
the velocity is different (“ differential coefficient of convection”). 
Tho expression of tho change in velocity with the location is 
dw/ds so that the differential coefficient of convection becomes 
wdw/ds, the clmngo in location per unit of time being represented 
by the velocity w of the particlo. 

Therefore, the substantial differential coefficient becomes 



Fig, 


2. — Forces on an oloinont of 
idoul fluid. 


Dw 

dt 


dw f dw 

t» + “V 


Substituting this expression for tho accoloration of a particle 
in tho above equation and dividing by pdA, we obtain 


dw : 

Hi' 


+ v/^-ds = gds cos a — - ~ds. 
os p os 




But for tho factor ds this is the equation of Eulor for onc-dimen- 
sional motion. 


1 Mathematically this can bo derived also by considering w 
writing for tho total clifforonlial 

Dw - Tt dl + te ds ‘ 


1 /(<> «), and 
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2. The Equation of Bernoulli for One -dimensional Flow; 
Three-dimensional Equation of Euler. — Assuming further that, 
fiist, the flow is steady, % e , dw/di = 0, and, second, the fluid is 
homogeneous and mcompicssible, t e , p is constant, wo obtain by 
intcgiation with respect to s, 

•it + gh + - “ const (2a) 

A p 

This integration has been peifoimecl along a stieamline. Fur- 
thei, we have set ds cos a - —dh (Fig 2) The equation (2a), 
which is of fundamental impoitance foi fuctionless fluids, gives 
the lelation between velocity, location, and picssiue of those 
pai tides of the fluid which aie on the same streamline It Is 
known as the “equation of Bernoulli ” Foi the case that no 
free suifacos occur and that p is constant in the entne fluid, the 
equation can bo simplified somewhat when we denote by p not 
the absolute picssiue but lathei the difteionce between the actual 
prcssuio and the piessurc which would exist if the fluid wcie at 
lest In that case, the equation of Bernoulli takes the foim 

- const. (26) 

* P 

It is noted especially that the constant is not nccossarily the 
same foi different stieamhncs 

In the pievious discussions, the internal friction or viscosity 
(which any leal fluid possesses to some degice) has been neglected, 
but evon foi fluids which have very small viscosity and which can 
piactically be consideiod as fnclionless, theio aie legions m the 
held of flow whcic the friction forces assume such magnitudes 
that llio assumption of no faction is not oven appioximately 
Buo Such logions occur always m tho dnect proximity of the 
bodies along which the fluid flows Theio tho friction foices 
assume impoitance the same as or oven greater than tho liieitia 
forces (mass times acceleration) which wc have considcied 
exclusively until now, 

In tho case of general three-dimensional fluid motions the 
equation of Euler is a vector equation, which can be decomposed 
mto thiee equations foi tho y-, and 2-dnoctions lespcctively, 
as shown in Art 56, “Fundamentals m 

1 That jbn s, 0 G , “Fundamentals of Ilydio- and AGiomcohanicB,” Bused 
on Lectures of L Fiandtl, Now York, 1034 
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Ou . Oil , Ou . Ou 

Ti + “31 + % + "W 

dv . dv . <lv . ftv 

m + “S + % + ”W 


c)w , flltf t (lw 

Tt + “iff + % 


W 


A' 


dm 

d« 


r - 




I Op 
l> Ox 
[ Op 

l> <>!l' 
I Op 
p Os ' 


(•'0 


where u, v, and tv uro the velocity components in the ,r-, y-, and 
z-direclions, and A r , Y, and Z are the body forcon per unit volume 
in these three directions. 

3, Definition of Viscosity; Equation of Navlor-Stokoa, In 
order to obtain a physical picture of the friction in fluids, we 
consider first the motion of a fluid between two flat parallel platen 
of which the ono moves relatively to the other (Kin;. 3). Assmu- 
ing the lower plate to be at rest and the upper plain fo he moving 
with a velocity « ( from loft to right, (he experiment leads In 1 la* 
following observations; (1) the fluid slinks to the surfaces of the 

plate; (2) Mm change of the 
y' velocity between the plains Is 

u, linear (in our case the velueity nt 

— . — — * any point between (he pinion is 

|p£ proportional lo Ibe disfanec of 

— jp this point from the, lower plate); 

Km. a. — VcionUy <li»irihiitiim in tllf<!nm ' friction of I Ik* 

a vi«ri0UH fluid l)nlwoi‘ii two i>IhIoh uf fluid (IIUlNnH ll Vl'nintanot! t f > tilt* 

other! ' m ° " l0VM r “ ,fUiv " ly 10 Ul ° >»«««» »f I he upper plate which 

is proportional lo the gradient nf 
the volocity; there is a force per unit area or a shear slress r of 
the magnitude 


du 

r -- p . > 

<>1/ 

whoro p is a factor of proportionality which indienles Ilia amount 
of viscosity. It is a constant for each fluid depending very much 
upon Lho temperature and is known by the name of “coefficient 
of viscosity.” In an elastic, medium, the shear si rosn is propor- 
tional to tho angular deformation y ; 


with 


r c - Uy, 
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whoie 0 is the modulus of elasticity in shear, and £ is the displace- 
ment of a point m the a-dnection On the olhci hand, m a fluid 
medium the sheai stiess is propoitional to the late of change of 
angle dy/dt } t e , 



theicfoie 


This leads to the iclation 


£ = id; 



Ou 

T = %> 


(i) 


which lma boon vciified by expci uncut, as will be discussed in 
Art 12 

The general differential equations of fluid motion including Iho 
effect of viscosity aio known as " the equations of Navicr-Slokcs.” 
A derivation of them can bo found in (Jliap. XV, "Fundamentals ” l 
Fortho i-diicction tho equation is 


du . dit . du 

ti +u j; + % 


+ ,, fc- A 


1 dp . n l dhi 

pc) i p \ch 1 


ahi 

Ov* 


+ H + 


dH 
dz 2 


) 


( 5 ) 


Two oonosponding equations hold for the y- and s-dn actions. 
It is seen that for no viscosity (jjc =» 0), tho equation of Navior- 
S lakes (5) i educes to Euler’s equation (3), 

1 Si'(* footnote, p 3 
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LAWS OF SIMILARITY 

4, The Law of Similarity under the Action of Inertia and 
Viscosity. — In the study of mechanical similarity the question 
conies up: Under what conditions will a geometrically similar 
flow of a liquid or gas occur around geometrically similar bodies? 
For instance, considering the flow of two different fluids (of 
which one may be a gas) round two spheres of different size, 
the question is: What conditions have to be fulfilled in order to 
make the streamline picture in both cases geometrically similar? 
(Fig. 4.) The answer evidently is that in similar points 
of the two fields of flow, the forces acting oil an element 
must bear the same ratio to each other at any instant. Depend- 
ing on the nature of the various forces acting in tile fluid, this 
condition gives us the various laws of mechanical similarity. 
The first and most important caso is that all forces except inertia 
and frictional forces can be neglected. This caso includes 

the assumption that the liquid 
or the gas can bo considered 
v incompressible; further, that 
no free surfaces exist and that, 
mj hence, the action of gravity is 
y eliminated by statical buoy- 
ancy. When it is desired that 
4 ' _S ‘“Srri flow around Iho l«ro »phorOB 

of Fig. 4 bo similar, it is neces- 
sary, as stated above, that the ratio between the inertia forco 
and the frictional force at any instant acting on the two 
corresponding fluid particles be the samo. 

Now we proceed to derive the expressions for the inertia forco 
and the frictional force acting on an elementary volume. 

An expression for the frictional force per unit, volume can bo 
obtained by considering an element of fluid (Fig. 5) whose .r-direc- 
tion coincides with the direction of motion. The difforonco 
between the shear forces acting on the element then becomes 

0 
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( T + ~^ d ^ c!ldz " rdxdz “ ^jj (lld y dz > 

or the viscosity foi cc pci unit volume is equal to 

dr ePu 
dy ^dy* 


* *u d u 


The conesponchng cxpicssion for the moitia foice pox unit 
volume is equal to the product of mass and acceleiation per 
unit volume When u denotes the velocity com- 
ponent of the fluid pax tide in the i-dnection, the 
i-component of the acceleiation foi a steady motion 

can be lepiescnlcd by the expieb&ion and 

theiefoie the meiLia foico pci unit volume becomes 

P U J~ (t<> he exact, the teims and pw~ should 


dy 




be added, and foi non-Btoady motions the toim p 


<lu 

di ] 


x 

Fia 5 — 
ft horn 80 08808 
on nu olo- 
mont 


howover, foi geometrically simiUu flows, these loans behave 
exactly like the term chosen above) The cn tenon foi mechan- 
ical fumiUuily theiefoie is that the latio of the inertia forco and 
the factional foico 


dll 

I noil ia foice _ pU 0 1 
Factional foice ~ Wii 

is equal foi points mmilaily situated with inspect to tho bodies 
How do Iheso foi cos change with a change in the oharactoiiblic 
quantities tho velocity V of tho fluid at a gieal distance fiom 
the sphcie, the ladiua a, tho density p, and tho viscosity p? 
Evidently the velocity u at any point of tho field of flow is pio- 
poitional to tho velocity V of the undistuibed flow (tho change 
from one system of flow to anothci entails only a change in tho 
unit of time employed) Denoting by ^ propoitionulity of the 
two quantities on cither side of tho sign, wo can wale 

u ^ V 

X 7 or the same loason the difierenccs botwoon volocitics at 
corresponding points nic piopoitional to the velocity V } i e , 

m du ~ V 
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The distances between two points in mechanically Himihtr Dim® 
are ovidontly proportional to the dimensions of the h« alums 
which Iho flow takes placo (for instance, lo (ho i*iiclii in tin* ra*" 
of spheres). Therefore the expression flu/tXr in propm'iimisl n* 

Y/a, and the inertia force ilHolf being representml hy n» <tJ »•* 

proportional to 

For the same reasons 

<l-ii o/fli<\ ^ F 

Oi/\dy) «•'* 

so that tho frictional force is proportioiml (o 

ItV 
'«* ’ 


The ratio of the inertia force and the frict ional force thru hocemen 


flu 

Inertia force pu fl.r. 

Frictional force <>-ii 

V 


V 


r« 

a 



a. 


/J 


Thoroforo, if in two different flown nrountl KiMinu'irti'nlly 


similar bodies tho qimntity - Va in (ho hiuiii 1 , if in Iti ln« 

r 

that tho streamlines themselves are alwo geometrically similar, 
This is tho statement of the law of mechanical similarity. IW 
instftiico, if wo compuro two flows of the same fluid of tin* won* 
temperature and density (p/p eonsluut) around I wo HplicrrM«f 
which tho ono is twice as large as the nllier, iho pal lorn of f lt»» 
flow is geometrically similar in the (wo cost's if Hie velocity sl«tu< 
tho larger sphere is half ns grant as the velocity nlmut I ho smaller 

sphere, because in that case -Va has llm same votue, 


Since tho quantity ~V<i rejiresen Is (ho is I in of I wo fur cos, it i« 

a tlimonsionlcM numbor and Umrefmn indopomloni iff flu* unit* 
used, This can bo soon immediately by unnxiritM'inix I lie <tiiwm* 
sions of tho qunnlitloH iu quealion. In Ubo Ho-tmllml engineering 
system of units wo have 
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[p] 



[a] = L and [p] — 


FT 

i r 


vvheic L is length, T is time, F is foice It follows that 



FT* IS L 
V ' FT T 


Since the quantities p and n ofton' appeal as the ratio p/ n, this 
latio has been given the symbol v, called the "kinematic viscos- 
ity ” The dimension of v theiofoio is L 2 /T This law of 
similarity was first found by Osborno Reynolds dining Ins 
investigation of fluid motions tlnough tubes, which will bo 
discussed in Ait. 22 Theiofoio, the quantity 

P T , Va 

-Fa = — 

M v 


has been called the "Reynolds' numbei, ” usually donolod by 
R The fundamental importance of the mti oduclion of this 
dimensionless quantity for the fuithcr development of modem 
hychodynamics will bo discussed later. Foi a great numbei of 
flow phenomena, tho Reynolds’ numbei was Iho key to finding 
unknown lolations between tho expeiimonlal results obtained. 

6. The Law of Similarity under the Action of Inertia and 
Gravity. — While in Ail 4 it was assumed that gravity does not 
act (no free suifaccs), now a conosponding law of similarity 
will bo donvod considering only inertia and gravity forces and 
neglecting friction and oompiessibihty Again it is only nocos- 
saiy to express tho fact that for mechanically similar flows 
at similar points tho latio of tho foicos acting on theso points 
pei unit volume is flic same, In otlioi words, tho ratio between 
the ineitia force and the gravity foico acting on points of similar 
location with lospocl to the bodies is tho same. Tho gravity 
force per unit volume is equal to tho weight per unit volumo 
y ~ PO (g being the acceleration of gravity) Them fore the 
necessary condition for mechanical similarity (neglecting vis- 
cosity and compicssibility) is 


du 

Inertia foico _ t 

Gravity force “ ~ oonst '• 
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Since changes like 
tton can be written 


F* 
a ' 


ns was Been in Art. 'I, Urn 1 mh( t>t|uu- 


Inertm force I * 

. ^ -- ennui. 

Gravity force tuj 

Hero V in an enliroly arbitrary lull. ehnrnet eristic velocity for ih<* 
flow phenomonon under consideration, nm| a in uii arbitrary 
characteristic length. 'This law of Bimilarily was lirsl found by 
William Froudo and is known uh Fronde's law. 1 Tim ratio 
. ] n /ag again is a dimoiiHionle.HH number usually deluded by 
This law is extensively used whore free Hurfuces noenr, thu* 
calling in tho influcnco of gravity, principally in investigation* 
with ship models. For instance, if I lie size of the model is one 
onc-lnmdrcdth of tho size of tho ship, Fronde’s law requires I lint 
tho velocity of tho model he one-tenth of l he velocity of the ship, 
in order to make F a constant. Only (hen are I In* pal tern of flm 
flow and tho slmpo of tho waves similar in the model and in I he 
ship. 

In the caso of Reynolds’ law, eonsidering viscosity it ml inertia 
(neglecting gravity), mechanical similarity is possible only when 
with a small model the model velocity in correspondingly larger. 
1' rondo’s law, however, requires a decrease in velocity with a 
doorcase in model dimensions. U is evident, llterefnrn, tlmt a 
simultaneous fulfillment of Iho two laws of similarity with the 
same fluid is impossible, ix., for the same fluid (hero emuml e,yj«t 
a law of similarity considering inertia forces, frictional force*, 
and gravity forces all ill the same time, lining (wo fluids of 
different kinonmtio viscosity, it is possible In make both lows of 
similarity valid. Practically, however, this is hardly of impor- 
tance, sin co no fluids of sufficiently different v exist.' Denoting 
by tho suffix (I) the actual body and by the sullix (2) tho corre- 
spondingly small model, it follows from 

Fi«i M F*tt* 

ri i'ti 

and 

JV M Yt* 

«iff ~ <hg 

1 I'Woudk, Trant, [nut. Nairn! Arrh., vol. It, p. K0, IN7II. 
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that the kinematic viscosities of the two fluids must bear the 
ratio 



In ship-model tests, the lesullnnl of all viscosity foices, i e , 
the “skin faction,” is in geneial of the same ordei of magnitude 
as the inertia and giavity foices (piessuie lesistance and wavo 
resistance) According to Fioude's pioceduie, the factional 
lesistance of the model, as detenmned by sepaiato tests, is sub- 
ti acted fiom the total 1 resistance measuied on the model The 
icst of the model lesistanec (the “lcsiduniy icsistan.ce”) is then 
tiansfoimed by means of Fi oxide's rule to the full-size ship 
Finally the skin friction of the ship is added to it. This pro- 
ceduie, howevei, is fairly maccuiate, since ovon the lcsiduaiy 
model lesistance mentioned above is not entuoly independent 
of the viscosity, the maccuiacies being gi enter for smallei models 
For this reason, ship buildeis use relatively large modols (16 ft 
and more), 

In both laws of similanty, Reynolds' ancl Fioudo's, rt was 
supposed that the effects of compressibility are so small that they 
can be neglected In Chap XIII, “Fundamentals,” 1 it was shown 
under which conditions gases can be ticatcd as moompiossibio 
fluids In case the effects of compressibility are so large that they 
aie of definite impel lance (very Inigo velocities or diftcicnccs in 
height), it is possible to donvc a law of similarity considering only 
inertia and compiessibihty, However, in tins case also, it 
appeals that the consideration of a third factor (for instance, 
gravity 01 viscosity) makes it impossible to fit all conditions 

Sinco for most meteorological applications a combination of 
inertia, gravity, and compressibility occuia, it is not possible to 
study these phenomena by means of model tests 

6* Relation between Considerations of Similarity and Dimen- 
sional Analysis, — Since all physical laws can be cxpiossod in a 
foim in which only puio numbers appeal which mo independent 
of the units of moasiuoment used, any consideration of similanty 
can be loplaced by a dimensional analysis Of the quantities 


1 See footnote, p 3 



12 


APPLIED HYDRO- AND AEROMECHANICS 


appearing in the equation of Navier-Slokcs, Eq. (5), the unit of 
time is determined by the choice of the unit of velocity V and by 
the unit of length a. On the other hand, the pressure is of no 
importance for the geometrical similarity of the flow. The only 
quantities which determine the streamline picture uro therefore 
the velocity F, the length a, the mass per unit volume p, and fcho 
viscosity p. We consider the technical system of units with the 
unit of force F, the unit of length L, and the unit of time T. 
The question of dimensional analysis is whether there exists a 
combination 

FVpV, 


which is a pure number. This requires a determination of «, 
0, y, and 5 such that 1 

[FVpV ] = Wl" - 1. 


Since, however, a dimensionless number raised to an arbitrary 
power remains a pure number, one of the quantities «, 0, y, 5 is 
arbitrary, Putting therefore a = 1 we get, substituting for llio 
various physical quantities their dimensions, 


[FafyV] 


LtflFyT^FtT* 
T LF U<> 


F°L°T°. 


Equating the exponents of F, L, and T right and left, equations 
for /3, y, and 5 are obtained, namely, 

7 + 5 = 0. 

1 + jj - 4 t - 25 - 0. 

2y + 5 - 1 = 0, 


This leads to the solution 

0 - 1 , 7 = 1 , 5 = - 1 , 

i.e., the only possible dimensionless combination of V, a, p, anil 
iu is 

Fa • l = It, 

P 

If it had been known in advance that p and fx only appear in l lie 
combination y/p, i.e,, 8 - — Y, the derivation would have been 
still simpler. Since, therefore, 

1 A quantity in square brackets moans the “dimension” of that quantity. 
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and 

[Fa] = j, 

it follows that Va/v is the only possible combination giving a 
piue numbei 

Although this dimensional analysis physically is not so mstiuc- 
tive as the similarity con side lation, it has the advantage of being 
still applicable when the exact equation of motion is unknown 
and we know only which physical quantities aie of impoi lance 
for the phenomenon 



CHAPTER lit 


FLOW IN PIPES AND CHANNELS 
A. LAMINAR PLOW 

8. General. — Investigations of the (low phenomena in pipes 
and channels woro performed early; in fact thin is I lie imml. 
important subject of hydraulics. Since (lie laws of internal 
friction of fluids were unknown, if was necessary to be coni ruled 
with experimental results pertaining to each individual case. 
These individual experiments, howovor, could not be coordinated 
into a law. 

In the middle of the nineteenth century, an exact solution of 
the hydrodynnmicnl equations was found for the (low of a fluid 
through straight tubes of ciroular cross section, taking info 
account the influence of viscosity. This is one of the very few 
cases in which a complete integration of the general differential 
equations of viscous fluids luus boon accomplished. (Iowovor, it 
appeared that this solution hardly solved the difficulties of prac- 
tical hydraulics any bottor, since Iho conditions under which if, is 
valid do not occur often. In the large majority of cases of How 
through pipes or channels, especially in technical applications, 
the solution found docs not apply. This is due (o the fact that 
there exist two radically different kinds of flow. ( lonsidering, 
for instance, Iho flow through a glass tube, using water in which 
small particles aro suspended, It is seen that most of I mi (lie 
particles of fluid do not movo in paths parallel to the walls of 
the tubo but flow through in a very irregular manner. Resides 
tho principal motion in the direction of the axis of I he tube, 
secondary motions perpendicular to tho axis can ho observed. 
This kind of flow is called (< turbulent flow.” Tho majority of 
cases of fluid flow including those occurring in technical applica- 
tions are of this kind. When in our experiment with the glass 
tubo the flow of water is throttled down more and more, there will 
be a certain small velocity at which tho individual particles of 
fluid start moving regularly in paths parallel to the walls of the 
tube. This is tho second kind of flow referred to. It is corn- 

14 
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monly called " laminar flow,” and to it applies the solution of 
the hydiodynamical equations mentioned bofoio 
9. The Fundamental Investigation of Hagen* — Though the 
existence of the two foims of flow, turbulent and laimnai, was 
known for a long time, the fust systematic tests to discovei the 
laws of these Uvo phenomena weio not made until the middle of 
the last century Veiy accuiate cxpenments weie earned out by 
G Ilagcn, who deserves gieat cicdit foi his woik though it did 
not become widely known This is piobably due to the fact that 
he published his losults in tonus of “Piussian ounces,” “Pansian 
inches,” etc , which loquiie a consideiable amount of calculation 
befoie they can bo compared with the lcsulls of moic modern 
investigators The fiist of his two publications (1839) is limited 
to laminar flow only 1 Hagen used foi lus tests thieo biass tubes 
of vniious diamcteis 2 and expicssed the mcasiucd piessuie heads 
h of his supply tank as a function of the weight of the water flowing 
out pei second W lie made the assumption 

h - hi + th « aW + bW 2 

and showed that a and 6 arc constants for each tube, a was 
found to bo voiy much dependent on the tempciatiue, while b 
is independent of it Showing a good undci standing of the 
physical phenomenon, Ilagen observod that Lho pmt h* - bW 2 of 
the total head is used foi imparting kinetic oncigy to the fluid 
while tho part hi « aW is nocessaiy foi ovei coming the fuction 
lesistance 

Thciofore, whon only faction comes into consideration, the 
prossuio head is propoilional to tho rato of flow whore the factor 
of proportionality depends very much on the tcmpeiatiue 
Using tho method of least squaios, the lclation bo tween tho 
quantity a and the tomporaturo was detoimxncd from the experi- 
mental data and tho valuo a for the vanous tubes reduced to a 
definite temperature (10°C), Dividing the expiession for h 
by the lengths of the tubes, the factois of propoitionality a mid b 
thus tiansformed were found to be mvoisoly pioportional to the 
foiuth power of the tube diamotei When ? denotes the radius 

1 Hagen - , G, On the Motion of Watoi in Nauow Cylindrical Tubes 
(German), Pogg Am , vol 40, p 423, 1839 

2 Djamclois, 0 255 cm, 0 401 pm, 0 501 cm, lengths, 47 4 cm, 100 cm, 
106 cm , j capcctivelv 
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of the tube, he found (in terms of Parisian inch, Prussian ounce 
seconds) that 

h = )n + h - 0.000000117-— + 0. 0002050 ^ 

Considering only the term proportional to the first power of IK, 
which is taken up by friction, it in seen that the weight of Wilier 
delivered per second is proportional to the pressure head hi 
and to the fourth power of the radius, and inversely proportional 
to the length of the tube* Introducing into the above relation 
the mean velocity it instead of the weight delivered per soeouil 
(W = Trr 2 w 7 ), and, instead of the pressuro head h f the pronmuo 
difference Ap = hy ~ hpg, wo got (in c g s units) 

Ap - Api + ajh - o.iosjj -I- L.:tr>/>iz 2 . 

The numerical factors in this result have been obtained with 
one Parisian inch equal to 2.707 cm and the specific gravity of 
water as 1.365 Prussian ounces por cubic Parisian inch. Ini re- 
ducing in place of the coefficient 0.103, the viscosity /<, which for 
the temperature 10°C is 1 0.013 g/emsoe., the above formula 
transforms to 


Ap = Api + Ap* = 8 -h 2.7^ (1) 

For the relation between the viscosity and tho teinperafure 
(between 0° and 20° G), Hagen givos 


P = 0.01800 - 0.000655J -|- O.OOOOM-U 2 


expressed in o g s units and in degrees centigrade. In Fig. <1 
some of the values calculated by means of this formula are com- 
pared with tho best and most up-to-dato results of Thorpe and 
Rodger, as well as with thoso of Bingham and White, 2 showing 
the remarkable accuracy of Hagen’s tests. 

10. The Investigation of Poiseuille. — Approximately simulta- 
neous with Hagen’s publication in Poggemlorfa Annnlcu, the 
Ransian physician and physicist Poisouillo ox pori men tally found 
the same law for the laminar flow of water through very narrow 


‘ Thorpe and Rodger, Phil. Tram. Roy. Roc., vol. 186 , 
Bingham and White, Z. phynk. Cham. (German), vol 


Philo 8, 1801. 

80, p. 070, 101 a. 
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capillar tubes of glass With the object of studying the move- 
ment of the blood through capillaiy veins Poiscuillo investigated 
the late of flow as influenced by the plcssuie diop, tlio length of 
the capillaiy, its diamelei, and tho tcinpeiatuic of the fluid In 
thiee pieliminary publications m 1840 and 1841 (i e , two yeais 
aftei Hagen), as well as moie detailed in 1846, Poiscuillc denved 
fiom his very caicful oxpcninents the law that the rate of flow is 
piopoilional to the piessiue diop, to the fouitlx powoi of tho 
laduis, and inveisel}' propoi tionnl to the length of tlio tube With 
this lesult, Poiscuillc had shown that the law found by Hagen foi 
laminar motion in tubes is also valid foi capillaiy tubes Ilow- 



Phi 0 — Viscoaity of ^ntoi na a funolion. of tho lompomlnio Tho upper 
curvo ftftor Bmglmm and Wliito, tho lowor ono nftm Thoijjo and Itodgoi Tlio 
-( points by IlflKon (18.10), tho ® by PoiaoinUo (1H11) 

evei, the knowledge that a pait of the picsHiue is used to impnil 
kinetic oncigy to tho fluid was lacking with Poiseuillo, wheious 
Ilagen expressed this thought very clearly Poisemllc observed 
only that his law ceases to bo valid when tlio length of the tubo 
is less than a certain multiple of tho diamotoi Vox instance, ho 
published the statement that for a capillary of 0 29-inm diameter 
(about three times the dimension of a capillary vein) Iuh law 
ceases to hold for a length shorter than 2 mm Por such short 
tubes (moasuied in diamotoiH) tho piossuio head necessary for 
overcoming interna! friction becomes so small that it is not 
possible to neglect tho second part of tho pi ensure head necessary 
foi oroatmg kinetic onergy 

11. The Law of Hagen-PoiseuUle, — In view of tlio fact that 
Ilagen published tho law of laminar flow two years in advance 
of Poiseuille and moi cover that Ilagen calculated fiom his oxpon- 
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menls a correction term for tho kinetic onorgy, thiH law is called 
the law of Hagen-Poiseuillc sinco it was derived by both inde- 
pendently. 

Neglecting the correction term for kinotie energy, the experi- 
ments on laminar flow have led to 

A p = 8/it~w. 



Tig. 7. — Tho resistance coefficient ns a function of the ltoyuolda 1 number nflor 

IlaKon’s tosls. 


The pressure drop in tubes with turbulent flow had boon invent!- 

I iZ a 

gated evon earlier and was found to bo proportional to - • p^' 

Though for laminar flow the pressure Is proportional only to the 

l il* 

first power of the velocity, tho proportionality with - ■ p 0 - of tho 

V A 

turbulent flow has been appliod also to the laminar flow. With 
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this piocodure, the proportionality factor X naturally cannot be 
constant any more We have 

, x l u* , n . 

Ap = X - p-g- (2) 


and, using the above formula foi Ap, 
x = 16 

id p iu li’ 

s> 


(2a) 


where R again is the Reynolds' number 
Plotting X as a function of It on double logoi ithmic papei, the 
lelation gives a straight lino of 45-dog. slope passing through 
X = 0 16, for R — 100 Logarithmic papei is used in ouloi to 
pievent too gieal a crowding of the smaller Reynolds' numbcis 



In Fig 7 the values of X calculated from Ilngon's oxponmonts 
collected for kinetic energy liavo been plotted against R It is 
Been that the vanous values conform veiy well to (ho straight 
lino X = 16 /R, although the moasuiomonts liavo boon carried out 
with tubes of gieatly differing diamcteis and lengths and over 
a wide tango of tcmpeiaturcs. 

12. Derivation of Hagen -Pols eujlle’s Law from Newton’s 
Viscosity Law. — In oidci to doiive tho law of Ilagon-Pmsouillo 
from Newton’s diflcienlial evpicssion for viscosity (page 4), 
we shall consider a cylindrical piece of fluid inside the lubo 
(Fig. 8). The prcssuio diffcicnce pi — between tho two facos 
of tho cylindor causes a longitudinal foico excess (p t — p a )iry 2 , 
which leads to a coitain shear stioss r on the curved surface 
of tho cylinder Foi the case of steady, non-aocoloratcd flow, 
we have 

(pi — Ps)wy z = 2vylT 
or 


»\ 


. _ Pi “ Pi . V 

l 2 
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Considering that du/dy is negative, and substituting Newton's 

friction law r = wo have 

du _ pi — Pa _ P 
cf?/ yl 2 


or 



Pi - V i 
2pl ‘ 



Considering further that the fluid adheres to the sides of the tube, 
i.e., «(?■) = 0, it follows that 


«<*> = V ^' 2 1 ^ 

Therefore, it is seen that in the case of laminar flow through oylin- 
clricai tubes of circular cross section the velocity distribution linn 
the shape of a paraboloid of rotation, The maximum velocity 
for y — 0 will bo denoted by ?/(>♦ Since the volumo (J of such a 
paraboloid equals m' 2 Uq/2, wo have 


or 


^ sjrr 


pi - pa = A p m 8 it- 


_Q. 

t? .3 


Introducing finally the moan velocity iZ = Q/vr' 1 wo obtain 

Ap « (:i) 

which coincides completely with tho viscosity term A/>i of Kq. (1) 
on page 16. 

The coincidence of tho tests for Utbos of various diameters 
with tho theoretical Eq, (3) can bo considered as an experimental 
verification of Newton’s friction law, stating that tho shear stress 
is proportional to the rate of deformation and also that the fluid 
sticks to tho walls and thus does not flow past them with a finite 
velocity. Since thoso experiments can be carried out with great 
accuracy they are well suited for an experimental determination 
of the viscosity p. 1 Howovor, in greatly rarefied gases, where 
the molecular free path cannot be neglected with respect to tho 

1 Ebk, S., Viscosity Moasuromonls on Fluids and Investigations on Vis- 
cosimotors (Gorman), Forschungaarbciten V, D, I., vol. 288, 1027. 
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lachub of the tube, disci epancies aio found which can be inlet - 
pieted as slipping along the walls This fact is in accoidnnco 
with the theoiy 

13* Limits of the Validity of the Hagen-Poiseuille law.— 
Recently expenments have been made to te&lf tho validity of the 
law foi fluids of cxtiemeiy high viscosity as well as for fluids under 
veiy high piessuics The lcsults of Reiger, Ladenburg, and 
Glasci 1 show that even foi fluids of fx = 10° (losin in tui pen Lino) 
the law holds with gicat accuracy IIowovci, Glaser's experi- 
ments indicate that the law does not hold when the itulms of the 
tube is smallci than a ceitain limit depending on the viscosity 
This limit in c g a units was found to bo 


/* 7 

10 r ’ 0 1 

10 7 0 5 

10 ° 1 0 


Foi ladu smallei than these, an impoilant mcicase m the value 
for ju was found 

Recently colloidal fluids havo also been 
investigated as to their behavior with 
lcspcct to tho law of Ilagen-Foiscuille 2 

14. Phenomena Near the Entrance 
of the Tube. — Equation (3), Ait 12, 
applies to the laminar flow in a tube at 
a sufficient distance fiom its entrance 
At the ontianco itself, which foi sim- 
plicity's sake wc assume to be rounded as 
shown in Fig 9, it is clcai that no para- 
bolic velocity distnbution can exist 
The fluid lather cntcis tho tubo with 
a velocity which is constant acioss the 
section, ancl only directly at tho wall is tho volocity aero; 



Fiu, 0 — lloimdud pipe 
onhiuico fm avoiding 011- 
ii mu o oddii's 


1 Reicibr, It, On tho Validity oi Poiscuilla's Lmv foi Fluids of High 
Vibcosily and foi Solids (Gciman), Ann Phyul, vol J 0, p 985, 190C, 

Ladeniujuo, It , On the Infmnal Fmstion of Viscous Fluids and Tts Rohi- 
lion with tho Piossm c (Gcinian), Ann I’ki/vL, vol 22, p 287, 1907 

Giahfr, II , On the Internal Ruction of Viscous and Plastic Bodies and 
tho Validity of Poisouillo’s Law (Geitnan), Ann Phynk , vol 22, p 004, 
1907 

2 Reiner, M , Tlio Ilydiodynamics of Colloids (Gciman), Z (niynv Math 
Mech , vol 10, p 400, 1930 
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M'l'hilil) nvintn- ash \i:itn,\t wits 


lienee a vary midden inmonHe in Ilia velnrily fioni yarn inke* plio-e 
in an extremely I lain layer near I lie wall, lhm in dm inUmimn of 
ihn internal frielinn, I In* laynra of tlniil lying faidmi uwa\ fimn 
llin mirfneo am relarded, i.e., I lie boundary layer wliieli win* \n\ 
lhin at. I ho mil ranee nf ihe hllie beenini'M llheher ami dilrhm* at 
larger ilial aneea from die mil ranee. 

On die oilier hand, Ihe volume lranM|iorted remain:. ilm value 
fur eunli aeelion ho dial due In (he fuel dial die layeia near dm 
wall am relarded, die inner pnrla near dm emiler nf dm lulm mie.i 
he nerolomlod until finally Ihe eipiilibiium rehidoii Imiumi pie* • 
wire drop and frielion reaial nitre (iiHdiaeiiM-ed in dm pio\i>Hr> arii 
ele) him ailjimled ilaelf. Am wan wen liefore, dm dimi y give* fur 
lliia iioiidilion a )»ii'aholie veloeily diMiilaiii.m ami mime a p.uab 
ttloid of rolaliou of (lie hiiiiii* volume an a r>ltudm' nit die wuim 
liime lias twice its height, il followa dial the velm-iiy m die middle 
Un ia aeeeleraled In dniilile Ihe value of lie* mean \e|tniiy tj, 
KxpreHHing Ihe veloeily 11 liy meaim of die taim a a, if run lm 
alnled dial, at the enlrunre of (lie lube, />., for .1 II, da- remit, 
lion ia expreHsed by u/U 1 , while with inmeudiin, », dm para- 


hnlio dial rihul ion " >2 I 



ia iipproitehedm>yiii|ilnlii'idlv. 


Al Mimipjh lliia diHlriliiilion |h Iheorelieatly never rearlmd, p i>« 
of Ini, ureal, to know for wliieh value of x dm uelual velneiiv dm. 
Irlhuilim dilTeraao lillle from Ihe puralmlie dint dbuf ion dial die 
vehmiliea In die middle are nol more than 1 pen-mil apart, Tin* 
length nf I u lie will he eallrnl the "length of Itaimllioii " 

16, rho Length of TnmtilUou. Ihnmwimfu)' waw ihe tirM i«* 

make a (heorelieal iliveadgnlinn of I law pie lt|» 

calculated reaulla urn in good agreement willi dm ri|mmnmii f»»r 
veloeily diKlrihutioiiK at Home dlNlnime away from dm miifance 
of the lube. However, fur aeelioim near lo dial niir«m<-, In* 
ealeulaled ihatribiiduim do not eheek willi dm e^iM-nmetthd 
ouea. I 1 or I he leugl h of I ran ml ion he nlao llnde a value whii'lt i*» tu 
good agreement with Ihe experiment a, namely, 


rl{ w 0 ' 20 - M) 

whore a;j la Mm length of Imnaidon and It - (n.n v la dm 
ItoynoklH 1 »»imlK*r. For iiialanre, in a tula* of o.Vtn diameter, a 

1 llmiHHiNXM), J., Cnnijil. tnul., Vitl. I III. pp. IJ ami •!«. mill. 
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Reynolds 3 number of about R « 4,00c) 1 and watei of 20°C, the 
above equation requues a length of at least 22 ft in order to have 
a diffeienco of less than 1 pei cent between the actual velocity m 
the middle and the theoretical one accoi cling to Hagen-Poiseuille 
Theiefoie Ilagen-Poiseuille's law as expressed by Eq (3) holds 
only in sections faither than 22 ft away fiom the entiance to the 
tube 

16, The Pressure Distribution in the Region N ear the Entrance, 
In sections of the tube neai the entiance, it is necessaiy to have a 
larger piessuio drop pei unit length than is lequned by Eq (3), 
since a pait of this drop is utilized foi acceleiating the inside 
layers and consequently for inci easing the kinetic eneigy of the 
flow Disrcgaid of this fact has often been the leason that 
expenmcntal lesults weie undci stood incompletely oi found to be 



in disagicomont with those of otheis In oidcr to explain these 
phenomena belter, wo shall considci in Fig 10 the flow from a 
large lescivon through a lube with a wcll-iounded enhance 
The reservoir is assumed to bo so laige that the velocities inside 
it can bo neglected, Denoting by po « hy the pi assure m the 
roservoir at the elevation of the center lino of the tube, the pres- 

suic at the entrance a, « 0 will be pi — po — The 

equivalent of this loss in piessuie energy is found m the gam in 
kinetic eneigy of the flow m the tube As we know, the piacti- 
cally constant velocity distribution at ^ *= 0 is gradually trans- 
formed to a parabolic dish lbu lion m the icgion of tiansihon 
This, however, is equivalent to a further mciease m the kinetic 
eneigy to the amount (p#/2) (the flow of kinetic eneigy though 

o IT is twice as large for the pai a- 

1 As will bo scon m Ait 24, it is possible to obtain a rogulai lammai flow 
with Reynolds' numbeis of this magnitude when the entiance to the Lube is 
rounded off well 
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bolic distribution as for a constant distribution), T-ho total 
pressure drop used for creating the kinetic energy of the parabolic 

, . _pM 3 

velocity distribution therefore is ]>» — p* — A ^ 

To this lias to be added the pressure drop for overcoming the 
friction in the tube, determined by the formula of Ilagcn- 
Poisouille [Eq. (3)1, so that finally 

Ap = po - Pi ~ -I- (5) 

in which p a is the pressure in a soction with parabolic distribution. 
17 . The Correction Term for Kinetic Energy. — The term 

0 

2— is often referred to as tho correction of Hagonbaoli, which, 

however, is not entirely justified. In tho first place, Neumann 1 
gave the complete Eq. (5) in his lectures (published by Jacobson* 
prior to Hagenbach's paper 3 ). Eurthor there is an error in 
Hagenbach’s publication, 5 owing to which ho does not obtnin tho 

correction term of Eq. (5) but rather 2 ?i! ' wliicli is too email. 

Erom his experimental investigations Hagen had already recog- 
nized the importance of a correction term for the ldnolio energy 

oil^ 

and had found it to bo 2,7 -g— This value is eonsidomhly Urn 

large, which is due to tho fact that Hagen did not uso ft rounded 
entrance but one which was Hquarely cut off. This causod a ocm* 
traction of tho jot, with subsequent spreading out again, loading 
to an additional pressure drop. 

In Eq. (5), it was assumed that Hagon-Poisouillo’s law is valid : 
in the region near tho ontranco in spite of tho fact that tho 
velocity distribution in this part is considerably different from 
the theoretical parabola. A justification, howover, for ill ias 
assumption cannot bo given. It is rather probable that tho pro** 
sure drop for overcoming the friction in the ontranco region 1* 
larger than tho corresponding prossuro drop for the final parabolic 

‘Neumann, F., “ Introduction to Theoretical Physics" (Gorman); loo* \ 
tures given in. 1860—1800, Leipzig, 1883. : 

2 J acoubon, H., ConlrilmtioiiB to Haemodynamics (German), /l rch. 
Anat. Physiol., p, 80, 1800. 

3 IlAaENDACii, E., On tho Determination of the Viscosity of a Fluid by 
Flow Experiments through Tubes (German), Poyg. /!««., vol. 100, p. 3W, ■' 
1860. 
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distnbution However, the accuiacy of the experiments made so 
far is not yet sufficient to decide this question, 

18, The Velocity Distribution in the Region Hear the Entrance. 
In orclei to make a theoieLicai investigation of the phenomena 
ncai ihc entiance of the tube, L Piandtl suggested studying 
the equihbnum equation between the change in momentum, the 
piessure chop, and the friction force acting on an elemental slice 
perpendicular to the direction of flow, assuming a certain velocity 
distnbution The assumption made for this distnbution con- 
sisted of a constant middle part bounded by two paiabohc arcs, 
as shown in Fig 11 At the entrance of the tube, the width of 
the parabolic aics was zeio, This width incicnsed with the 
distance fiom the entrance until, at a ceilam point, the aicsweio 
united into a single parabola The con- 
stant velocity in the middle had to 
mcioase at such a late that the same 
volume of water was flowing thiougli alt 
sections The constant velocity core 
was made to satisfy tlio equation of 
Bernoulli, while the momentum theorem, 
was satisfied for tho total cioss section 
The calculation, as earned out by L 
Sclnllor, 1 gave an excellent agreement of no li-Appioxima- 
the vauous velocity-distribution curves uiatulmUon by a studght 
with subsequent experimental measiue- |,n ° n,H * two pn-mboh© 
menls, at least for the first thiul of tho tuofl 
length of the transition legion, which is its most important part. 

At largei distances fiom the ontianco, tho velocity in tho coio 
increases slower than inchoated by the calculation of Sclnllor 
Morcovei, mcasuiements have shown that tho flow m tlio coio 
is constant in cross sections only near to tho entrance (whcio 
tho boundary layei has not yet become too thick), wlnlo for 
sections farther away from it, tho flow in tho coie 1ms fust a slight 
and later a moie pronounced curvature Figuio 12 shows the 
development of tho laminar velocity distnbution for a rounded 
entiance, accouhng to expenmonts by J Nikuradso It is seen 
that until (about) x/ili = 0 04, the assumption of a contial flow 
independent of the fiicbon and of a parabolic drop in velooily 

^ciiilleju, L, Investigations on Lairunai and Tmbnlonl Flow (Gor- 
man), Fo) 8chungarbetlc7i V D I , vol 248 r 1022; % mgvv) Math Meek , 
(Gorman), vol 2, p, 00, 1922, oi Physih, Z (German), vol 23, p 14, 1022 
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Fiq. 12, — Laminar 
velooity distribution 
near entrance of pipo 
aftor tests by Niku- 
radse. 


toward the walls is justified; however, from 
there on a definite core flow, where the fric- 
tion has not made itself felt yet, dooa not 
exist. Figure 13 shows a number of curves 
for which the dimensionless velocity u/ ii is 
plotted against %/rll, for various distances 
y/r from the axis. For y/r = 0, i.e., for the 
velocity in the axis of the tube, the theoretical 
values obtained by Boussincsq and Schiller 
are drawn in as dotted linos. It is scon that 
Schiller’s curve agrees fairly well with the 
experiments until (about) x/rlt — 0.05; how- 
ever, his result for the length of tho transition 
region x/rR = 0,115 is considerably too 
small. On the other hand, tho values of 
Boussinesq do not cheek near tho entrance 
but give better agreement from x/rR — 0.1 
on, where the velocity curvos show a more 
parabolic shape, Also Boussincsq’s value for 
the length of the transition region x/rR « 
0,26 seems to be in agreement with tho avail- 
able experimental results. 

19. The Pressure Drop In the Entrance 
Region in the Case of Laminar Flow. — For tho 
kinetic-energy correction in tho total prossuro 
drop in the region of transition at tho 
entrance, the theories of both Schiller and 
Boussinesq give values that are too largo. 

rt a 

Schiller gives the valuo 2,16p-^ while Boussin- 

esq finds 2,24p-^- Since both theories aro 

approximate, it is for tho experiment to docido 
the correct value. A very good agreement 
was obtained between tho calculated pressuro 
drop of Schiller and experiments made by him- 
self. In one of those a tube was used of 
2.399-cm inside diameter; the first prossuro 
measurement p x was made at a clistanco of 
104,15 cm and tho second, pi, at a distance 
of 196,77 cm from tho rounded ontranco. 
Figure 14 shows the theoretical straight lino 
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of Hagen-Poiseuille and also the cuive passing through the exper- 
imental points, showing that in the region near the ontianco Lhoro 
aie important discrepancies with the Hagon-Poisouillo law. Tho 



Fig* 13 — Laminar velocity distribution after tests by Nikumdso 


calculated values of Schiller shown m the flguro by small opcm 
circles aie in very good agreement with tho experiments. Denot- 
ing by p 0 the picssuie in the lcservon and by p tho prossuro nt a 



Fig 14 — Pressure-drop coefficient of laminar flow in 03ilrn.no o lotsion 

distance ^ from the rounded mouth, Schiller’s ealculatlon glvos 
a — as a function of shown giaphioally in Fig. 15. 

T 

If the dimensionless prossuro drop per unit length X bo defined 
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, _ Vi ~ V* . _ 
* ~ iP x* 
p 2 


Xl 


this quantity can be determined from Fig. 15 by moans of tho 
relation 

/po " ? 2 \ _ / P fl "" PA 


X ** 


p 2 




r 


* 1*2 - .?! 


20. The Importance of the Pressure Drop in the Entrance 
Region for Viscosity Measurements —A knowledge of tho pres- 



sure drop in the entrance region is especially important for vis- 
cosity determinations by means of tho usual Saybolfc method. 
Although in most cases relatively short tubes (small x/rli) aro 
employed, the validity of Hagon-Poiseirillc’s law is assumed. In 
case the tubes used are so long that at the ond tho pambolio 
velocity distribution is nearly reached, it is generally sufficient 
to apply the correction for kinetic energy in one of tho forms 
discussed. However, if the tube is so short that x/rli is smallor 
than about 0,1, Schiller has shown that from tho measured 
pressure drop p 0 — pi the corresponding 
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can be found from Fig 15 With this ehait the value of n can be 
calculated, as soon as exponmental delei ruinations have 
been made of the volume flowing thiough per second, the length 
of the tube, its radius, and the density of the fluid, 

B, THE TRANSITION BETWEEN LAMINAR AND TURBULENT FLOW 

21. The First Investigations by Hagen. — Aheady in his fiisfc 
publication on the flow of water thiough cylindrical tubes (1839) 
Hagen called attention to the fact that the mode of flow discussed 
by him ceased to exist when the velocity inci cased beyond a 



Eio 10 — Relation bolwoon ii (o\pi ossotl m Rlnnolrmd moh par hoooikI) and 
tho tomporaturo (oxprossod m dogroo b Rfiaumui) for various fiipo diamotors and 

heads h (in Rhineland inch) after tosh by G Ilngon 0 281 cm clmmolor, 

- — 0 405 cm duimotor, 0 500 cm diameter 

ceilnin limit IIo observed that tho outflowing jot below this 
volocity looked like a solid bar of glass, above it tho jot commenced 
to oscillate and tho flow ceased to bo uniform but came in spui ts. 

In 1854 Hagen published a second article 1 in which ho showed 
that tho transition of tho laminai into the turbulent stato docs 
not only depend on the volocity but also on the viscosity of tho 
fluid. Using tho same tubes as with lus first tests, ho determined 
the relation between the volumo delivered and the tcmporatuio 
with a constant pressure head for each senes of experiments. 
Figuio 16 shows tho lesults of Ilagon’s tests as given by himsolf 

1 IIagbn, G , On tho Influence of Tcmporatuio on tho Movomont of 
Watoi through Pipes (Qoimnn), Abhandl Akad, Wtss > p 17, Berlin, 1864. 
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Each curve corresponds to a definite prossuro head. The curves 
for the narrow tube (diamotor 2,8 mm) arc drawn in full ; those 
for the medium tube (diameter 4 mm) arc broken, while for the 
wide tube (diameter 6 mm) dotted linos aro shown. In the 
upper curve it is seen, for instanco, that for a constant pressure 
head the mean velocity first increases with increasing temperature 
(i.e., decreasing viscosity), then decreases again, reaches a mini, 
mum, and increases for the socond time. The first increasing 
branch of the curve corresponds to the laminar flow. Tlio part 
of the curve between the maximum and tho minimum corns 
sponds to the transition botween laminar and turbulent flow, 
while the last slowly increasing branch corresponds to tho tins 
bulent mode of flow, Hagen ascertained this by adding sawdust 
to the water and observing that for small velocities tho wood 
particles moved in straight lines through the tube, while for 
larger velocities they were thrown from one sido to another and 
moved quite irregularly. He considered this irregular motion ' 
to be caused by the irregularities of tho tube wall or possibly by 
the entrance of the water through tho squarely cut end of tho 
pipe. 

In a third publication, 1 Hagen observed sovoral times that tho 
transition from the turbulent flow to tho laminar ono depends 
on the radius of the tube, on the velocity, and on tho temperature I 
of the water. The tnrbulont flow will become laminar as soon 
as any one of the three quantities mentioned, or all three of thorn 
together, decrease below a certain limit. 

22. The Fundamental Investigation by Reynolds.— -Consider- 
ing the early date of his investigations, Hagen had a very good 
conception of the phonomena of laminar and turbulent flow. 
However he did not succeed in finding a unifying principle for 
plotting the results of his experiments shown in Fig, 10. The 
credit fox having found such a principle belongs to Osborne ltoy- 
nol s. 2 In his paper of 1883 he showed by moans of dimensional " 
analysis that the transition bolweon laminar and turbulent flow 
oan depend only on the dimonsionloss expression 

Hr 


1 Hagen, G., Abhandl. Akad, Wist. (Gorman), Berlin, 1800. 
stanoeTvS m 0 ™®’ A " Experimental Investigation of tho CinuiiK 
s Zu 8 fl i .f *f r r ne 'I h » h ° r tho Motion of Wator Wilt Bo Direct or 
I?™/ Z f 0 l Re,lsUino ° in Parallol Olmnnols, Phil, Tran*. 

Roy, Soc . London^ 1883, or Papers vol* 2, p* 61, 
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The law of similarity which latei was named after him (Art, 4) 
expiesses the fact that two diffeient motions taking place in 
two geometrically sirmlai vessels aio also mechanically similar 
when they have the same value of ur/v } the Reynolds* number, 1 
The great simplification obtained m plotting the test results by 
means of this Reynolds* numbei can be seen in Fig 17, which 



Fig 17 — Proaauro-drop ooofliolonl t-s Reynolds' munboi, hoing Hagen's toBtfl of 
Fig 10 loplottod (srnnuoly out off oiUnuico) 

ropicsents the cuivcs of Fig 16, now plotted on the Reynolds’ 
numbei ns abscissa. The oidmates aio also lopicsonled by a 
dimensionless quantity, namely, 

x _ A p r _ hg r 

pN ~ 1 ' * 

2 2 


l7 2 

In the plotting fiom Fig, 16 to Fig 17, the amounts 2.7^ for 

0 

the laminai flow and 1.4^ for turbulent flow have boon sub- 
tracted from the oidinalcs, This is to take care of tho ooiroe- 
tion for lunotic onorgy, as discussed on page 24 It is scon 
in Fig, 17 that the replottocl curves of Fig. 16 bIiow all tho same 
chavaclciistics. For Reynolds’ numbeis below about 1,100 to 
1,400, the piessure-drop coefficients X lie on the straight lino of 
Ilagen-Poisouillo for laminar motion (Fig. 7). After this, thoro 


1 This is truo for motions whole only inertia foiccs and viscosity loioos 
play a part It is not tiuo foi motions wlioio giavity 1ms to bo tnlcon mto 
account, as for instance when fioe aui faces ocom 



32 


APPLIED HYDRO- AND AEROMECHANICS 


is a comparatively sudden increase in tho values of X until a 
certain maximum is reached. From there on, X diminishes again 
with increasing Reynolds’ number, however, slower than at first. 
The region of increasing X corresponds to the transition between 
laminar and turbulent flow. For larger Reynolds’ numbors tho 
flow is purely turbulent. It is scon that tho experimental results 
lie on a straight line with an inclination of 1 :4 so that, owing to 
the logarithmic coordinate system used, if follows that tho coolli- 
cient X of turbulent flow is proportional to tho fourth root of 
the Reynolds’ number. In Art, 30 this relation will be dismissed 
in dotail. 

Figure 17 shows, moreover, that for a determination of tho 
so-called "critical Reynolds’ number” tho Reynolds’ number 
where tho transition botwocn laminar and turbulent flow occurs) 
pressure-drop measurements arc most appropriate. This method 
was used by Roynolds. Unlilco Hagen, who measured the pres- 
sure drop between the rcsorvoir and the end of tho tube, Reynolds 
measured tho pressure drop in a certain longlh of tube, having 
a long stretch between the tank and the location of Ilia measure- 
ments. lie used tubes of and in. diameter, both about 10 ft 
long. In either tubo tho length botwocn tho reservoir and I ho 
measuring spot was 11 ft, i.e., 528 and 201 diameters respectively. 

23. The Critical Reynolds’ Number. — From experiments 
conducted on these two tubes, Reynolds found a complete 
verification of his theorem that the transition between laminar 
and turbulent flow takes place at a dofinito value of ilr/v even 
for lubes of different diameters. Expressing his test rosulls in 
terms of tho dimensionless quantities X and iir/v, 1 it is seen that 
the first deviation of tho pressure-drop coefficient X from tho 
Hagen-Poiscuillc law takes place at Ilr/v » 1000 -3100 
approximately.* 

The valuo of R whore turbulence just starts is known as tho 
"critical Reynolds’ numbor” and tho moan velocity il corre- 
sponding to this number is known as tho "critical velocity.” 

What conclusion can now bo drawn from tho oxporimontnl 
results of Ilagon (Fig. 17) and of Roynolds? Tho common 
interpretation is that laminar flow or oven flow with parubolio 

1 Reynolds himself gave his results as log A p in terms of log il. 

3 It is noted in passing that tho pressure drop per unit length in tho tur- 
bulent region moasurod by Roynolds is appreciably smaller than that found 
by other more recant investigators, 
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velocity clistiibution passes into turbulent flow at a Reynolds' 
numbor of about 1,000 This statement, however, is incoiiect 
for the following leason In the fiist part of the tube adjacent 
to the lescivou, laminar flow, % c , flow parallel to the sides of the 
tube, docs not occtu A flow with a paiabohc velocity distnbu- 
tion is even less piobablo smeo it was shown in Ait 15 that for 
its generation a fairly long piece of tube is loquirod Actually 
the fluid gets into the tube with some initial tuibulenco, which 
in Hagen's experiments is due to the sharp entiance and m 
Reynolds' expenments due to tho fact that he connected his 
test tube to the water faucet Thcrefoie the actual conditions 
are such that below the critical Reynolds' number those initial 
disturbances arc damped out, while foi larger Reynolds' numbers 
they develop into tho mogular motions which are typical of 
turbulent flow 

24, Influence of the Initial Disturbance on the Critical Rey- 
nolds* Number* — Tho question piesents itself whether this 
critical numboi is the same for all tubes and for all experimental 
set-ups. Some doubt as to this comes up in comparing tho lesults 
of Hagen with those of Reynolds Recent expenments, espe- 
cially those of Schiller, have shown that very small disturbances 
can bo damped out oven for values of R } which aie appiociably 
gicater Quito high cnlical Reynolds' numbers can be obtained 
by letting the water flowing out of tho faucet fiist come to rest in 
a largo tank and then using a wcll-ioundcd entiance to tho tube 
so that no contraction of tho jet takes place In such cases, it 
can bo stated that tho laminai flow which is foimod close to the 
entrance of tho tube is unstable and becomes turbulent owing 
to very small unavoidable distmbances, The first expenments 
of this kind were made by Roynokls on tubes of various diameteis 
and with water of various temperatures lie found cntical 
values of iir/v « 0,000-7,000, IIis method, later also used by 
other investigators, consisted of lotting a fine line of colored water 
flow mto the test tube (Fig 18), In the case of purely laminar 
flow, this thin ooloied lino remains well defined, whoioas in a 
turbulent flow it is distuibod and after some distance tho water 
in tho tube appeals umfoimly colored Reynolds' expectation 
that tho critical number could be made much larger by mini- 
mizing the disturbances has been found to be truo by subsequent 
experiments of Barnes and Coker 1 Their tests, conducted with 

1 Barnes, II T , and E G Coker, Tho Mow of Water tluough Pipes, 
Proc Roy Soc , (London), vol, 74, p 341, 1906 
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great precaution on a in, tubo, led to a critical Reynolds' 
number of 10,000. An increase in IcmporaLuro of iho will or 
of the storage tank causes convection currents and a consequent 
disturbance near the entrance of the tost tubo. This results in a 
considerable decrease in the critical Reynolds’ number (at 75'V 
R, rlt is about 0000). 1 Exporimonts by Ekiniin* conducted on 
Reynolds’ original apparatus with tho dofinito purpose of obtain- 
ing a high critical Reynolds’ number led to values of 
20,000 and in some isolated instances ovon up to 25,000. It 
seems, therefore, that tho critical Reynolds’ number does not lend 



to a definite limit whon tho disturbances are made smaller and 
smaller, but that it can bo made to exceed any value by increasing 
tho precautions of the tost. 

At any rate, the exporimonts show that tho critical Reynolds' 
number is a monotonous function of tho initial disturbance, *>., 
the critical number always increases with a docroaso in the dis- 
turbance, Whether there is an upper limit to tho critical number 
with disturbances converging to zero is not yot known, but it 
does not seem to be very probable. On tho other hand, there Is it 
definite lower limit to the critical Boynolcla' number at about 
ui fv — 1,000 or somewhat above it. Below this, ovon vory large 
initial disturbances arc damped down, i.e., below It « 1,000 n 


1 Other experiments by Barnes and Colter conducted on a lulm 

have not much meaning for the determination of tho critical Reynolds' mim- 
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tuibulent flow with its typical megular mixing motion ancl the 
consequent velocity distribution (Art, 34) cannot be maintained 
indefinitely 

With lospect to the natuie of the initial distuibances occumng 
in the tube, two questions have come up, namely Which types 
of disturbance in the motion and which paits of the tube aio of 
greatest impoitanco for the cieation of tuibulence? The fust 
of these questions has not been answeied yet As to the second, 
the entrance to the tube seems to be most sensitive to megulau- 
ties, Having taken care that the watci in the tank has come to 
lest, which gcnoially requnes a few horns, it is found that in 
Older to obtain a high cntical Reynolds' numbci, it is especially 
important to round off the entiance of the tube Veiy small 
mcgulanties in the shape of this first piece, wheie the boundaiy 
layei is as yot vciy thm, immediately cause a large drop in the 
cntical Reynolds' number, while much larger megiilaiities at 
the wall of the tubo far from its entrance lmidly affoct the critical 
Reynolds' number For instance, Schiller 1 - succeeded m obtain- 
ing tho value R wh *= 10,000 with a tube of about %-in, diametei 
m which a screw thread of about ^4-in depth had been cut, using 
however, a very well-pohshed, rounded-off entrance piece 

26, The Conditions at the Transition between Laminar and 
Turbulent Flow. — Now the phenomena in the langc between 
tho laminar and turbulent modes of flow will bo discussed, Rey- 
nolds' original supposition was that when exceeding the ciilical 
velocity slightly, a weak turbulence would take place at first, 
which would become more violent with larger speeds However, 
his experiments showed that no such giadual change occurs, but 
that the transition takes place veiy abruptly, Having a veiy 
definite colored lino throughout the entire length of his tube just 
undor tho critical number, the slightest touch to tho faucet would 
suddenly make it disappear, Ilowevor in all cases lammai flow 
would persist in the first 20 or 30 diametei s from the entrance of 
tho tube, oven whon at greater distances tho color would be 
completely mixed with the rest of tho wator It has been 
supposed that tho critical Reynolds' number might depend on 
tho length of tho tubo, Tho fact that a complete tuibulence 
takes place at such short distances from the entrance shows 
this supposition to be incoiroct 

1 ScniM/nm, L , Roughness and Cntical Reynolds' Number (German), 
% Physik, vol 3, p, 412, 1920, 
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26. Intermittent Occurrence of Turbulence, — Reynolds rondo 
the observation that in many cases, especially with narrow tubes, 
the sudden destruction of the colored line did not occur ovor tho 
total length of the tube but only in a part of it. Opening tho 
faucet very carefully so as to reach the critical volocity gradually, 
the laminar flow would suddenly change into a turbulent one in 
a certain part of the tube, starting at about 30 diameters from 
the entrance, while still farther downstream tho colored lino 
remained visible. As soon as the turbulent mass of fluid, which 
was moving through the tube liko a plug, had flowed out, a now 
turbulent region was formed at the samo location. 

The resistance to the flow for the total length of tho tube 
increases when a part of the tube becomos turbulent; con- 
sequently, the mean velocity decreases, which brings it below tho 
critical Reynolds’ number. This phenomenon, which had 
already been observed by Hagen, 1 was studied in groat detail by 
Couette, 2 He observed water flowing out of a largo tank through 
the tube, The jet which came out of tho end of tho tubo at first 
had a slightly rough surface and looked liko a curved rod of 
frosted glass (turbulent flow). As tho level of tho tank went 
down, the jet became intermittently crystal clear and fronted, 
with a frequency which became faster and faster as tho level came 
down. The clear jet would jump up, whereas tho frosted jot 
would fall down so that a very regular oscillation took pi non. 
With the level of the tank sinking down still farthor, tho jot was 
clear most of the time and became frosted only onco in a while. 
When Couette poured water into the tank, raising its level 
gradually, the same phenomena would talco plnco in a reversed 
sequence. The surprising regularity of the oscillation of tho jot 
in the region of the critical Reynolds’ number can bo judged from 
Fig. 19, where the mCan velocity is plotted as a function of tlio 
time, This diagram was obtained by the author by means of 
moving pictures. In each individual picture tho volocity was 
determined from the shape of the parabola of tho jet. Tho 
maximum velocities correspond to those instants when lurbulonco 
suddenly starts in a part of the tubo. Owing to tho increased 
resistance in the tube caused thereby, tho velocity decreases whilo 
turbulent flow exists. As soon as this turbulent “plug” starts 


1 See footnote on p, 29, 

1 Cocbttb, M., Investigations on tho Friction 
ckim. phys,, vol. 21, p. 433, 1890. 


of Fluids 


(French), Ann. 
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10 flow out of the tube, the losistance decreases again, which 
causes an increase in the velocity until the next maximum is 
leached and the phenomenon lepeats itself 



Fid 10 — Variation of spouting > olooity (m/eoo) 'with tho timo (boo) in tho 

critical region 


Tho phenomenon of intermittent tuibulonco can be explained 
somowhat diffcicntly by means of Fig 20, 1 When starting 
with a condition below tho critical Reynolds' numbei, doloimmed 
by the point A , for instance, theic will be a permanent laminar 
flow in the tube. When tho 
volocity is slightly increased by 
opening the valve at the end of 
tho tube until the cutical value 
is exceeded (point B)> turbulence 
will suddenly appear at a dis- oos- 
tanco of about 30 diameters fiom 004 - 
Iho entrance This tiubulent ooj- 
plug of water is then pushed 
through tho tube, Tho down- 
stream end of this plug will 
move with tho moan volocity a, 
wlioroas tho upstream end of it 
will move with a smaller velocity 
This is duo to fhe fact that at y ia 
the ups ti earn end now regions of 
turbulence glow continuously so that the length of the turbulent 
plug becomos giadually groater, The resistance coefficient 



-ViumUons of resistance 
cooflioiont m onlicnl roglon 


1 Tho location of tho starling of turbulence is rather close to tho entrance, 
eo that tho points a and b do not ho on tho sUaighfc lmo of Ilagcn-PoisouiUo 
but slightly highei This effect will not bo consicloied hem 
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X at any time depends on the ratio between the turbulent part 
and the laminar part of the tube. Its gradual increase cause £ 
a decrease in the mean velocity u and consequently in tho Rey- 
nolds' number ( B to C in the curve). When tho turbulent plug; 
of water flows out of the tube, X becomes smaller again and the 
velocity increases ( C to A in the curve), the point A in tho curve 
corresponding to the instant when the turbulont part of tho water 
has just left the tube. However, this condition cannot bo steady 
since the pressure head in the reservoir is too high, which cnusca 
an acceleration of the water until point B is reached and tho 
phenomenon repeats itself. 

27. Measurements of Pressure Drop at the Transition between 

Laminar and Turbulent Plow. — In tho investigation of tho 
transition between laminar and turbulent flow by moans of 
pressure-drop measurements, it is found that upon reaching tho 
critical Reynolds' number the meniscus of the mnnomotor, which 
had been completely quiet up to that time, begins to show 
irregularities. Having the faucot in a definite position, tho 
meniscus moves irregularly up and down so that a reading of tho 
pressure is hardly possible. If tho precaution has been taken 
to make the measurement at a distance of at least 60 dinmotora 
away from the tank, it might be supposed that thoso irregularities 
are due to vortices in the tube which have not developed far 
enough to become a complete turbulence. This, howover, is not 
so. Experiments have shown that the irregular condition of the 
meniscus is due to intermittent turbulence. On account of 
the large damping which usually exists in the manomoter, il 
cannot follow the rapid oscillations between tho laminar and 
turbulent states. Using a manometer with a very high damping 
(showing only mean values of the pressure over periods as largo 
as % min), the meniscus varies gradually and not with jumps 
when passing from the laminar flow through the oscillating con- 
dition into the permanently turbulent flow. For this it is neces- 
sary to use a type of valve which allows very fine changes in tho 
velocity instead of a common faucet. # 

28. Independence of the Critical Reynolds’ Number of the 
Length of the Tube.— Schiller 1 has made the staiomont that tho 
critical Reynolds' number depends on tho length of the tube. 
Against his experiments, however, others can bo brought up 

7 J Bxp ® f! menta on tho Pi ’ obl <™ of Turbulence (Goiw 

man), Phyaik. Z., vol. 26, p. 641, 1024. 
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which prove the conveisc Couette concluded from his expen- 
ments that the cntical velocity above which intei mitten t tur- 
bulence takes place is independent of the length of the tube 
Likewise, Barnes and Cokoi obtained the same cntical Reynolds* 
number R ~ 10,000 with two tubes of the lengths 180 and 360 
diameteis lespectively Elcman, in his papei, defends himself 
against a possible objection that the veiy high cntical Reynolds* 
numbcis obtained by him might be due to the fact that tho tubes 
used by him were so shoit that the small distuibances did not 
have a chance to grow into a complete tuibulence He reasons 
that if that objection weie valid, the tiubulenco would have to 
stait always at the end of the tube, coming neaier to tho enliancc 
with increasing velocity This, however, is against expci imcntal 
evidence Wo mention again Reynolds* ongmal experiments, 
who obtained the same cntical number, 6,000, although the Lubes 
being of the same length had diameteis m the ratio 1 1 75 3 4 

In this connection, a statement by Heisenberg 1 legal ding tho 
stability of fluid flow is of interest lie investigated the condi- 
tions under which a distuibance of the foim e m ~ ax) <p(ij ) 2 mci eases 
oi decreases with tho time, ie , whcthoi the lmaginaiy part of 
0, lepresenting tho negative damping, is positivo oi negative 
From thcoietioal consideiations he found that tho negative 
damping is of tho ordor of and concluded fiom this that 

for very large Reynolds* numbers the negative damping becomes 
very small, so that tho fluid undci consideration has aheady left 
the tube when its instability would become serious. In this 
connection, it has to bo considcicd that all quantities used in Ins 
papei liavo been made dimensionless, among others 0. Tins, 
however, entails that the unit of time, with which the negative 
clamping is measuied, itself depends on the Reynolds* number, 
since tho dimensionless i! is connected with the actual time t by 

t! 

tho equation t = -i\ When, therofoie, tho time t is moasuiecl 

in seconds and the length x in inches, it is found that the mcieaso 
in the distui banco por second is of the ordor of 

M-H? - 

1 1 1 ei sen ii mo, W , On Stability and Turbulence m Fluid Flow (Gorman), 
Ann phys , IV, vol 74, p 507, 1924, 

* a; is tho coordinate in tho direction of flow, y is poipondiculai to it, and 
t is the time. 
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because 

Pnwg.fll-jl- 

The increase in the disturbance per second therefore becomes 
larger for a tube of a given diameter when the velocity, and 
consequently the Reynolds’ number, becomes larger, 

C, TURBULENT FLOW 

29. Historical Formulas for the Pressure Drop, — The pressure 
drop and the velocity distribution for the laminar flow through 
tubes of circular cross section can be derived from the differential 
equations, This, however, is not possible for turbulent flow. 
Figures 39 and 40, Plate 16, showing turbulent flow through long 
tubes make it plain that the motions are extremely complex. 
Therefore it seems hopeless to try to understand the mechanism 
of turbulence from the differential equations of Navicr-Stokes. 
Figures 39 and 40 have been obtained by the author by photo- 
graphing the surface of the water in a tank after having scattered 
aluminum powder on it. In Fig. 39 the velocity of the camera 
is very small so that the particles of aluminum near the walls of 
the channel appear as points. In Fig. 40, however, the velocity 
of the camera is about equal to the maximum velocity of the 
particles in the middle of the channel, 

On the other hand, our interest in turbulent flow is much 
greater than that in laminar flow since the turbulent mode occurs 
much more frequently in nature and in technical applications. 
Therefore a great number of experiments have been carried out 
in order to determine the important relation between pressure 
drop and volume transported through tubes and channels. 
Comparing the results of these many experiments with the laws 
connecting pressure drop and mean velocity deduced from 
diem, a very unsatisfactory picture is obtained. Nearly every 
nvestigator constructed his own pressure-drop formula from his 
experiments, largely owing to the fact that the similarity law of 
Reynolds was not known or at least was not used. Further no 
lonsicleration was given to the roughness of the walls of the pipes 
>r channels. This roughness, however, is of fundamental impor- 
ance for the resistance of turbulent flow, as will be discussed 
ater. For laminar flow it was seen before that the resistance is 
ndependent of the condition of the walls of the tube. The first 
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formulas on lesislance or piessuie chop can be divided into three 
distinct classes, which have been discussed in detail by Hagen in 
1869, namely. 

^ = - a 2 [Chdzy (1775), Eytclwem (1822)], 

L 1 

y = ~-V + ~m [Piony (1804)], 

¥ = (Woltmann (1804), Flamant (1892)]. 

v 7 


In none of these formulas is the viscosity considoied This 
was done fust by Reynolds, who plotted the pressuie drop against 

'll 7 

the dimensionless number • — • The resistance law deduced by 

V 

Reynolds fiom his tests is 


A p 

l 


= const 



[Reynolds (1883)], 


wheic P is a moasuie for the viscosity taken fiom Poiseuille’s 
formula. The relation of P to the kinematic viscosity is expressed 
by the formula (c g s units) • 


P 

P 


0 01779 

1 + 0.03368T + 0 000221T 3 


- 0 01779P, 


wlieio T is tho tempoiatuie. The constant of Reynolds’ formula, 
however, does not chock with subsequent oxponments; the pros- 
suie drop calculated by him comos out considerably too small. 

According to this formula, tho piessure chop is propoitional 
to tho 1.723 power of tho velocity. However, the oldor moasuio- 
ments of Darcy which weie plottod by Roynolds on a logniithmic 
sonic showed that tho exponent varies botwoen the limits 1.79 
to 2.00, depending on tho material of the tube, «,<?., on the con- 
dition of the walls 

30. The Resistance Formula of Blasius for Smooth Tubes,’ — 
Based on Roynolds’ law of similarity and a great number of tests 
up to Ur/v — 60,000 (especially thoso of Saph and Soli odor 1 ), 


‘Saph and Schodhh, Ttans Am Soc Civil linn , vol 47, p 312, 1020 
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Blasius 1 arrived at the following formula for the pressure drop 
in smooth tubes: 


where 


A p . 1 pu 2 

T " r 2 ' 


X = 


0.133 

«t/R 



( 0 ) 

( 7 ) 


The main advantage of the pressure-drop law (1), as compared 
with the older formulas, is the fact that for smooth tubes of the 
same Reynolds’ number (having different diameters, velocities, 
and temperatures) the pressure drop expressed in units of 
stagnation pressure per radius length is the same. Therefore 
the complete resistance relation for smooth tubes can bo expressed 
by a single curve X = f(R ) . The fact that the points found from 
experiments with different tube radii, velocities, and for different 
fluids (water and air) lie on a smooth curve is to bo interpreted 
as an experimental verification of the law of similarity. The 
agreement is so good that the scattering of the points is i 2 per 
cent at most. 

Further measurements for higher Reynolds’ numbers, espe- 
cially those by Stanton and Panncll 2 and those by Jacob and 
Erk 3 (up to about R — 230,000) show that tho relation betwoon 
the resistance coefficient X and R cannot be exprossod by a simple 
power for such a wide region of R. These experiments can bo 
better expressed by the formula 


X = 


0.00357 + 


0.3052 

(2R) a ^ 


which was also found by Lees. 4 According to moasuromonta by 


1 Blabiub, H. The Law of Similarity Applied to Friction Phenomena (Gor- 
man) Phyaik, vol. 12, p. 1175, 1911, Or moro in detail (Gorman) For- 
sckxmgaarbeilm V. D, vol. 131, Tho formula is also found in tho book 
by R, von Miscs, "Elements of Technical Hydromechanics” (Gorman), 
Leipzig, 1914. 

2 Stanton, T. E., and J. R. Panneel, Similarity of Motion in Eolation, 
to Surface Friction of Fluids, Phil Trans , Hoy, Soc, London , (A), vol, 214, 
p. 199, 1914, 

J Jacob, M., and S, Erk, The Pressure Drop in Smooth Tubos and in 
Standard Orifices (German), Forsc/iUftflrsar&etoi, V, D, yol. 207, 1924, 

4 Lees, Proc . Roy, Soc. (London) (A), vol 91, p, 46, 1916, 
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Nikurndae 1 (up lo about It « 1.0 ■ 10*) a ayalematio deviation 
horn the cm vci of been ih found for lteynokla’ numboi’H greater 
than 200,000 

In the ciiho of lulx'H of non-circular oi'ohh aootlon or of upon 
olinniiela, it ih not dear what in meant by tho ol mmol ornt tie length 
in Reynold^ number, (kmaidermg Hint Clio moat important, 
pioporty for (ho remalnnco of tins In bn m tho ratio botweon tlm 
noaa-aectitmal area -l and tho wotted periphery U, it ia logical to 
lake for (ho oharnotexiHlio length tho quantity 


The leaaon for taking twice tho area in (lie numerator ia that m 
(Ida way the quantity r becomca equal to the riulma for a eiroulnr 
C’iohh aeclion. Tina quantity, which ia in common uao in hydrau- 
lics for open chnnncla, ia called tho “hydiuullc radlua.” In 
technical lileiatuio half Huh hmglh d A/IJ can lm often found 
icfoiied to iih tho hydiaulio liidhiH, For very wide rlvora, tl 
ih the mean depth, However in a non-oirmihir oniHa Hooticm all 
partH of the periphery will not lm equally important in creating 
leawlance Therefore il Ih necenaary to got an o\porimo»tiil 
\eulicalion for Ihe uao of thin hydmullo viidhiH in tho formulaa. 
KspeiimenlH by Nrliillor, a Fromm, 8 and by Nikuriulao 4 havo 
abown that the Inllumico of the aha)io of mma aeclion ih iiiiiiii- 
porlant if the aeution Ih not loo elongated. For laminar How 
through rectangular and elliptical ci'ohh aectiona of varioua ratioa 
of the a\CH, HouHHinoHq 6 linn determined tlm inlluoncci of the ahapo 
of the croHM Hdolion, For iiiHlance, he oalculatea X ** 14 ,225 / It 
for Ihe aquaro ci'ohh hooIIoii, uh compared with X 1 fl//i for tho 
circular ono. 

31, Tho RoBlHtanco Law for Rough Tubes. It was noon that 
the leHiHtance relation up to ) datively lai go valuciH of It for smooth 

i NmtuiAOHH, ,1., On Tmlmlcnt Flow of Wnlnr through Hlmiglit TuIich 
nl Very I, ergo ltnyiuildrt' Numlirni (ttermna), Vnrlrtigi’ huh (km (klint tier 
Amulifiiamii, edit ml hy A (tillin, I, llnpf, Th von Kriuuitn, Ihulm, IflilO. 

“Ui'Hlf.i.Kii, I,, On ilia Hi'dUlnnro to Flow in TuIich of Viultmn HcclioiM 
mid Uotighni'KK (Oi'imiiu), 'A nngrii' Mnlh ,1/fWi , \ul it, p 2,1020 

* Fikimm, K , Flow UeMMiniirciii ltougli T uIich (Oinmim), '/• niigi w Math 
Mrfh , voi, a, p it an, 102:1 

‘NiKotutiMK, J, Invent [gut limn cm Tiirltulcal Flow m Pipe* of Vitrlmm 
CW* Bwtintm (tii-rmuu), Ingrmmf drr/ov veil I. p IttHt, I IKK I, 

* lhitWHiNKHci, .1 , Memoir on tho fnfluenen of Friction in llegnliir Fluid 
Motinun (Freneii), J, mnth purr it nppl , vul lit, p 377, IKI1H 
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tubes is completely given by the curvos of Blasius and Locs. 
This is not the case for tubes with rough walls. The influence of 
wall roughness is always in the direction of increasing the resist- 
ance to turbulent flow; moreover, the various curves A — f(R) 
for different roughnesses do not coincide. This is duo to the 
fact that Reynolds’ law of similarity is not satisfied since for 
tubes of the same radius and different roughness or for tubes of 
different radius but the same roughness there is no geometrical % 
similarity, 

Blasius and von Mises 1 introduce a new quantity e, proportional 
to the heights of the various roughness irregularities, and conse- 
quently make the resistance coefficient a function of e/r> 
the u relative roughness.” Therefore 


Blasius goes even farther than this, Iio docs not consider 
the influence of roughness to be determined by the quantity e, 
but he defines that two tubes of different radii lmvo tho same 

roughness in caso those tubes for 
some Reynolds' number givo tho 
same value of X. If two tubes lmvo 
the same roughness in tills son so, tho 




X-values of both tubes can bo rep- 
resented by tho samo curve for all 


Fra. 22 . Reynolds’ numbers. Therefore tho 


Figs. 21 and 22. — Examples of 
"roughness” of walls. 


resistance relation oan bo completely 
expressed by a family of curves 


depending on one parameter of which 
the curve of Blasius or Loos for 
smooth tubes forms a lower limit. 

<W 32. Roughness and Waviness of 
the W alls. — Measurements by From m 
and Schiller as discussed by Hopf 2 havo shown that tho 
resistance relations for rough tubes are more complicated. Tho 
law of resistance is affected not only by the rclativo magni- 
tude of the various roughness irregularities but also by their for m. 



1 See footnote on p, 42, 

* Hopf, L., The Measurement of Hydraulic Roughness 
angew. Math, Mech. t vol. 3, p, 329, 1923. 


(Gorman), 
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According lo Ilopf and Fiomm, tliero aio two principally dilfoient 
types of loughness 

1 Rouglmc&s m ogulanties of short wave length and relatively 
high amplitude, as shown m Figs. 21 and 22 Examples of 
this aic, foi instance, cement walls, rusted steel, cast non, conu- 
gatod steel This type will he lcfenod to as wall “loughncss,” 

2 Vciy gradual niegularitios of long wave length, for instance, 
planed wood, asphalted steel walls, as shown in Fig 23 This 
typo will be called Avail '‘waviness.’' 

For the first typo of loughness the losistaneo coefficient X is 
found to be nearly independent of the Reynolds’ number but 
very much dependent on the “leUitiyc toughness” (Fig, 24). 



Fia 24 1’ioguuio-drop coolflolonl vs Itoynolda 1 number for pipon with vurloua 

kinds of wiilla 

This means that the resistance is pioportional to the square of 
the velocity 

For the second typo of roughness (wavmoss) largor values for 
the pi essui e-drop coefficient aio obtained as compared aviUi the 
smooth tube, howoA'or, the [X = /(i£)]-cui vo is parallel Lo the 
corresponding curve for the Binooth tubo while practically 
independent of the radius, especially for Bmall ratios a/l of Fig. 
23. 

Measurements on drawn motal lubos with halfway smooth 
surfaces, being somowlioio in the middle botvveon roughnoss and 
wavmoss, show a gradual transition to the volocity-squaied 
law with an increasing Reynolds' number. This can bo inter- 
preted as a confirmation of tho remark by Schiller 1 that oven for 
very smooth tubes tho velocity-squared law will become truo 

1 Saini.Lmt, L, Tho Pioblom of Tuibulonoo and Connoolod Problems 
(Goimnn), Physih Z , vo! 30, p 600, 1025, 
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for sufficiently large Reynolds’ numbers. Since tho phenomenon 
depends on the “relative roughness,” it is to bo oxpoctod Hint 
the velocity-squared law will be reached at smaller lloynoldft' 
numbers for narrow tubes than for wide ones. 

33. Measurement of the Mean Velocity of a Turbulent Flow 
by Means of a Pitot Tube. — The fact that tho resistance coeffi- 
cient for turbulent flow is materially greater than that for laminar 
flow is connected with the characteristic turbulent velocity 
distribution, which consists of a steep rise near tho wall and n 
practically constant velocity over tho rest of tho cross soolion. 
In Art. 46 it will be seen that with certain assumptions it i# 
possible to derive the turbulent velocity distribution from the law 
of turbulent pressure drop. 

The velocity at a point of a turbulent flow is dofinod as iho 
mean value of the velocity at this point with respoofc to time. If 
we denote by U, V, W the three rectangular components of Hie 
velocity in a point of a turbulent flow, it is possiblo to decompose 
these quantities into a part independent of tho thno w, v, i o and a 
part giving the fluctuations with respect to time, , i/, w', i.e, : 

u ■» + »'. V-v + vf, W «=«+ «/. 


The fact that such a procedure is possible, in other words, that 
experiments have shown that the mean values with respect to 
nne of u , v ,w' vanish for very short time intervals, allows Hint 
a turbulent flow is not quite without regularity. There are 
apparently laws determining this flow, although ifc scorns Hint 
they can be approached only statistically. 

bv T m ea n?l n f ary pv e + fch . 0C l ° f T asu ™ g volooit y distributions 
, a ■* >1 *°* & n d a fluid manometer givoa moan 

“ tto Ural to moaauro tho turbulent 

md £ £, ° it0Ulnr BOOUO " *” thi » 

Jk S aTl ll * »mi-olllp» with .... „«l, 

found vA-ani Ik 1 T“ dl “ e ™lnlty» of tho wall, ho 

V e T“ th0 ,' nMn vol ° o1 ^ 

1 • Sfcantonl made experiments on oir- 

end, the Pitot tube was sunk somowhal 

(taS) T S, V '"°°" ty 01 *“■' p '°‘- «»»• »«■ 
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into the wall, which enabled him to deteiraine the velocity at a 
distance of 0 001 in. from it 

It has to be consideied that a damped manometei does not 
exactly indicate the mean value of u with xespect to time but 
lather the mean value of the pressuie diffeience which is propor- 
tional to U 2 , Now m 

U* = (u + u*y - u 2 + 2 uu' + u n 

the mean value of 2 uu* is zero; howevei, the mean of u /2 does not 
vanish, Since u ' 2 is a positive quantity, the Pitot-tube indication 
of a pulsating velocity is always too high Foi instance, if tho 
vanations m tho velocity in short time intervals aie of the order 
of ±20 per cent, the reading of the manometer in tcims of U 2 is 
equal to 

K 1 M { 1 + m) 

Extracting the root out of this oxpiession, wo got 

"■sj 1 + ^ " “V 1 + Tp5o " 1 02,<) 

oi, in other words, our reading is 2 per cent high Variations of 
±20 per cent in tho velocity azo rather large, In tubes or chan- 
nels which are sharply divoigent, such variations may occur, 1 
with ordinary turbulenco, however, tho vanations aie con- 
siderably smaller. According to Burgois, 2 who measured tho 
fluctuations of a turbulent stream of air by means of a hot-wiro 
method, the fluctuations aro less than ±5 pei cent, In that 
case, the error of the Pitot reading would be about 0 15 per cent, 

34. The Turbulent Velocity Distribution, — Stanton also inves- 
tigated whothoi the shape of tho velocity-dish ibuhon cutve 
depends on the Reynolds' number (the distribution being meas- 
ured naturally at a sufficiently large distance away from the 
enhance of the tube), lie found on smooth tubes that for the 
same Reynolds' number with cliff oring diameters or velocities, 

1 KnoENjau, It, Experiments on Plow through Sluuply Divorgmg Chan- 
nels (Gorman), Forachungsarbalcn V< D 1 1 vol 222 

2 Buhqehs, J M , Expoumonts on tho Fluctuations of tho Velocity m a 
Cunont of Air (English), Proc Kon . Ahad We(on8chappen } Amstoulain, vol, 
29, No 4 
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the velocity distribution, is always exactly tho same. How- 
ever, with varying Reynolds’ numbers, tho distribution ruvvt* 
changes, so that for larger Hoy no Ida' numbers tho velocity gi'iidiont 
at the wall becomes slightly steeper. This change in ftrmlicrti 
becomes less and less with larger Reynolds' numbers, so that ll 
may be concluded with reasonable assurance that.tho velocity ilin- 
tribution asymptoticallyreachesacortainlimit forliirgnJ toy linkin' 
numbers in smooth tubes, For tubes of considerable! roiighnum 
(screw thread having been cut in), Stanton’s menHurojiicnls 
give independence of the velocity distribution from tho lloyimlda* 
number. This is tied up with the fact that for rough lubws 
the pressure-drop coefficient X is a constant. Moasnremonls of 
Fritsch 1 show that the influence of roughness of Lho walla on the 
velocity distribution is limited to the immediate neighborhood of 
the walls. He found that in comparing tubes of tho same pro** 
suie drop with different roughness, tho velocity diatribu t ion 
curve was the same in the center part of tho section up to about 
0,1 radius from the wall. In othor words, tho velocity-dim ribu- 
tion curve depends only on the shear stress and not on Urn par- 
ticular geometrical shape of the wall. 

The change of the velocity-distribution curvo with tho lhiy- 
no s number has some practical significance. In ciiho Hindi a. 
c ange did not exist {u w J-a independent of 1{), it would l>o 
possible to determine the average velocity across tho sootion by 
means of one single measurement of the velocity in tho nxfn of 
- ^ e ' . . 18 wou ^ mcau a con sidorablo simplification of tlm 

S Tf f + 0Cedure ’ Stanton Rannoll 8 have investigated 

42 000 with it n an , d R l, P' to Reynolds’ numbwuif 
ins R rim ? SUlt * hat W* diminishes slowly with incrcms- 
itltund - 6 reSUltS ° f thQ v«teuH invcstigalcmi, 

1.25 tithlcreasing l &Symptotica ^ rcaoliefl value 1.22 U, 

Tr!nom he Turbalent Velocity Distribution in the Region of 

;,r r: T “ at - * ^ 

entrance of the’ri.i • a region of transition behind the 

is formed. Experiments S fi “f Volooily distribution 
experiments by Ifiraten and Nikuradso show that 

Distribution in ChanneMGeman) ^ U ^ hnm 0,1 iho Turbulent Velocity ■ 
1928. german), 2. angmo, Maik Meek, vol. 8, p. 100, 

* See footnote on p, 42 , 
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the length of tube m which this oocuis is materially shoilpr 
than in the case of laminar flow and, moreover, is Iohs 
dependent on the Reynolds' number. Kuston states that tho 
tiansition takes place in a length of about 100 to 200 radii while 
Nikuiadse’s experiments show the final distribution at about 
SO to 80 radii distance fiom tho entrance A still shorter transi- 
tion length (probably too shoi t) is givon by the theory of LiiUlco 1 
Accoiding to him, with a Reynolds' numbor of 20,000 tho final 
velocity distribution has boon fonned after about 20 radii. 



Fin 26 — aonorntlou of tui Imlenl volocily <]iaUil>u(ion in outnuion ronlon ufloi 
iosU by NUumuleo 


Figuio 26 shows the distnbution at vauous distances fiom lho 
rounded entrance as found oxponmen tally by Nikurndno 

(r - — ^ =* 25,000^ In Fig. 26 Lho ordinates of tho curves of 

Fig 25 have been plotted as a function of the cliHtanoo from tho 
enttance of the tubo. For companson tho values as calculated by 
the theory of Latrfco have boon drawn m as dotted linos It is 
seen that the curves even at a small distance from tho entrance 
aie radically different from thoso in tho laminar case. In Fig. 27 
the velocity distributions for tho turbulent and laminar ouboh 
have been plotted at a distance of 6 radii from tho entrance It 
is seen that the tiubulont curvo shows an extraordinary rapid 
velocity rise near tho wall of tho tube* Thoroforo it is impos- 

1 Latzko, IX , Uoafc Tiansnusaion to a Turbulent Flow of Liquid or Gti* 
[Goiman), Z angm . Math Mcch , vol I, p 26 8, 1021 
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Bible to talk about a laminar flow even at such a short distance 
from the entrance as 5 radii* However, the experiments of Hoy-« 
nolcls with a colored line in the center of the tube show that 



0 \ 4 6 8 10 \l M 10 10 20 



Fia, 20, — Turbulent velocity distributions according to lasts by NikurntlHG. 



IT r V , d ; 8t , ri . buti ^ itl turbulent flow, 5 radii from entrance; 

for lamin^°fl C nw V fl 0U a ^ th , G mctho( * of Latzko; III, volooity distribution 
ior laminar now at sumo distance from entrance. 


thiB line disappears only at a considerably greater distance from 
the entrance. It is possible to explain this by assuming that Iho 
hrst turbulence does not appear, in the middle of the tube but 
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lathei al its walls Figure 28 shows the final velocity distribu- 
tion of turbulent flow in a cnculai tube at largo distances fionci 
its entiance 

36. The Pressure Drop in the Turbulent Region of Transition. 
In the case of laminar flow, theie is a considoiablo extra piossuio 
drop in the entrance legion. This is not the cnso m a turbulent 
flow, if the entiance has been lounded oil sufficiently. 

At the entiance of the tube, both kinds of flow experience a 
pressure drop of ii”/2g due to the conversion of the static head 



Fio 28 — Turbulent volooity distribution in pipo fm fiom oulmnco 

mto velocity head. In the caso of laminar flow, Ihoio is an 
additional prossuio diop equal to that same amount smeo the 
kmotic energy of the paiabolic velocity distribution is twico as 
largo as the kmotic onoigy of the constant voioeily diatiibulion at 
the entrance. For the turbulent flow the additional pressure 
drop duo to this effect is only 0J)9 uP/lg, 

If the pipe has a sharp-odged entiance, a vena oontraotn lakes 
place The contracted jot expands to the full pipe radius in a 
comparatively short distance causing an additional pressure drop. 
On page 243 of “Fundamentals,” 1 it was shown lhnl the pros- 

*8co foolnoto, p. 3. 
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sure drop caused by a sudden widening of the cross section la 
equal to 

h = j^(u t - u)\ 

where it\ is the mean velocity at the smallest cross section A i 
and u is the mean velocity in the largo cross section A, Intro- 
ducing the contraction coefficient a, 

iii _ A _ 1 
u A i a 

This becomes 



Taking a = 0.64, the pressure drop due to contraction bccomotf 

h « 0,31— • 

2 g 

The total additional pressure drop therefore is made up of Ihroo 
parts, the entrance drop hi, the acceleration drop h 2) and tho 
jet contraction drop /i 3 : 

i7 2 ii 2 

h - h x + h 2 + h = ~(1 + 0.09 + 0.31) - 1.40— 

In Fig. 17 this amount 1.40tf 2 /2(/ has been subtracted from tho 
experimentally determined pressure drop, and the fact that such 
a smooth curve is obtained shows that this expression h is not 
far from the truth. 

37. Convergent and Divergent Flow. — A very slight conver- 
gence or divergence of the walls of the tube or channel ban a 
definite influence on the shape of the laminar flow. In tho fir»fc 
place, the critical Reynolds' number determining tho transition 
between the laminar and turbulent states is influenced consider- 
ably by a small deviation from parallelism of the walls. Secondly, 
the velocity distribution across, the section and consequently 
the pressure drop vary considerably even with extremely small 
amounts of convergence or divergence, 

A slight convergence has the tendency to stabilize tho laminar 
mode of flow, i.e, } other conditions (shape of entrance, initial 
turbulence of water) being equal, the critical Reynolds' number 
increases considerably when the tube becomes slightly narrower 
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in the dhection of the flow For slight divergence the conditions 
aie opposite Othei things being equal, the turbulent mode of 
flow appeals at considerably smaller Reynolds' numbeis, How- 
cvei, exact numerical data for these phenomena aie not available 
yet, Blasius 1 has calculated the change in the velocity distribu- 
tion in the case of lammai flow through channels and tubes of 
varying width on the assumption that the diveigence, i e , 
the angle between the wall and the axis, is small Owing to the 
deciease in velocity, an mcicaso in piessuio appears which is 
superposed on the picssuie drop due to fnclion In case the 
lesultanl pressiue diop m the dnoction of flow becomes negative, 
the possibility exists that the particles of the fluid m the neighboi- 
hood of the walls staifc moving baclcwaul Denoting by y(nt) 
the shapo of the divcigcnl wall in the two-dimensional case and 
by R the Reynolds' numbei, the condition for beginning back- 
ward flow as found by Blasius is 

It ‘*£35 
(h 4 

A companson, howovor, of this approximate result with Iho 
exact solution by Hamel, 2 lending Lo ollipkc integrals, shows 

that only until about R • ^ = 3 are Iho results of Blasius m 

satisfactory agreoment with the oxact solution For diverging 
channels with straight walls (two dimensional) Pohlhauscn 1 
obtains the losult that, oven with vanishing divergence, a back- 
ward flow in the laminar boundary layor will ocour as soon as tho 
cross section has bocomo about 22 per cent laigoi than Iho original 
section Howovoi, tho objection can bo made that in the actual 
caso laminar velocity distributions, with points of inflection as 
Pohlhauscn finds thorn, can haidly occur Among others, 
Rayleigh 1 has shown that motions with such points of inflection 

1 Bdabiub, II , Laminar Flow in Channels of Vmying Width (Gentian), 
Z Math Phyuk , vol 58, p, 225, 1010, 

2 Hamel, G, Spnai Motions of Viscous Fluids (Goiman), J ahrenbe ) , 
deulsch math , Vo , vol 25, p 34, 1016 

3 PoiiwrAUSMNT, K, Appioxmiato Inlogtations of tho Diffoiontml Equa- 
tion of tho Lammai Boundaiy Layoi (Gonnan), Z angew* Math Meek , vol, 

1, p 262, 1921, 

* Rayleigh, Lord, On tho Stability oi TJnstabiUty of Coilam Fluid 
Motions, Proc London Math Soc , vol, 19, p, 07, 1887, oi Payo a, vol 3, 
p 17 
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in the velocity distribution are very unstable. The great influ- 
ence of a very small convergence or divergence on tho velocity 
distribution of the laminar flow is shown in Pig. 29. At a Rey- 
nolds’ number R = 1,000, the velocity distribution II occurs 
when the convergence of the tube is as little as y .«* 1 mm change 

in radius on a length of x <=> 1 m ^12 — 1^' 

It is seen that the velocity distribution in tho convergent tube 
is somewhat flatter than the parabola in tho middle of tho tube, 



while the velocity gradient at the wall has become somewhat 
greater. On the other hand, in the case of a divergent flow, 
there is a decrease in the velocity gradient at the wall while tho 
velocity in the middle of the tube becomes somewhat steeper. 
The following consideration will make this plausible. In tho 
case of a convergent flow, the mean velocity increases in tho 
direction of the flow which causes an additional pressure drop 
besides the pressure drop due to friction. Considering two 
cross sections, 1 and 2, with the pressures pi and p t whoro 
Pi > p 2) and denoting the velocity in some point of tho firet 
cross section by «i and the velocity of that point of the second 
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cross section lying on the same streamline by u a, Bernoulli's 
equation, neglecting faction, gives 


TH ~ Pi = - Ml 2 ) 


2 2 t v* 

Ui - Ul + —tfT' 


In Fig 30, mi and 


have been plotted as the sides 


’ ri — 

of a right triangle Tlie hypotenuso of the tnanglo then lcpie- 
sents llio new velocity mj, and, since is constant across 



Fig, 30. — Graphical topioBonlntion of tlio inAuonco of comorKonco of tho pipo 
oil tlio voloofly distribution diagram 

the entire section, it is seen that the velocity-distribution ourvo 
has booomo flatter. For diveigont flows an analogous reasoning 
can bo applied whereby it is only necessary to interchange U\ and 
Ut m Fig 30. 

Of tho two possible modes of flow, the turbulent one is of 
gieater practical importance, especially foi divorgont channels. 
For tochnlcal applications it is of groat intoiest to know in which 
manner tho energy loss due to a change from velocity head to 
pressure head depends on tho angle of divergence of tho tube, 
at which angle of divorgonco a back flow at tho wall of tho tubo 
staits, In whioli location of a divergent flow the oneigy loss 
takes place, otc Ilowovor, these questions have not yet been 
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answered satisfactorily. Beginnings of an answer can bo found 
in the work by Gibson, 1 Andres, 2 Hochschild, 3 Kronor, 1 Dttnch,* 
and Nikuradse.® 

The experiments have been carried out partly with water mid 
partly with air. In one of the investigations 8 an experimental 
proof of the mechanical similarity between air and water flow 
has been given. 



t? ?*' Turbulent v °l°oity distribution in rectangular channel afleh 
F. D6nch. X, diverging channel (0 dog.); II, constant section channel; III, con- 
verging ohannel (5.8 deg.). 


The cross sections of the tubes or channels used wore mostly 
rectangular, the distance between the two small sidos of tho 
rectangle being kept constant. The influenco of the convor- 


1 GiBaoii, A, H., Proc , Roy. Soc . (London) (A), vol. 83, 1910. 

RB8> -^ x P er *inents on tlio Transformation of Velocity into PmwiU'O 
with Water, Forschungsarboilen V. D, L, v 0 l. 76, 

3 Hochschild, Experiments on the Flow in Divergent and CouvorgniiL 
Channels (German), Fonchungsarbeitcn V. D . vol. 114 

aCnCNBR R Experiments on Flow in Sharply Diverging Channel* 
(German) , Forschungsarboilen V. D t 7. } vol, 222, 

^ in ‘hnlentr Flow in Slightly Divergent and Convergent 
Channels (German), ForschungsarbcUm V, D. vo l, 282 

* Ntktjbamb, J Experiments on the Plow of Water in Convergent and 
Divergent Channels (German), Fornhungmrbeiten V, D, vol. 289, 
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gence or divei gence of the walls on the velocity distribution is 
principally the same as with the laminar flow; in this case also 
the distribution becomes flattei in the middle for conveigmg 
walls and steepei in the middle for divcigmg ones Eiguie 31 
shows thiee such distributions as measured by Donch 
When the angle of divergence becomes gieater, backward 
flow at the walls takes place and the stieam breaks away This, 
liowcvei, docs not tako place symmetiically but always on one 
side only, The stieam follows one of the walls but can be made to 
follow tho other wall by very slight changes in the configuration 
A disagreeable phenomenon in this connection (fiist observed 
by Kroner and later moie extensively by Nilcuiadsc) is that the 
two-dimensionality of the flow is destroyed Even when the 
latio of the sides of the entiance rectangle is as small as 1 8, 
the flow ceases to bo two-dimensional before it breaks away from 
the wall at a divcigmg angle of 8 to 10 deg, 
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38. The Region In Which Viscosity Is Effective for Largo 
Reynolds Numbers. — A consideration of tho influence of inorlm 
forces simultaneously with viscosity forces ns in Osoon's theory 
(see page 264, "Fundamentals” 1 ) is possible only for very vinenus 
fluids or for very small Reynolds' numbers. In those chhon, l lie 
"convection" terms of tho acceleration bocomo of importance 
only at very great distances from tho body, where tho velocity 
is hardly different from the velocity at infinity. Then Ohooii'h 
hypothesis oan be used as a good approximation. In the immedi- 
ate neighborhood of tho body, however, whore tho velocity in very 
much different from tho velocity at infinity, tho flow is deter- 
mined practically entirely by tho action of viscosity, and tho error 
made in tho calculation of the inortia forcos Lhoro is of 1 i I (Ip 
importance. 

For large Reynolds’ numbers (i.e,, largo velocities or dimen- 
sions, small kinematic viscosity) tho situation becomes entirely 
different. The inortia forces nro thon of much greater impor- 
tance than the viscosity forces, at least at a sufficient distance 
from the walls or other obstacles, i,e,, with tho exception of the 
layer of fluid near to tho obstacle. However, if the influence of 
viscosity is completely neglected in tho differential equation, 
erroneous results are obtained, as is disoussod on pago 104. Till* 
is due to tho fact that tho equations of Navicr-S tokos in llml 
case reduce to those of Euler whoro tho boundary condition ( luit. 
the fluid does not slide along a solid wall cannot bo satisfied (see 
page 200, ''Fundamentals" 8 ). 

An important improvement In tho treatment of fluid motions 
at great Reynolds’ numbers, le., for fluids of small viseosily, 
has been made by Prandtl. 8 His method will now be discussed. 


^ee footnote, p, 3. 
2 See footnote, p. 3. 


»Pbani>ti,, L., On Wind Motions with vory Small Friction (Gorimiii), 
Proc. 3 d Intern. Math. Cong., Heidelberg, 1004. 
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Expenence has shown that the motion of a fluid fnniill 
iscosity (water or an) around a body has velocities of l* 10 
tmo oidci of magnitude as the velocity at infinity in pmolmuiy 
le whole region with the exception of a thin layer surrounding 
10 body In the case of a sticamUned body, ns flhown, for 
isinnce, in Fig 32, the expei 1 mental stieamlinos and vdlmntioii 
nncide practically with those calculated on tho basis of poU'iil Sal 
ow, Moie accurate cxpenmental investigations of Uio volooity 
eld have shown that right at the body, liowovor, tho fliud does 
ot move lelativo to it Tho transition from zoio voioculy l<> 
he velocity which can bo observed near tho body lakes place In a 
ory thin layer 

Therefore the field splits up into two regions : 

1 Sunoundmg the surface of the solid body there in a I hl» 
lycr whore the velocity gradient dw/dii generally becomes very 
irge, so that even with very small values of the velocity w llm 




li'iu 62 — Cioss section of streamlined body (hIimL). 

hear stresses r = a—- assume values winch cannot 1)0 neglected, 
on 

2, The region outside of this layer, where tlio volocity guulU'iit 
loes not become so laige, so that the influence of viHcntdly Is 
legligiblo. Hero the stieamlmc pictuie is entirely determined 
>y the action of pressure, i e., it is tho picture of a potential flow, 

In general, it can be stated that tho layer in winch tho vohioUy 
s 1 educed to zero owing to tho action of viscosity is tliin for Hiuidl 
nscosities or, to bo move general, is thinner tho gi enter the Hey- 
iolds' number. Owing to this cn cumstanoo it is powiible mu to 
amplify the equations of Navior-Stokos for tho thin boundary 
ayei that an approximate solution bocomcB pOHHible. Tim 
umpltfioations in this chffoiontial equation of tlio bonndniy layer 
ue the more in agreement with oxpcrunontnl facts tho Llitnnar llto 
ayer is, or in other words, tho solutions of tho boundary-layer 
lifforontial equation have an asymptotic chnraolor for 1 toy holds’ 
lumbers tending to infinity 

39. The Order of Magnitude of the Various TorniH In tho 
Equation of Navier -Stokes for Large Reynolds* Numbers. - 
Before proceeding to tho simplifications in tho equation of N avion- 
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Stokes (see page 258, “Fundamentals” 1 ) for the boundary layer, 
we shall first discuss the order of magnitude of Lho various quan- 
tities appearing in the equation. For this purpose we shall 
consider conveniently a two-dimensional flow along ft vory thin 
flat plate as shown in Fig. 33. It will be found useful to employ 
dimensionless variables. The velocities will bo expressed in 
terms of the velocity at infinity as a unit; the lengths, in terms 


V 


V 

* i 




* 

I — 


>■ x 

Fig, 33. — Flow along a flat sharpened pinto. 


of a characteristic length of the body, etc. The kinoinatio 
viscosity then is replaced by the reciprocal of Reynolds’ number 

JL -1 

VI ~ It 

The ^-component of the velocity u is supposed to bo known 
outside the boundary layer and to bo of the order 1. Assuming 
that the thickness 5 of the boundary layer is small of the first 
order, we deduce from the identity 

that the velocity gradient perpendicular to the plate du/dy Ie 
of the order 1/5. This also can be seen by introducing tlio vari- 
able ii = y/s in the boundary layer, where y is of tho samo order 
as x. By this artifice, the coordinates are measured, as it wore, 
with two different measuring sticks. Wo then have 


and 


du = 1 du 

dy 5 drj 


dhl _ 1 d 2 u 
~ T 2 5V ‘ 


ft’*'* and avail 4 are of the order 1, it is seen that du/ 
is of the order 1/5 and d' 'u/dy* is of the order l/8\ 

footnote, p, 3. 
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Since, furthermoie, du/d% is of the order 1, the continuity 
equation 

+ ?1 _ 0 

di x dy 

shows that dv/dy is also of the order 1 With the aid of tho 
identity 

-X‘r> 


it is seen that v must be of the oidei 5, the same must be true of 
the quantities dv/dx and d 2 v/dv % } while d*v/dy 2 is of the ordor 
S/5 2 - 1/5 

Therefore the oideis of magnitude of the venous dimensionless 
teims m the two-dimensional equation of Navier-S tokos foi the 
flow along a flat plate aie as follows 1 



In these equations 5' is the u dimensionless thickness of tho 
boundaiy layoi,” i e , the thickness of boundary layer 5 measured 
in teims of the charactenstic length l or S' — S/l 
On the light side of Eq (la) dHifdx 2 is small with respect to 
6 2 u/dy 2 so that it can be neglected Foi tho same reason d 2 v/dx l 
in Eq, (lb) can bo neglected with icspoct to d 2 v/dy 2 > 

Inside tho boundary layer tho effects of the friction foices are 
of tho same Older as Ihoso of tho moiLiu foices. The convective 
terms giving the effect of inertia on the loft side of Eq. (la) are 
of the ordoi 1 Thoiofoio it follows that 1 /ll is of tho older 
5' 2 . Conversely, it follows that in a flow phenomenon whole the 
viscosity is so small that m tho fluid at largo its action can bo 
neglected with lespect to that of inertia, a boundary layer is 
formed with a thickness 5' - S/l of tho order 


v 


1 
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In order to get a quantitative picture of this, the following 
problem is presented : What is approximately the thickness of 
the boundary layer in the flow of Fig. 33 at a distanco l = 100 cm 
from the sharp edge of the plate when tho velocity at infinity is 
100 cm/sec and the fluid is water of 20°C? (r is 0.01 cm "/hoc). 
The Reynolds’ number then becomes R ~ ul/v = 10 ", and 
therefore S' is of the order 10 “ 3 . The thickness of tho boundary 
layer 5 = S’l is of the order 10~ 3 X 10 " cm, i.e,, of tho order of 
1 mm. In a layer of about this thickness the transition between 
the outside velocity and the velocity zero at tho body is talcing 
place. 

40 . The Differential Equation of the Boundary Layer. — Since* 
in Eq. (lb) the various terms are of tho ordor 5 dp/ dy must bo of 
the same order. It is seen, therefore, that tho influence of the 
^-dimension on the pressure inside tho boundary layer can bo 
neglected at least in the case of a thin boundary layer, In 
other words, in the layer the pressure is approximately equal to 
that in the outside flow so that in a sense tho outside flow forces 
its pressure upon it. This result obtained from Eq. (IV) oxlmusts 
the information that can be had from that equation ancl licnco It 
will not be considered any further. 

Since inside the boundary layer p is a function of x only and 
independent of y, and since further d i u/dx i is negligible with 
respect to d^u/dy" 1 , the equation of Navier-Stokos for the bound- 
ary layer becomes 


du.8u.du 1 dp . 1 dhi 

Tt +, % + %-— p Si+RW 1 ' 

Besides this equation, there is the continuity equation 




du dv A 
dx dy * 


which can be satisfied by introducing the stream function 'I' 


u 


d% _ 
dy } V dx 


Then Eq. (2) becomes 
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This diffeiential equation of the boundary layer thus derived 
foi the flow along a straight wall can also be wntten foi curved 
boundanes; however, then it assumes a somewhat moie com- 
plicated form 1 

The boundary conditions to be imposed on Eq (2a) aie as 
follows Fust, foi y - 0, t,e t} at the boundary, we have 


chi' 

* - 0 , ~ 

dy 


0 , 


Second, when y becomes of the older 6', the velocity in the 
boundaiy layei must asymptotically become equal to that of the 
outside flow or, since v in the boundary layei is neglected, u 
must become equal to u } wheie U denotes the velocity paiallelto 
the wall at a distance equal to the thickness of the boundaiy 
layei 

For instance, if the piessure distnbution along the boundary 
of the body has been determined expenmen tally (see Art 85), 
the velocity u can be calculated from Bernoulli's equation 

v? . v 

7 T « —const L > 

2 p 

Therefoie the total flow phenomenon of a fluid of small vis- 
cosity louncl the solid body is decomposed into a flow m a very 
thin layer whero the internal friction has a definite influence 
and an outside flow wheie the viscosity has practically no effect 
The piessuie msido the boundary layer is determined by the flow 
outside it, 

These statements are true only in case the boundary layer 
is actually sufficiently thin to wariant the simplifications made, 
This, however, is not always the case Considering, foi instance, 
the potential flow round a circular cylinder, wo know that this 
solution gives a maximum pressuro at the front stagnation point 
and a decreasing piessure from there along the sides of the cylin- 
der extending to 90 deg, on oithor side of the stagnation point 
The velocity along tho wall rises to doublo the value of the 
volocity at infinity at the two points 90 dog, away fi om the stagna- 
tion point. From thore on, a letardaiion of the fluid particles 
takes place until the roar stagnation point is l cached This is 

1 IIiembnz, K , The Boundaiy Layot of a Stiaight Cncular Cylinder m ft 
Homogeneous Fluid (Goimnn), Dissertation, Gttttmgcn, 1911, Dmglcn 
polylcch, J, (German), vol 320, p 321, 1011 
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accompanied by a coi responding increase m the piossuvc. Inside 
the boundary layer the individual fluid particles nro always 
deceleiated owing to the action of friction, This retardation 
does not influence the outside flow very much as long as the par- 
ticles aie in the legion of dm casing piossuio However, in tho 
part of the boundaiy layei wheie tho pressure is increasing, it. 
may happen that the fluid particles, which liavo lost kmotio 
energy due to the action of friction, do not find it possible to over- 
come the pressuie increase In tho case of a potential flow, Lho. 
kinetic eneigy accumulated is ]ust sufficient to loach lho rout’ 
stagnation point, In the actual case, tho pailiolos in tho bound- 
ary layer will come to lest in the legion of increasing pressure and 



from then on they will experience an acceleration in lho opposite 
direction owing to the pressuie giadiont. Tho point of the 
boundaiy layer where this reveisal in tho motion takes plnco can 
be calculated only by an integiation of the equation of the 
boundary layer as was done by Biasing 1 for the oaso of a circular 
oylmdei The criterion deteiminmg tho point whore tins baolt 
now staits is 


du dH' 

by ~ *" ° t for v " °)' 


since at the wall apparently u = 0 (see Pig 3'1) 

Ji *? 1 ThickneSS of the layer, — Tho 

definition of the thickness of a boundaiy layer is arbitrary to a 

certain degree, since theoietically the transition of tho velooity 

velocity takes place asymptotical Jy. 

schlltlS 6 7 T dl8tnbutl0n ln th0 boundary layer is shown 
schematically for the case of two-dimensional flow past a plate, 

weussec m Art 39, the ^-coordinate being exaggerated 1,000 
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times with respect to the t-co ordinate. The thickness of the 
boundary layer may bo defined arbitrarily as the distance from 
the plate where the velocity diffeis ( 
by 1 pci cent fiom the velocity of J 
the outer flow. 

Anothci definition of the thickness 
of the boundary layer is obtained by 
taking the intei section of the asymptote 
and a stiaight line thiough the oiigm 
of the velocity-distnbution diagram 
(Fig 35) such that the shaded aicas 
aie equal This thickness is somewhat 
smaller than the one defined fiist A 
tlmd possibility is the point of intcrscc- — w* 

tion of the asymptote with the tangent Pla 35 — Dofimtion of thiok- 
at the origin of the volocity-distribution 

diagiam. This leads to a thickness whiolr is only little smaller 
than that duo to the piovious defimtion 

An entuely diffeient manner of defining the thickness of tho 
boundary layer is shown in Fig, 36 and expicssod by tho formula 



as" 


= JJV “ u)dy. 


This thiclcnoss 5* therefoie icpresonts the amount by wlrioh tho 
stienmhnes of tho corresponding poten- 
tial flow are shifted away from the 
boundaiy. 

42. Estimate of the Order of Mag- 
nitude of the Thickness of the Boundary 
Layer for the Flow along a Flat Plate.— 
An estimate of the oidor of magnitude 
of the thickness of the boundary layer 
as was deduced in Art. 30 fiom tho 
differential equation can be found for tho 

Fm 3o Doflnitioi? of ^ plato by means of a momentum 

thtoknoss 4 * 0 f iwuiuimy analysis. Tho dotted lino in Fig 37 
1(iyor will be the boundary of tho region to 

which wo shall apply this analysis, It oonsists of a piocc l 
starling at tho front end of tho plato, two straight pieces 
perpondioular to the points x = 0 and v •=> l, and finally a 
slioamhno which at tho point % — l has tho distanoo <5 
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from the plate. The momentum theorem, ns discussed in Art. 
100, "Fundamentals” 1 states that the flow of momontmn through 
the bounding surface is equal to the sum of Clio pressure inUigrnl 
and the viscous force along the piece l of the plate. Since for 
the upper part of the bounding surfaco a streamline was chosen, 
no fluid passes through it. Consequently, the amount of momen- 
tum flowing through the two vortical parts of the boundary in l ho 
same. .The mass of the fluid flowing through per socoml is 

approximately equal to g&w, whore b is tho width in tho s-tlircc- 

tion. This amount entering the loft vorlloal part of tho bound- 



Fio. 37. — Application of momentum thoorom for finding tho order of innKiiiluilo 
of boundary layer tliioknosa, 

ary with a velocity u loses some of its velocity while flowing 
to the right so that a decrease in momentum takes place. The 
amount of this decrease is not known sinco in ordor to calculate 
it we have to know the velocity distribution at tho point x l and 
consequently we have to know tho thickness of tho boundary 
layer, which is just what we want to find, However, it is pos- 
sible to state that the change in momentum is proportional to 
pSbv?, Since in a flow along a flat plate dp /dx « 0, tho pressure 
integral taken on the entire boundary becomes zero. Therefore 
the decrease in momentum must be equal to tho frictional force 
acting on the piece l of tho pinto. On pago 4 it v'ftS shown that 
this force is proportional to jt ilbu/8. Wo have thus found Hint 

pSbu 4 = Cplb~ 

U 

or 

f - 


^ee footnote, p, 3, 
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where C is a numerical factor which cannot be found from this 
momentum consideration The expression hoie denved for the 
flat plate is also valid for curved boundaiy layeis in the steady 
state, which can be understood fiom the derivation given in 
Art 39 For motions staitmg fiom lest (non-steady state), the 
1 elation valid for the fust instant is 

S = Vvt 

Tho factoi of pioportionahty C foi the steady state can be cal- 
culated from the exact solution of Blasius 1 Taking as a defini- 
tion of the thickness of the boundary layei the inteisection 
between the tangent at the ongiri and the asymptote, C was 
found to be 3 4, so that the thickness of the boundary layer along 
a flat plate becomes 



43* Skin Friction Due to a Laminar Boundary Layer* — By 
integialing the differential equation of the boundary layer, 
Blasius found for tho sheai stress r 0 = n(du/dy) v ~ 0 the expression 

0 332 ^ 

Tho factional force along one side of a flat plate having the length 
l and tho width b then becomes 

D / — bj^rdv ~ 0 332 ^ 

or, introducing the drag coefficient 0 /, defined by 


where 

this can bo written 


Df - c f <S - 


S ~ hi = surface. 


k . 1 328 0 pu 2 

'~V7t S T 


01 




1.328 

VR 


a value which agrees very well with expoiiments on smooth 
surfaces. 

1 See footnote, p 04 
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Figure 38 shows the velocity distribution in the boundary 
layer along a flat plate as calculated by Blnsius. The points 
indicated by little crosses in this figure 
were found experimentally by Hansen 1 
by means of a very fine Pitot tube. It 
is seen that the agreement is very 
good. 

Based on some plausible assump- 
tions regarding the velocity distribution 
in the boundary layer, von KArmdn 3 
gave an approximate procedure for cal- 
culating the thickness S as a function 
— x > of x and t for bodies of arbitrary shape 
Fig, 38,— Velocity distnbu- by means of the momentum theorem, 
flat p'iato. OUnc * ary lay ° r ° long Thc Procedure is valid only for vory 
thin boundary layora. Having found 
the value of 5, the drag coefficient for any arbitrary body 
can also be calculated. In the analysis tho pressure along 
the boundary of the body is supposed to bo known, Tho 
calculations are started either by assuming tho pressure 
distribution of the corresponding potential solution or by taking 
the pressures as found by experiment. Tho la t tor procedure 
gives a somewhat better agreement with thc observed facts, as 
was shown by Hiemenz, 3 This method of von KArmdn was 
carried through to numerical results for a fow examples by 
Pohlhausen. 4 A very good agreement with tho calculated values 
by Blasius was found. This is a distinct step forward sinco tho 
results are found with very much simpler mathematical molhods 
than the exact solution of Blasius, which involves complicated 
series developments. 

44, Back Flow in the Boundary Layer as the Cause of Forma- 
tion of Vortices. The most important characteristic of tho 
boundary layer is that under cortain conditions a back flow fcftkos 
place in it which leads to the creation of vortices and to a complete 
c ange in the flow pattern. This phenomenon will bo illus- 
trated later by photographs. 



™ pw ThC V , elocity Distribution in the Boundary Layer of a Sul: 
2 v d (German), z ™W0> Math. Mech vol. 8, p, 385, 1928. 

2 ™ m ^ Laminar and Turbulent Friction (Gorman' 

angew . Math , Mech., vol, 1, p. 233. 1921 
3 Seep. 63. ' 


4 See p. 63. 
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An expenmeni on the Iwodimonsionai flow through a chveig- 
ing channel (Fig 39) shows that in the first instant after starting 
a puio potential flow takes place, having a cleci easing velocity 
in the dncetion of the flow owing to the increase in cross section 
This decreasing velocity is acoompanied by an mciease m pies- 
sure, as follows from Bernoulli's equation, which moans that some 
kinetic eneigy is transfonnod into pressure eneigy A very 
shoit tunc after staitmg, however, the particles of the fluid in the 
thin boundaiy layer lose all then kinetic energy since thoy are 
slowed down, not only by the piessuio giadient, but also by the 
friction foices The particles 
thus coming to lest still exponence 
the effect of the picssuic giadi- 
ent of the existing potential flow 
so that they now start to move 
backwaid Tho flow m the — 
boundaiy layer conespondmg 
to this is shown m Fig 39, in 
which for the sake of clearness 
the voitical y-oulmate has been 
veiy much exaggeiatecl The 
photographs of Figs 24 to 33, 

Plates 12 lo 14, show a conc- 
spondmg phenomenon foi tho flow 
past the tail end of a blunt body, 
from left to right, 



SjP 3 0 
dx 


Fla 30 — Boundary layers in ft 
diffusor How Tho y-compmiont poi- 
ponchoulftr to tho walls is gioatly 
exaggerated 


In these pictures the flow is 
Figure 24 shows the potential flow pattern, but 
in Fig 25 it is seen that some fluid pai tides at the wall have come 
to lest. This fact is demonstrated by the particles appealing as 
shaip white points The velocity diagram is approximately that 
of Fig, 39r Tho next picluio, Fig 26 on plate 12 (bomg the 
third in a succession of oxposuies of amovic film), shows how theso 
pailiclos have taken a backward volocity fiom right to loft and 
how at a coitain distance from the body theie is a lino of fluid 
particles at lest relative to tho body Outside this lino tho 
original flow from left to right pcisisls. This condition is illus- 
trated approximately by tho velocity distribution of Fig 39 d. 
In tho following pictiues of Plates 13 and 14, it is then Been how 
this dividing lino of the for waul and backward flows is unstable 
and breaks up into separate vortices. This finally causos a 
comploto change in tho flow pattern and consequently in the 
prossuie distribution at tho body. 
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45, Turbulent Boundary Layers, — It will be shown later that 
at a very high Reynolds' number the laminar boundary, layer at 
the front part of the flow around a sphere becomes lurbulonL. 

In the flow through a circular 
tube the jump from laminar to 
turbulent flow can also be con- 
sidered as the transition of a 
laminar boundary layer into a 
turbulent one; in this case, the 
flow at the center of the tube 

Fig. 40 —Laminar velocity distribution follows the clmngO also, On 
near entrance (x/rR -0.02). or u „ i 

* page 35 it was seen that the 
transition from laminar to turbulent flow in a tube always 
takes place with velocity distributions of the shape of 
Fig, 40, Here we have a laminar boundary layer at Iho wall of a 
cylinder which becomes turbulent when the critical Reynolds* 
number is reached. Experiments have shown that this turbulon k 
boundary layer differs from the laminar one mainly in having a 
very much higher velocity gradient at the wall (Fig. 41), 




Fio. 41. — Turbulent velocity distribution. 


46, The Seventh-root Law of the Turbulent Velocity Dis- 
tribution. Prandtl 1 has succeeded in finding an expression fnt 
the turbulent velocity distribution using only the resistance law 
for turbulent flow through smooth tubes as found by oxporiinont. 
The assumptions on which his rosult is based are: (1) that the 
velocity distribution in the immediate neighborhood of tho wall 
cannot depend on the radius of the tube but is determined com- 
pletely by the quantities p and p, as well as by the shear stress 
to at the wall; (2) that the velocity distribution curves remain 
similar with increasing velocity, i.e., when tho maximum velocity 


L 7 ! nves *L gations 011 Turbulent Mow (Gorman), 2. angew. 
Math. Mech., vol. 6, p. 136, 1926. Seo also von Kdrmdn, footnote, p. Off. 
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in the center of the tube w raax is doubled, all other velocities are 
doubled also, so that 

u = (3) 

where y is the distance fiom the wall of the tube and r is its 
radius 

Foi a piece l of the tube, the relation between the pressuie drop 
]h — 'pi and the shear stiess at the wall is 


so that 


(]>i — pj)ir; 2 = 27rt’Jro 

21 

Pl — 212 =* ~ To 


On the other hand, Blasius’ law foi the piessure drop m smooth 
tubes (seo pago 42) is 


Pi ~ Pa 


0.133 l p_ 2 
■&R r 2 U 


Theiofoie the shear stiess at the wall becomes 


To 


0,033 


pa* — o 033 ^^}-}-!#^ 


( 4 ) 


Now we specialize the general relation expressed by Eq. (3) in so 
fai as wo assume u to vary proportional to an unknown powor 
q of the distance fiom the wall. 



Writing u m „ - 
got 


const. X # and eliminating u from Eq, (4), we 


To = Const. 


or 


or 


to = const 


pvXuK 


r % <1-‘A 

-fTT 


( 6 ) 


The first assumption discussed above, stating that the shonr 
stress at the wall is independent of the radius of the tube, requires 
that the exponont of r be zero, so that the following relation for 
q is obtained: 
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leading to 


1 

<7-7 


Therefore, based only on Blasius’ experimental law of pressure 
drop and on the two assumptions discussed above, it is found 
that in a turbulent flow through smooth tubes the velocity 
increases as the seventh root of the distance from the wall . 





Fig. 42. — -Tho saventh power of Iho 
volooity in n turbulent flow. 


In Fig. 42 tho seventh power of tho velocity as obtained experi- 
mentally is plotted against 
tho distances from tins wall, 
Tho fact that this curve 
comes out to bo nearly a 
perfect straight lino shows llait 
tho validity of tho seventh- 
root law is not restricted to 
tho immodiato vicinity of llm 
wall only but oxtonds nearly 
to tho eonlor lino of tho tube. 
This could not have been anticipated. 

In Art. 30 it was seen that Blasius’ %lh-powor law breaks 
down for Reynolds' numbers above about 50,000, so that thorn 
the derivation of the seventh-root law has to bo correspondingly 
changed. For instance, it has been found that for Reynolds' 
numbers of about 200,000, the velocity distribution near the wall 
is represented more nearly by an eighth-root law. For a Rey- 
nolds' numbor ten times as high again, wo roach the tonlh-ronl 
law. Prandtl 1 has shown that the abovo derivation can bn 
generalized so as to find a Velocity-distribution law for any experi- 
mental prossure-drop law that may come up. 

Quito recently von. Kitrmitn 3 has shown that for theoretical reasons lit 
very largo Reynolds’ numbers tho expression • can dopoml only on 


y/r with tho exception of a narrow region near tho walls where the viscosity 
has a decided influence. Tho quantity -\Aq7p appearing in the denominator 
is n velocity of the samo order of magnitude ns the turbulent velocities id 

1 See footnote, p. 70. 

1 Von KAkmXn, Th., Mechanical Similarity and 'Furl illicitae (Gorman), 
Nachr. Ges. Wiss., Gtittingon, p. 68, 1030. 
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and o ' discussed in Ait 33 ICAim&n’a fundamental assumption is that the 
mechanism of tuibulenco at all locations in the fluid is of the same nnturo 
and diffcis only in the units of length and time employed Fiom this 
assumption he finds fov the shem stress at any point outside the region near 
the wall, 



w / 

111 this foimula h m an ompmcal constant of a umvoisal chaiacter Since 
t » ro^t — tho foimula foi r leads to a differential equation foi du/dy 

which oau be easily mtogiatcd twico and then gives an expression for u{y) 
Von Kdnndn finds 



Foi small values of yj) tins becomes 



The agicomcnt of this foimula with tho velocity dislubutions found at voiy 
great Reynolds’ numheis is fanly good Tho constant ^ turns out to bo 
approximately 0 30 

Tho boundary between this legion and the legion neai the wall m which 
tho viscosity becomes i mpoi tant is dotcumncd by a definite value Ri of tho 
Reynolds* numboi Tho eonesponding distance from the wall 

thereto! o becomes 


Vi » R 



Denoting by Ui tho velocity corresponding to y i, the above foimula allows 
a calculation of w mi „ - Since the mechanism of the flow m tho region 
of viscosity is also tho saino all ovoi, Ui must be a multiple of *s/r\fp) 

», . 

Finally, thoiofoio, 

rS / 

Vp( 15 + A log Ri" 

Tho relation between tho sliear stiess to and tho picssure-drop coefficient, 
X, oxpiossod in tonus of tho maximum velocity, is 

4ro 
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Using also a Reynolds* number in terms of u maXl 


we got 


or shorter 


R 




{log RV X “ log Ri + k(p - 1)1 2 
% 4fc 2 


(log E\A + 


This formula gives a means for the calculation of X for a given value of R 
by means of successive approximations, which converge vory well. Tho 
mean velocity can also be calculated so that a comparison with tho tests ia 
possible, The agreement with the recent measurements of Niluimdso, 1 
Schiller 2 and Hermann, 3 lias been found to bo vory good in tho region of 
large Reynolds' numbers. The value found for h was 0.44, and C ~ 2.83. 
Expressing the formula by means of i 1 instead of iw (with i? m tho 

equation still holds as an approximation formula: 


Xm - -■ 

( 10 log (limVXi) + B\ l 

According to Nikuradse the values of the constants in this formula arts 
A = 0.133 and B = 0.18, 


47. Shear Stress at the Wall in the Case of a Turbulent 
Boundary Layer and the Thickness of This Layer. —Tho constant 
in Eq. (5) can be calculated numerically when it is taken into 
account that the maximum velocity in the con ter of the tubo is 
between 1.22 and 1.25 times as great as tho moan voiocity ii. 
This is an experimental fact, Taking tho avorago, i.e., 


^mu — 1,235*7, 

the expression for the shear stress at tho wall, using Eq. (4). 
becomes 

0.033 u „ „ 

To " 1235^ ’ 

1 Niktoadbe, J., Turbulent Plow of Water through Straight Tubos at 
Numbers ( German )) VortMge Aachen , 1020, p, 03, 

* Schiller, L Pressure Drop in Tubes at High Reynolds' Numbers (Gor- 
man), Vorlrage Aachen, p. 69, Berlin, 1920 

<z,z sswr* *— - - ■»— ~ 
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or introducing the seventh-root law, namely, u — U mx (y/r)^ f this 
is 

r 0 - 0 0228 pp H u A y~ H , (6) 

With the introduction of the dimensionless number uy/v, the 
foimula becomes 

r 0 - 0 0228pu 5 /x,Y 4 (8o) 

W/ 

As is evident from its derivation, this lesult is only tiue wheio the 
law of Blasius holds 

This formula, which is independent of the radius of the tube, 
can bo applied also to othei oases of turbulent flow along smooth 
walls, for instance, along a flat plate vvheie thoie is a lelatively 
thin tuibulont boundary lnyei, In this case 3 the piessuie along 
the plate can be considcied constant as a fiist approximation 
(the same is true with the corresponding laminar flow) The 
influence of the viscous resistance is felt in an increase of the 
thickness of the boundary layei along the plate, 

Prandtl 1 and von K Arm An, 2 who invented this method of 
calculation independently of each other, assume a velocity 
distribution m the boundary layer oxpiessed by 



where U is tho undisturbed velocity and <5 is the thickness of the 
boundary layer, This assumption was made as an analogy to the 
flow through tubes, The shear stress at the wall can then be 
calculated, 

to = 0 0228 j * (B&) 

Tho total frictional resistance of ono side of the plate of a length 
l and a width b then becomes 

Df ~ bj'Jrodt 

This drag must be equal to the loss in momentum, of the flow. 
In front of the plate each fluid particle has the velocity 

1 Prandtl, L , On tho Frictional Roais banco of Air (German), OGtUnger 
Ergcbmssc , vol 3, p 1, 1927 

2 Von KXrmAn, see footnote, p 68, 
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at the end of it this velocity has diminished to u , The corre- 
sponding mass flowing by per second is pubdy , so that tho loan in 

momentum becomes bpj u(u — u)dy. Substituting tho above 

velocity distribution and performing the integration, thin 
becomes 



Equating this expression to the drag where to assumes the 
value of Eq. (6&), we get a relation from which <$ can bo imme- 
diately deduced* For convenience, we first calculate 


TO 


= ldD * 


b dx 


which leads to 


or 


- °' 0228 '" !, ( a )’ 1 


“S - 


By integration, we obtain 


or 




0,37 

W*' 


(7) 


Comparing this result with the corresponding expression for tho 
laminar boundary layer on page 67, it is seen that tho turbulent 
boundary layer increases with x^ while the laminar layer 
increases with Therefore the turbulent boundary layer 
increases faster than the laminar one, 

48. Friction Drag Due to a Turbulent Boundary Layer.™ 
Continuing the calculations for turbulent flow, the relation 
between the shear stress and the length x along the plate becomes 

to - 0,0288pit 2 f" -Y-L 

Consequently the drag for one side of a flat plate of lenirth l 
and width b is 
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01 

where 7? = «?/i> Inti educing the familial symbol X for the 
cling coefficient, wo obtain finally 


.D/ = \S 

with « * 61 

Figure 78 shows the ciuve 


0 072 
■tyR 


S 


-u* 

2 U 


, 0 072 
x ~ W 

111 has to be noted that the boundaiy layei at the fiont end of a 
well~slmrponcd plate is lammai at first and becomes tuibulcnt 
at a certain critical Reynolds' numbei According to the 
mcasuioments of Van dor IIcggc~/!/ijncn, this happens at 
Her *= (U d/v) cr 5=3 3,000 

The deviations fiom Blasius' law mentioned in Arts 30 and 46 
mo noticed in this case also for large Reynolds' numbeis, fiom 
'ul/v = 5,000,000 on Tho denvations of Arts, 47 and 48 
have boon extended to this moie complicated case by Schillei and 
Ileimann 1 * 3 Further, von Kdrmdn* has extended his lcsistance 
theory of Art, 46 to tho caso of tho flat plato Both piocedures 
lead to good agieomcnt with tho experiments 

The friction resistance of a lolating disk can be calculated 
in the same manner as the resistance of the flow along a plate at 
rest, as was shown by von KAimfln in the paper cited on page 68 
Lot M bo tho moment or torque acting on tho central cncular 
part of an infinitely laigo rotating disk wetted on one side only 
Further lot r bo tho ladius of this conti al part and U its cncum- 
forential speed; then wo have foi lammai boundary layers: 

1 Schiller, L, and Hermann, Resistance of Plates and Tubes with Large 

Roy nolds' Numbers (Goiman), Ing Arch , vol 1, p 391, 1030 

3 Yon KXumAn, Tii, Mechanical Suiulaufcy and Turbulenco (Gorman), 
Proc 3rd Intern Cong , Stockholm, 1930, vol 1, p 85 
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and for turbulent boundary layers 

M = 0 .Wk&U*—! 

2 -tyR 

where 


49 . Laminar Boundary Layer inside a Turbulent One. — 
Where in the previous discussions the terms “ velocity” or 
"velocity distribution” were used in connection with turbulent 
flow, the mean value with respect to time was understood (see 
page 46). The actual velocity is found by superposing on this 
mean value the fluctuating flow which is characteristic of tur- 
bulence, amounting to approximately ± 6 per cent of the moan 
velocity. The magnitude of these fluctuations must decreaso 
rapidly when approaching the walls. This is particularly true 
for the component v perpendicular to the wall; the variations 
in the velocity u along the wall decreaso much less rapidly; but 
in any case right at the wall the relation 



is true for the mean values both of r and of u, Assuming that 
the seventh-root law of the turbulent boundary layer is valid up 
to the wall itself, it follows that the shear stress becomes infinitely 
large since du/dy increases beyond all limits for y » 0. On 
account of this paradoxical conclusion the assumption is seen 
to be false. In fact the seventh-root law of tho turbulent flow 
is valid up to a very small distance from tho wall but ceases to 
be true exactly at it since there the transportation of momentum 
due to the turbulent fluctuations becomes zero. Therefore 
between the turbulent boundary layer with its seventh-root law 
and the wall there must be a very thin laminar boundary layer. 
Inside this latter layer the mean velocity gradient is found from 
the above equation for r 0 , where t 0 is determined by Eq*. (6). 
The part of the velocity-distribution diagram of Fig. 28 near to 
the wall has been plotted to a larger scale in Fig. 43 (up to y/r « 
0. i, where y/r is measured from the wall, whereas it was measured 
from the center line in Fig. 28). It is seen that tho seventh-root 
law approaches the wall with a tangent of zero angle. For largo 
Reynolds numbers the assumption is justified that tho laminar 
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boundary layoi dnectly at the wall is very thin so that its velocity 
giadient can be approximately assumed to be a lineal function 
of the distance 


With Eq 


TO 



(4), this becomes 


TO 


0 033 
\/R 


' P&, 


0 033E-W— • u - u- 
v y 


( 8 ) 


u 


— > 



Kio 43 — Laminar boundai y layor at tlio wall for turbulont flow through pipo 


oi mtioducmg tho sovonth-root law and the relation w mRX = 
1 235iZ 



An approximate icpiesontation of tho laminar boundary layor 
inside the turbulont ono is found in Fig 43, which corresponds to a 
Reynolds' number R — ii i/v — 40,000 At a distance from the 
wall y/r = 68.4/40,000^ = 0.0066, the soventh-ioot law is 
joined to tho origin by a straight line. In the actual case, there 
is natuially no break in the velocity distribution curve, but a 
gradual transition. This is due to the fact that the turbulent 
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fluctuations do not die out completely at fl finite distance from 
the wall but rather diminish asymptotically toward it. 

It is of interest to know the value of the volocity u in terms of 
the mean velocity u at a distance from the wall equal to the thick- 
ness of the laminar boundary layer. Using the relations 


we find 


or with Eq. (7) 


TO “ 


ur~ and to 
V 


0,033 

im • ' 


- - 0.0337?**-. 
u r 


“ - 0,0337?** • 
u 


68 A 2^26 
m R' A ‘ 


( 10 ) 


In this connection, we refer to the early measurements or Stan- 
ton, 1 who from his experiments concluded the cxistenco of a 
laminar boundary layer inside the turbulent one. 

Although the thickness of these laminar boundary lnyors 
generally is extremely small, they can become of importance in 
the problem of heat convection due to flow past tho body. This 
will not be discussed here in detail, but tho reader is referred to 
some papers by Prandtl 2 and to the experimental results of 
Schiller, 5 

50, Means of Avoiding the Creation of Free Vortex Sheets 
and Their Consequences* — It was seen in Art, 40 that back flow 
will take place in the boundary layer when thoro is n decrease 
in the velocity due to an increase in the pressure, as for instance 
in a diverging channel. The result of this back flow, as shown 
in Figs. 24 to 31, Plates 12 and 13, is that a free vortex shod gels 
into the fluid. This sheet has been called “free” in ordor to 
distinguish it from the boundary layer, which is a vortex shoot 
clinging to the body. The ultimate fate of such a free vortex 
sheet is to break up into individual vortices. 

This formation of vorticity is undesirable, not only because 
it dissipates energy, but also because it changes the configuration 
of the flow so drastically that, in the divergent channel for 


1 See footnote, p. 46, 

* Pkandtl, L.j A Relation between Heat Convection and Flow Resistance 
in Fluids (German), Physik, Z. t vol. 11, p, 1072, 1910. Also a Noto on 
Heat Convection in a Tube (German), Physik. vol. 29, p, 487, 1928* 

3 Schiller, L., Investigations on tho Problem of Hoat Convection (Gor- 
man), Z , angew. Math . Mech., vol. 8, p. 458, 1928. 
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instance, the desired pressme increase is praolically pi evented 
The phenomenon can be avoided by making the angle of diver- 
gence of the channel (and consequently the piessuie gradient) 
sufficiently small. In that case, the fluid outside of the boundaiy 
layei has sufficient power to pull the particles in the boundaiy 
layer with it against the small moiease m piessuie, so that back 
flow is avoided This influence of the outer flow on tlio boundaiy 
layei is duo to viscosity action in the case of lammai flow, while 
in the case of tuibulcnt flow the tiansportation of momentum is 
the main agent pulling through the slow particles. The same 
principles apply to the flow around so-called streamlined bodies, 
such as, for instance, airships or airplane wings. Heie, the 
piessuie gradient at the tail is made sufficiently small by lotting 
the body thm itself out very gradually In this way a back 
flow in the boundary layer and the consequent formation of 
eddies can be avoided. The “pulling” action of the outei 
flow on the pai tides in the bflhndaiy layer again is much 
greater for turbulent boundary layers than for laminar ones on 
account of the interchanging of momentum of the individual 
particles of fluid inside the turbulent layor with those outside 

Bl. Influencing the Flow by Sucking away the Boundary 
Layer. — A mothod for pi eventing back flow and eddy formation 
at blunt bodies like spheres or cylinders, 01 in divcigmg tubes, 
was suggested by Piandtl 1 in 1004, It consists of sucking away 
into the mtenor of the cyiindor those particles of the boundary 
layor that aie just on tlio point of standing still before flowing 
back, thus preventing them from starting an eddy. The photo- 
graphs of the flow round a on cular cylinder with sucking on one 
side, published by Prandtl in 1904, show clearly how effectively 
the eddy formation is prevented. The power consumed by tho 
process is relatively small, since very small volumes aie involved, 
which was experimentally pioved by J Ackorol 4 for a diverging 
pipe and by 0. Schrenk 3 for a sphere and several airfoils, Fig- 

1 See footnote, page 68 

4 Aokebmt, J, Seeking of tho Boundaiy Layor (Goininn), Z ilea V, D 
I , vol 36, p 1163, 1020 

3 Schubnk, O,, Experiments on a Sphere with Sucking Away of tlio 
Boundary Layer (Goiman), Z Flvglcch MotorluJlschiffahH, vol. 17, p 360, 
1920; Airfoils with Suokmg of tho Boundary Layer (Goiman), Luftfakrtfor- 
achung, vol. 2, p 49, 1928, Exponmonts on a Wing with Sucking of tho 
Boundaiy Layer (Gorman), Z. Flugtech MolorluflachiffahH, vol 22, p 269, 
1931 
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ures 36 to 38, Plate 15, show how drastically the flow pattern 
can be influenced by this method. Figure 36 shows the flow 
from left to right through a very sharply diverging channel with- 
out any sucking. It is seen, as was to bo expected, that the 
fluid does not follow the walls of the tube at all, but breaks away 
from them at an early stage. Figure 37, Plate 15, shows tho 
flow which takes place when a small volume of tho fluid is sucked 
away at the upper side, while the same phenomenon with sucking 
on both sides is shown in Fig. 38, The flow in this picture is 
from left to right and is very nearly a potential flow where the 
kinetic energy is transformed into pressure energy according to 
the equation of Bernoulli. 



Fia. 44. — Flow round two rotating oyHndora* 


52. Rotating Cylinder and Magnus Effect — Anothor mothod 
to prevent eddy formation, also initiated by Prandtl, consists of 
making the surface of the body move in the direction of tho flow* 
This prevents a slowing down of the fluid particles at tho surface 
and consequently prevents eddy formation. Tho method offors 
greater practical difficulties than the one previously discussed in 
Art. 61* For the simple case of two touching cylinders rotating 
in opposite directions the experimental difficulties are not great, 
the streamline picture being as shown in Fig. 44. 

Not only was this case investigated by Prandtl (1906) but also 
that of a single rotating cylinder, which is of practical importance 
in connection with the "Flettner rotor." The formation of 
eddies is avoided only on the side where the peripheral spood ifl 
in the same direction as the velocity of tho outside flow, while 
on the side where these two velocities arc opposite, tho eddies 
develop so much easier. The important feature of this flow is 
the fact that owing to the one-sided eddy formation the entire 
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streamline pictuie becomes unsymmotncal Figuie 8, Plate 5, 
shows some moving pictuies of the flow iound a rotating cylinder 
starting from lest The flow takes place fiom left to right and 
the rotation is clockwise; the latio of the penpheial velocity 
u to the outside velocity v is kept constant equal to u/v — i 
Pictuies 3 and 4 show particularly clearly how an accumulation 
of boundary-layer material is foimed at the bottom side wheie the 
dnections of the two velocities are m opposition Owing to the 
small size of the pictuies, the back flow inside the boundary layei 
is not visible. In picluic 5 and the following ones, it is seen 
how this accumulation of boundary-layer fluid develops into 
a so-called “starting vortex” In accordance with the vortex 



Fia 45 — lUow louncl rotating oylmdoi, u/v «• 4 


theorems of Helmholtz this vortex lemains bound to the same 
fluid particles, so that in the ond it is washed away with the 
fluid The phenomenon is analogous to the starting of an an foil, 
as described m Art 99. Just as in that caso tho stieamlmc 
picture, which romams after the starting vortex has been washed 
away, can bo considered as tho superposition of a potential 
flow round the cylinder and a circulation. The amount of cn di- 
lation superposed has boon taken such that in Fig, 45 the two 
stagnation points just coincide. A companson of tho consti noted 
Fig. 46 with tho photographic ones of Fig. 8, Plato 6, shows a 
veiy close agreement. Figuio 46 gives the theoretical picture foi 
tho value u/v — 2, tho corresponding photographs aro shown m 
Fig 13, Plate 8. For values u/v greater than 4, there will be a 
ring of fluid around the cylindor rotating about it permanently. 
Figure 9, Plate 6, shows the conditions for u/v = 6. 
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Just as in the case of the airfoil, there will be a lift on the 
rotating cylinder as soon as the starting vortex 1ms boon washed 
away, An inspection of the streamlines shows that thoy aro 
crowded together considerably on top of the cylindor while on 
the bottom side they are spaced farther apart than normal. 
Consequently the velocity above the cylinder is larger than 
below, and an application of Bernoulli’s equation (permissible 
outside the boundary layer) leads to an excess pressure below the 
cylinder and a lower pressure above it. In other words, there 
is a force perpendicular to the direction of the flow — a lift. 



Since this lift is proportional to the circulation, it depends very 
much on the value of u/v. For u/v = 4 (Fig, 45) the two stagna- 
tion points just coincide, and the theoretical calculation gives 
for the lift 

L - iir^vHd, 

so that 

Cl - 4t (see Art. 89), 

* 

where d is the diameter ancl l the longth of tho cylinder. Meas- 
urements in the wind tunnel show a lift considerably smaller 
than this. The explanation for this discrepancy lies in tho fact 
that the flow is not sufficiently two dimensional, as it was 
assumed in the calculation. Following a suggestion of Prandtl, 
this was corrected by providing the onds of tho cylindor with 
disks of great diameter rotating with it. Figure 47 shows tho 
so-called “polar diagram” (see Art. 90) of tho cylinder with and 
without disks. It is seen that a rotating cylinder is oapablo 
of giving a much greater lift than an airfoil of the same projected 
area. However, this extra lift is dearly paid for with a drag 
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seveial times gieater than that of a good airfoil* Figure 48 
shows the lelation between the lift coefficient and the ratio of the 
penpheral and outside velocities for cylinders with and without 
disks, 



Fia 47 I<Ki 48 

Fig 47 — Lift coefficient as drag ooofficUmlfoi lotating cylinder foi various val- 
ues of n/v, (a) with disks at tho ends of Iwioo oylmdor din motor , (l») without disks 
Fia 48 — Lift coefficient w u/v, snmo a n ml b ns m Fig 47 

In tho next chapters on airfoils, yol another possibility of 
avoiding eddy formation will bo discussed by which now energy 
is fed to tho particles of tho boundary layor which liavo boon 
slowed down loo much. In principle this is dono by blowing air 
jets of great kinetic energy into tho boundaiy layer through 
suitablo nozzles. However tho energy roquirod for doing this is 
greater than that required for gottmg the same lesull by sueldng 
some of tho boundary-layer material into Iho inside of tho wing 
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DRAG OF BODIES MOVING THROUGH FLUIDS 

53. Fundamental Notions. — When a body is moved with ft 
uniform velocity along a straight lino through a fluid at rest, it 
experiences a force in a direction opposito to that of tho motion. 
This force is called the “drag” or "resistance.” 

Now the system of the fluid and of tho body is given a uniform 
velocity opposite to that of the body. This brings tho body to 
rest, while at infinity the fluid assumes a velocity equal and oppo- 
site to that velocity which the body had boforo. Sinco tho 
superposition of such a uniform rectilinear motion on tho systoin 
cannot have any dynamic consequences, tho drag of a body is tho 
same whether the fluid is at rest and the body is moving uniformly 
through it or whether the body is at rest and tho fluid flows 
against it. 

This presupposes that the individual particles of tho fluid (at 
a sufficient distance in front of the body at rest) move complololy 
unifprmly and parallel to each other. This is not tho case with 
natural fluid motions, as, for instanco wind or wator flowing 
through rivers. In Arts. 141 and 142 it will bo soon to what 
extent this uniformity has been accomplished in artificial air 
motions in wind tunnels. 

54. Newton's Resistance Law.— Historically tho first resist- 
ance law was proposed by Newton, the founder of mechanics. 
With a small modification this law still holds today for motions 
where the drag is due to inertia, which often is tho easo for fluids 
of very small viscosity, like wator or air. Newton’s law is 

D ~ fApw s , 

where D is the drag, w the velocity, p the density of the fluid, and 
A the projected area of the body in the direction of tho flow. 
The factor of proportionality / is as yet undetermined. 

This law was derived by Newton from the momentum theorem : 
the force exerted by the fluid on the body is equal to tho rato of 
change of momentum in the fluid due to the presence of tho body. 

88 
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Newton assumed instead of air or water a hypothetical medium 
of the following piopeities the space round the body is filled 
with a largo number of particles having mass but no length 
dimension These particles which are at lest aie not connected 
to each other, nor do they cxeit any influence whatever on each 
other. The body moving thiough this medium expenences 
impacts from all the pai tides in its path and consequently imparts 
momentum to them The total mass of all the pai tides coming 
to impact with the body per second is pAw This mass is given a 
velocity w* which is propoitional to the velocity to of the body 
Tho amount of momentum created per second, which has to be 
equal to tho resistance or drag of the body, thus becomes 

D = pAww f = fApto 2 , 

Tho resultant momentum depends on the assumption of whether 
tho impact is elastic or non-elastic Expemnents indicated a 
moro or less non-olastic impact, In the case of flow against a 
plane inclined under the angle a with lespect to the dnection of 
flow, Newton assumed this piano to be completely smooth Thus 
only the component of the velocity porpendicular to the plane 
was annihilated, Tho mass per second affected is pAw sm a and 
tho loss in velocity w sm a so that tho force perpendicular to the 
plane becomes pAw 2 sm 2 a 

55. Modem Ideas on the Nature of Drag.—Newton’s assump- 
tion led to a very simple foimula for the proportionality factois/; 
howevor, it was found later that those factois did not coincide 
with tho expei imontal ones, Newton’s calculation for a squaie 
plane perpendicular to tho direction of motion gives a factor 1, 
while tho experiment leads to 0,65 The agreement is still 
worse for skew planes or for lounded bodies like spheies, while 
for streamlined bodies like those of aiiships, the drag is very 
much smallor than according to the Newtonian theory The 
cause for this disci opancy is connected with the fact that New- 
ton's assumption only takes into account the conditions at the 
front of the body, whilo those at tho sides and at the tail end are 
loft out of consideration, But just this tail end is of fundamental 
importance for the value of the diag, 

Tho modern conception of tho nature of drag is based more on 
tho fact that tho fieo paths of the individual pai tides or molecules 
are much too small than that the assumption of Newton could 
agree with experience. It has to bo assumed therefore that 
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the motion of a fluid particle in ho influenced by its neighbors 
that neighboring particles stay logolhor ami occupy approxi- 
mately tho Hamo amount of apace during any whorl interval of 
time, Tho paths of tho various particles therefore influence each 
othor. This makes it clear that a colonial ion of (lit! lot til drag 
by a simple summation of tho actioim on (lie various elements 
of tho surfaco of tho body, mh in Newton 'h l henry, ia not 
admissiblo. Tho entiro shape of tho laxly is of imparlance 
for tho forco on any oloment of its surface on account of the 
mutual influonco of tho various fluid particles. 

56. The Deformation Resistance for Very Small Reynolds' 
Numbers.-~In tho following diHcusskm we assume, that the body 
is moving in a straight lino with a uniform veloeily and ia com- 
pletely immersed in a homogeneous and incompressible fluid. 
IYco surfaces do not occur and therefore tho notion of gravity is 
neutralized by static buoyancy. Tills leaves only viscous forces 
and inertia forcos to act on the body, 1 In Ail, -l it was seen 
that tho ratio of inertia forces and viscosity forces is given by 
tho Reynolds’ numbor, i.c,, by an expression of I be form vl/v, 
whore to is the volooity of tho hotly, l some eltnrnol eristic length 
of it, and v tho kinomntio viscosity of the fluid. It Is seen that 
for very largo g (sirup) or also for very small velocities or body 
dimensions (falling drops of a fog) tho Reynolds’ number can 
become vory small. In such cases the Influence of tlm viscosity 
forcos on tho geometry of tho motion and consequently on the 
drag becomes of muoh groalor importance [Imu the influence of 
inertia. Tho body pushes itself through the fluid which 1 h 
dofonnod by it. Tho resistance caused by this is due primarily 
to tho forcoH nocossary for the deformation of the various fluid 
partiolos. A system of stresses in the fluid ia built up which 
transmits tho forco of tho body to tho fluid particles far away from 
it. In tho caso whore thoro are solid walla In the neighborhood, 
those strosscs are transferred to them. In nit infinite extent of 
fluid, however, tho forco causes an acceleration of the total oecnn 
of fluid. For vory small Reynolds’ nuinborfl lids deforming 
action takes place up to largo distances from ilia body; for largo 
Roynolds’ numbers, however, it is restricted to the boundary 
layer. In the latter case tho diroot notion of those viscous si reason 
is called tho “skin Motion” or “friction drag.” In the "creep. 

1 Tho cn 0 o whoro, duo to froo mutation in H m fluid, Urn gravity fore- h 
causing wave formation will bo disouBsod in Art. 06. 
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mg” motion discussed heie, this slan friction at the surface of the 
body and the piessuie diag (both of which piesuppose an ineitia 
action) can be neglected with icspcct to the defoliation 
resistance. 

57. The Influence of a Very Small Viscosity on the Drag. — 
In most piactical cases, however, the fluid is less viscous or the 
dimensions and velocities of tho body aie much largei In 
such cases the inertia foices are very much largei than the 
viscosity forces Foi instance, foi a spheic of 2-m radius moving 
with a velocity of 3 ft/soo m water, tho ratio of the inertia forces 
to the viscosity forces is of tho order of 50,000 1, since the Rey- 
nolds* number is appioximalely 50,000 The conclusion lies 
close at hand that undei such conditions the influence of the 
viscosity on the dmg can bo completely neglected and that the 
drag is entirely dctcimmcd by the inertia foiccs However, a 
calculation of tho drag due to meilia action in a completely 
frictionless fluid (which will be carried out m Ait 68) shows it 
to be zeio Smco, theiefoie, ineitia foices alone cannot be made 
responsible for the existing drag, it must be concluded that 
viscosity foices, however small they may be compared to the 
inertia forces, are necessary foi the explanation of a drag The 
groat importance of a very small amount of viscosity m a fluid 
is duo to tho fact that it can completely change the pietuie of 
tire flow m tho ideal fluid (potential flow) on account of the 
formation of boundary layeis and vortices (see Ai t, 44) Because 
of the influence of those, tho potential pressure distribution at the 
surface of the body is changed to such an extent that the lesultant 
of tho prossiuc foiccs becomes diffoient fiom zeio The com- 
ponent of this resultant m the dncction of tho motion is the drag 
Indirectly, therefore, viscosity is the cause of the existence of 
drag 

In most piactical cases, tho inertia forces m the fluid at a 
certain distance from tho body or the vessel walls will be very 
much greater than the viscosity forces, so that the latter can be 
neglected. Ilowovor, as was explamod in Chap IV, this is not 
permitted m tho linn boundary layer near the body. Since it is 
an experimental fact that fluid particles exactly on the surface 
of the body cannot flow past it, and smco on the other hand the 
potential-flow theory of the ideal fluid leads to solutions with 
finite velocities along tho sm faces, it follows that close to the 
surface of tho body the viscosity forces become of the same oidei 
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of magnitude as the inertia forces. The change in the velocity 
from the outer field to zero at the body itself takes place in a 
thin layer and consequently causes shear stresses in that layer. 
These stresses integrated over the ontiro area of tho body make 
up the so-called "friction drag" or "skin friction.” 

For all practical cases, therefore, where tho velocities are so 
great that the motion is not of the creeping type, tho effect of 
viscosity on the drag of a body is twofold: (1) there are friction 
forces tangential to the surface of the body, tho resultant of which 
is the friction drag; (2) the viscosity causes a change in the geom- 
etry of the streamline picture whioh in turn causes a change in 
the pressure field and consequently leads to a pressure drag. 

58. The Relative Importance of Pressure Drag and Friction 
Drag with Various Shapes of the Body. — Tho shape ancl tho 
position of the body determine to a great extent which part of tho 
total drag is due to pressure and which is duo to friction. In Fig. 
49 a case is shown where the viscosity hardly makes a change in 



Piq. 40. — Stroamlmod body. 


the streamline picture, i.e., a breaking away of tho fluid from tho 
body and its consequent eddy formation are prevented by tho 
choice of a suitable shape. Because of this, tho pressure drag 
is very small and of the same order as tho friction drag. Tho 
pressure distribution in this case has a resultant which hardly 
differs from zero. 

The converse is found, for instance, in tho caso of a flat plato 
moved in the direction perpendicular to its piano. Horo tho 
total resistance is almost entirely due to pressure whilo tho Motion 
drag can be neglected. The streamline pattern in front of tho 
plate looks practically like the potential flow. On tho back 
side, however, the viscosity forces have altered tho shape of tho 
velocity field completely, causing a corresponding ohango in tho 
pressure. 

On the other hand, if a flat plate is moved in tho diroclion of its 
plane, there is hardly any influence of the viscosity forces on tho 
potential-flow pattern. The resultant of the pressuvo forcos is 
practically zero, so that the total drag, which is naturally smaller 
as in the previous case, is almost equal to tho skin friction. 
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A subdivision of the total drag into its piessuie and faction 
components can be effected experimentally by subti acting fiom 
the total lesistance, as measured on the aerodynamic balance, 
the piessiue drag as calculated from the pleasure distribution, 
which in turn is obtained expei linen tally (seo Ait, 85) The 
diffeienco thus found is the friction diag 

Formally the subdivision into faction drag and pressuio drag 
can be accomplished by decomposing the total force on each 
element of the surface into a normal and tangential component 
The normal components are to be interpreted as piossures, and 
their total resultant, or lathoi its component in tho dnection of 
the motion, is equal to the pleasure diag Tho tangential com- 
ponents aie friction resistances, and tlieir lesultant m the duec- 
tion of the motion is tho friction di ag 

Foi lough suifaces, it is convenient to cany out this decom- 
position into normal and tangential components for a smooth 
surface passing through the individual roughness irregularities 
This loads to a subdivision into tho two kinds of chags, but it 
is observed that tho piessuie drag on the individual roughness 
elevations m tins case is calculated within tho friction diag 
The pleasure drag depends to a great extent on the form of tho 
body, while tho friction drag is determined roughly by the aioa 
of its surface. This 1ms led to tho designations “form drag” 
and “suiface diag” These names, howovei, are not vory 
foitunate since tho friction diag also depends somewhat on tho 
form of the body. 

59. The Variation of the Drag with Reynolds’ Number. — It 
was seen that the total drag is composed of tho three components’ 
deformation drag/ friction diag at the suiface of the body, and 
pressure drag, which is caused by tho ohango m the geometry of 
the flow, For small Reynolds’ munbois the drag oonsists 
primarily of tho first land, whereas for larger Reynolds’ numbers 
it is made up of tho two latter lands, Which part of the total 
resistance is pressuio drag and which is fiiction drag depends on 
the form and tho position of tho body. As generally stated, tho 

’Tho idea of '‘doformaUon resist unco 1 ' for vary small Reynolds’ num- 
bers as a pait of wluil ib usually denoted as fiiction drag is introduced here 
for tho fliat tune by the autlioi. The woik dona by tho doformaUon drag 
is ultimately dissipated into boat m tho total field, including those paits at 
great distanoes fiom tho body Tho woik of tho friction diag in its moro 
rcstuoted sense and that of Iho pioasuro drag are dissipated into heat more 
speoifioally in the wake of the body, 
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drag depends on the shape and the position of the body, on its 
velocity, its size, and on the properties of the fluid. It is seen 
therefore that the complications of the problem of roslstnnco in 
its most general form are so great as to leave littlo hope for a 
complete solution. 

This is the reason that for the present most investigators have 
determined only the relation between the total drag and certain 
other physical quantities, without entering into details regarding 
the subdivision into the three kinds of drag. Since Newton’s 
resistance law (discussed in Art. 54) in njany casos agrees fairly 
well with the facts (although the underlying theory is wrong), 
it has become customary to write the drag formula in tho form 

D - number • Apiv 2 , 

where w is the velocity of the body relative to the undisturbed 
fluid, p the density of the fluid, and A the projected area of the 
body in the direction of the flow. 1 

Introducing the dynamic pressure pw 2 / 2, this drag cun also 
be written 

D - <-*• 

The factor of proportionality c , the “drag coefficient," is 
different for various shapes and various positions of tho body. 
On the basis of the Newtonian conception of air resistance, it 
was thought for a long time that for a given shape and position 
of the body the drag coefficient was a constant (i t e, y independent 
of the size of the body and its velocity). It was thought there- 
fore that for a given body the resistance law was completely 
known as soon as the drag coefficient had been determined for 
one single velocity, In particular, it was believed that with 
the drag coefficient thus determined the resistance of any other 
body geometrically similar to the test specimen could be 
calculated. 

Experience has shown, however, that the conditions arc much 
more complicated than this, which is not surprising after tho 

1 Instead of taking the projected area in the direction of tho flow, it ia also 
possible to take any other characteristic area of tho body or the squaro of n 
characteristic length of it. In the case of airfoils, it is customary to lake tho 
greatest possible projection. In case of comparison of drags of various air- 
ship' bodies, one could also take A = V%, i,e t) the square side of a cul)o 
having the same volume as the airship body. 
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discussions of the piovious aiiiclcs The simple 1 elutions just 
outlined aio practically tiue foi bodies wlieio the total drag 
consists almost exclusively of pi cbsuio diag and wheie the 
geometiy of the flow, m particulai the location of the bi caking 
away of the fluid, is detei mined by sharp edges (as, for instance, 
with a plate pcipondiculai to the ducction of the flow) In 
all othei oases, however, whole the losistanc© consists not only 
of piessuie drag but also of friction diag or of deformation diag, 
the drag coefficient does depend on the size and velocity of the 
body, The icason for this is that geomolucal similarity does 
not imply mechanical similarity and consequently does not 
imply similar flow patterns 

In Ait, i it was seen that the condition foi mechanical similar- 
ity, when geometrical similarity is msiucd, consists in having the 
same ratio between the inertia force and the f notion foice in 
Binulai points near the two bodies, In other words, mechanical 
similarity exists when tho Reynolds' numbers foi the two cases 
aie the same. Only then arc tho drag coefficients for the two 
cases nccossaiily the same, a change in the Reynolds' number 
causes a change m the diag coefficient Tlus has been verified 
completely by cxpenmontal lcsulls Wo have Lhcrefoio 

D = cA^f - f(U)A^f 

By using formally Newton's quadratic resistance law, all tho 
complications of the vanous effects of the viscosity arc expressed 
by the functional ldation between tho drag coefficient and tho 
Reynolds’ number Tho knowledge of tho law of similauty is a 
great advantage sinco, m carrying out tho tests, it is necessary 
to vaiy only one parameter — for instance, tho velocity. Then 
the dependence of the drag coefficient on tho body dimensions 
and on tho kinomatic viscosity is automatically dolonmned. A 
knowledge of tho drag coefficient as a function of tho Reynolds’ 
number, therefore, enables us to calculate tho diag of a certain 
shape for all fluids, all velocities, and all body dimensions Tho 
relation itself, however, can bo ascertained only by experiment, 
and for each shape and position of tho body the oxpenmont has 
to bo repeated. In other words, to each shapo and position 
of the body there belongs a characteristic function c = /(!?)• 

60. The Laws of Pressure Drag, Friction Drag, and Deforma- 
tion Drag. — First some general statements on tho subject will bo 
made 
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1. In case the total drag of a body consists almost exclusively 
of pressure drag, the function f(R ) is practically a constant 
(except for small Reynolds’ numbers) : 

D = const. A~~ 


This is the case, for instance, with plates moved perpendicularly 
to their plane or generally for bodies with sharp edges whoro iho 
fluid breaks away at definitely determined points of Iho body. 

2. On the other hand, if the total resistance is practically 
entirely due to friction, as with a plate moved along its piano, 
two different resistance laws havo to be distinguished, according 
to whether the Reynolds’ number R — Iw/v (l is the longth of 
the plate in the direction of the flow) is smaller or huger than 
about 5.10 6 . It is assumed that the surface of the plate is smooth. 

a. For values of R smaller than about 5,10®, Blashis 1 dorived a 
formula on the basis of Prandtl’s boundary-layer thoory. Ho 
found that c is inversely proportional to the square root of 
the Reynolds’ number, so that the resistanco law appears in Iho 
form 


D = 


1.327 

Vr 



^for R~~< 6-10^ 


where S is the total surface of the plate. 

b. For Reynolds’ numbers greater than 6.10° (i.e., from -about 
ten times the limit mentioned above), experiments of Wicsols- 
berger 2 and Gebers 8 indicate that the drag coefficient is propor- 
tional to the reciprocal of the fifth root of Reynolds’ number. 


(*■*-?>«•»•) 

This change in the resistance law is caused by the fact that for Iho 
lower range . of Reynolds’ numbers the flow along the plato is 
laminar, while it becomes turbulent for the higher rango (see 


„ 1 H /’ B T dary Layera in FlukIs Small Viscosity (Gorman), 

Z. Math. PhyBik, vol. 56, p. 1, 1008, 

1 WiESELSBBROBR, 0., Investigations on the Friotionnl Xlosistanco of 
Canvas Covered Plates (German), Q oiling er Ergcbnim, vol. 1, p. 121, 1025. 

Gbhehs, Note on the Experimental Determination of tlio Itosistnnoo of 
Bodies Moved m Water (German), Schiffbau, vol. 0, 1008, 
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c In the intermediate legion a tiansition between the two 
lesistancc laws lakes place, which, according to L, Prandtl, 1 can 
be represented by the formula (see Art, 86) 


0 074 1,700 

c -VTt R 


(for 5-10 6 < R < 5 • 10 e ) 


3 For very small velocities or dimensions oi foi veiy viscous 
fluids (Reynolds’ number smaller than one) Stokes’s law (Art 261, 
“Fundamentals” 2 ) gives proportionality of the drag with the fiist 
powei of the velocity and the fiist power of the length dimension 
In terms of Newton’s resistance law, this oan be formally 
expiesscd as a propoi tionahty with the reciprocal Reynolds’ 
number • 

D - const, nlw = (for R « 1) 

wlicie l is a chaiactcuslic length dimension of the body It is 
found, thoioforc, that the deformation resistance is not propoi- 
tional to the square but to the first powei of the velocity 

61. General Remarks on the Experimental Results — During 
the last half century a great mimbei of resistance measuicments 
in an and watci have been earned out, and an extensive liteiature 
on the subject has been accumulated 3 However, the measure- 
ments of the last 20 yoars have been of more importance than the 
eailier ones. The cause foi this is that the older experiments 
wore practically all based on Newton's impact theory of the 
lesistance, according to which the drag is determined solely 
by the shape of the front side of the body. Only after it was 
appi eciatcd that the flow mound a body has to be interpreted 
as a flow of a continuum, tho noccssaiy conditions for propeily 
conducting ding measurements were recognized. In partic- 
ular, it had to be appreciated that theie should be left sufficient 
space lound tho body so that the fluid can flow past it in an 
undisturbed manner Also it is necessary to take care that the 
flow is not disturbed by tho piosenco of other obstacles situated 
oithor to tho side or oven behind tho body under test The older 
measurements, which noglocted theso conditions more or less, 
show considerable spreading of tho experimental data, whereas 

1 9eo footnolo, p 76 
• Soo footnolo, p 3 

3 A good bibhoguiphy up to tho your 1910 can bo found m the book by 
Q, Eiffel, "Tho Resistance of Air” (Dench), Paris, 1010 
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the modern experimental results agree very well among thorn- 
selves, With modem experiments it is also found that the 
drag of geometrically similar bodies at the same Reynolds' 
number is the same whether the body is moved through a fluid at 
rest or whether the body is at rest and tho fluid is flowing against 
it (if sufficient care is taken that the fluid is moving uniformly, 
without too much vorticity). In the following articles tho 
experimental drag coefficients will be givon as functions of tho 
Reynolds' number for various shapes of the body, 



!Fia« 60, — Drag cooflloionL us, Reynolds’ number /or (/wo-dimoiuaionnl /low round 

oiroular cylinder, 

62, The Relation c *** f(R) for the Infinite Cylinder.— 
Figure 60 shows this relation for a cylinder of infinito length with 
its axis perpendicular to the direction of tho flow (i.o,, tho two- 
dimensional oase). The region of Reynolds’ numbers of practical 
interest is enormously wide, in this case up to about 8 • 10 s . In 
the ordinary manner of plotting, tho region of tho smaller 
Reynolds’ numbers (up to about B = 10,000) shrinks together 
so much that no detail of tho ourve can bo recognized. In order 
to circumvent this difficulty, it has been found practical to plot 
the logarithms of the drag coefficients as well as of tho Reynolds’ 
numbers instead of these quantities themselves. Another 
way of doing tho same thing is to plot tho drag coefficient and tho 
Reynolds number itself on logarithmic paper, Figuro 61 shows 
the curve of Fig. 60 roplotted in this manner. It was determined 
by C. Wieselsberger by measuring the resistances of a number of 
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cyhndeis of various diaraeteis (from 0.002 in to 12 in ) at various 
velocities. From these expenments the drag coefficient was 
deteimmed by the usual foimula 


The fact that the drag coefficients of cylinders of various diam- 
eteis he on a single cuive is to be interpreted as an experimental 
verification of the law of similarity 
In the region of R between 16,000 and about 180,000, the quad- 
latic lesistancc law is found to hold with good accuracy, the 



Flo fil • — Liko Fig 60, but plotted on logarithmic papor for oyliiulor of infinite 
length find for one of Avo-diftmoiors longth OVtcsdsfccjpci ) 

drag coefficient being practically constant — 1,2, With decreas- 
ing Reynolds 1 numbers the drag coefficient first doorcases/ but 
with a still further decrease of R the value of cincreasos again, 
The smallest value of R for which the resistance coefficient was 
dctei mined is 2 1 For vciy small values of R (R « 1), Lamb 2 
has derived a formula for the drag of a cylinder, assuming 
preponderance of the viscosity action, This relation between 

1 Rem*, E E , Discussion of the Results of Moasuiomcnts of the Resist- 
ance of Wires, liepls and Mom Nat Adv Qornm Aeronautics {London), 
P 47, 1013-1914 

2 Lamb, II , On the Uniform Motion of a Sphere Through a Viscous Fluid, 
Phil Mag , vol 21, p 120, 1011, 
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the drag coefficient and R is drawn in the curve ns a dotted lino. 
It is seen that an extrapolation of the experimental curve fits tho 
theoretical one of Lamb without any trouble. 

63. The Region above the Critical Reynolds 1 Number. — Wo 
shall now discuss a very peculiar phenomenon in the resistance 
law: in the region of Reynolds’ numbers between 2 * 10 B and 5 • 10 5 , 

the curves of Fig. 60 or 61 
suddenly drop from c « 1,2 
to c - 0.3, This decroaso in 
the drag coefficient is so largo 
that the drag itself, instead of 
increasing quaclratically with 
tho velocity, oven decreases 
with increasing velocity. Fig- 
ure 52, for instance, shows tho 
resistance for a cylinder of 12- 
. ... ... ....... uuu lu .... in- diftmoter and a length of 

cronsing velocity of cylinder. (Wiescls- 4.0 in. It is SC011 that tho 
hcraer ^ resistance drops from 4 kg at 

15m/seo to about 2.5 kg, in spite of the fact that the velocity 
increases to about 21m/sec. 

This fact was first discovered by Const anzi 1 for spheres in 
water and by Eiffel 3 for spheres in air. Prandtl 3 observed it sub- 
sequently ancl found an explanation in tho fact that, in surpassing 
a certain velocity, the boundary layer at the front end of Iho 
sphere experiences a definite change. Below this so-called 
"critical Reynolds’ number,” the flow in tho boundary layor 
is laminar, while above this Reynolds’ number it suddenly 
becomes turbulent. 

A more detailed investigation shows that tho mechanism is m 
follows: The eddies in the turbulent boundary layer cause 
small quantities of the fluid in the dead-wator region (near tho 
point of breaking away of the flow) to be pushed backward. 
This causes the point of breaking away to bo moved backward 
along the body, which makes the total eddying dead-water rogion 

1 Constant, G., Some Experiments in Hydrodynamics (Italian), RtmdL- 
conli della esperie-nze e siudi nollo slab, di esp, c coslr, acro 7 iaulichc del genio 
voL 2, p. 169, Rome, 1912, 

2 Eiffel G., On the Resistance of Sphoros in Air (Fronoh), Comvl. rend.< 
vol. 165, p. 1597, 1912. 

3 Prandtl, L., Air Resistance of Spheres (German), Nachr, Cos. Wits, 
Odltingen , Malk-physik, IClasse , 1914. 
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become smallei Since the piessuro chag of a body is detei- 
mined primarily by the kinetic eneigy in the eddies of the wake, 
it is clear that a decioase of the size m this legion causes a smaller 
resistance 

Detailed investigations 1 have shown that foi lound bodies 
without shaip edges the mannei of suppoit of the test body m 
the air cui lent and the state of tuibulonce of the an aie of gieat 
impoi lance In case the body is suppoited by means of a strut 
attached to it m the dead-water legion, and not by means of 
thin wnes m the streamline legion, the boundary layei is not 
distuibed and it is possiblo to obtain a gieatly diminished drag 
in the logion above the ciitical Reynolds’ number without 
influencing the actual value of the culical Reynolds’ numbei 
itself On the other hand, if the an is made veiy tuibulent 
(foi instance, by putting a net of thin wires in fiont of the spheie), 
01 if the flow m the boundary layer is affected gieatly by putting 
a very tlun wnc aiound the body, 2 the culical Reynolds’ number, 
at which the drag coefficient suddenly diops, is found to be much 
smaller 1’iandtl lias proposed to use the ciitical Reynolds’ 
number for a smooth sphere with a definite support as a measuie 
for the uniformity of an air stream 

64. The Resistance Law for Finite Cylinders, Spheres and 
Streamlined Bodies.' — Figure 61 shows the resistance cuives for 
an infinite cylinder and for a cylinder of 6 diameteis length In 
the latter case the flow is llnoo dimensional, causing a consider- 
able decrease in the ding coefficient as compaied to the cifte of 
two-dimensional flow Figure 63 shows the ding coefficient for a 
Reynolds’ number of 8 8 * 10 1 as a funcLion of the lalio between 
tho length l and the diameter d, It is seen that the resistance 
coefficient of a cylinder of 1 diameter length (d/l — 1) is about 
half as largo as for one of infimto length ( d/l — 0) This 
phenomenon, which can he obseivod also with other bodies 
(for instance, with plates of various ratios between the sides), 
is duo to the fact that in the three-dimensional flow the fluid can 
leak around tho flat ends of tho cylinder mlo the dead-water 
region, i.e,, into the region of low prossuio This causes a differ- 
ent piessure distubulion, leading to a smaller pressure drag The 

1 FIiAchbbakt, 0 , Now Expeiimonts on tho An Resistance) of Spheres 
(G ei man), Physil Z , vol 28, p 401, 1027 

» WiHSBLSinnnann, C, Tho An Resistance of Sphcics (Gcnnan), / 
Flugtcch Molorluftsclnffahrl , vol 6, p 140, 1014 
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The total resistance is the sum of three quantities: (1) tho 
friction drag of the water on the hull of the ship, (2) tho pressure 
drag of the water, and (3) the wave resistance. This last 
resistance is due to the fact that pressure differences at tho ship 
body cause differences in the level of tho water, which loavo tho 
ship in the form of waves. These waves carry a certain amount 
of kinetic energy with them away from tho ship. Tho problem 
of the calculation of the wave resistance is intimately tied up 
with the amount of wave energy which is flowing per unit of 
time through a surface traced around tho ship. The velocity 
with which the wave energy is leaving the ship is not the " phase 
velocity” of the waves, but rather their "group velocity,” i.e., 
the velocity of propagation of a group of waves in front of which, 
as well as behind which, the wator is at rest. In a deep ocean of 
infinite extent (unlike a canal) the ship is accompanied by two 
systems of waves: (1) the "cross waves” of which tho crosls aro 
approximately perpendicular to the direction of motion of Lho 
ship and (2) the "diverging waves” with about 40 deg. central 
angle emerging from tho bow as well as from tho stem of tho 
ship, Depending upon the length of tho ship and its velocity, 
the diverging waves of the bow and of tho stem can intorforo with 
each other to a greater or smaller extont. In caso tho inlcrforoneo 
causes a decrease in the intensity of tho wavo, the ship resistance 
becomes smaller, and convcrsoly, Tho group volocity of these 
wave systems is equal to half their phase velocity, which in turn 
is equal to the ship velocity. In caso tho ship starts from real, 
the wave system covers half the distauco moved through. 

These conditions are modified when a ship moves in a canal 
of a finite width or in shallow wator. In the first case tho 
system of diverging waves loses its importance; only cross 
waves appear of which the group velocity depends very much on 
the ratio of the ship velocity to the volocity of the freo wavoB 
in the canal. For a ship velocity which is equal to or greater 
than a certain oritical velocity, tho group velocity becomes 
equal to the phase volocity, i.e,, tho wavo energy moves with 
the ship and consequently is not dissipated. This loads to a very 
small wave resistance. However, tho amplitude of tho waves is 
also a function of the ship velocity, and it happens that this 
amplitude becomes a maximum at the critical volocity mentioned 
above. The combined effect is that tho wave resistance incrcaaos 
to a maximum when the ship velocity approaches tho oritical 
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velocity, and then suddenly chops piactically to zero when the 
critical velocity is exceeded 1 

66. The General Resistance Law. — Since ship waves are 
foimed under the simultaneous action of mcitia foices and gravity 
foices, mechanical siimlanty of the wave motions is obtained foi 
geomctucally similar ships if the Froude’s numbeisF = V i /lg are 
equal (7 is the velocity of the ship, l its length, and g the accelera- 
tion of gravity), (sec Ait 6). This l elation was denved by 
completely neglocting the viscosity foices The piactical con- 
sequenco of this law is that the wave system belonging to a certain 
ship model is similar to the wave system of the laige ship itself if 
the velocities aie propoitional to the squaie loots of the lengths 
If the wave resistance is assumed to be proportional to the 
piojectecl area A , the density p and the squaie of the velocity 7, 
tho proportionality factoi or wave-chag coefficient is equal foi 
geometncally sinrnlai ships only if the Fioude's numbeis aie 
equal In gcnoial, thcioforo, tho wave-chag coefficient is a 
function of Fioude’s number In the light of tho i elation found 
in Art. 60, it can be stated that the drag coefficient of a body in a 
viscous, mcompiossible fluid with fieo suifaces is a function of 
Reynolds’ number and of Fioude’s numboi. 



For the sake of completeness it is mentioned that, if the com- 
pressibility of tho fluid cannot bo neglected, the third dimension- 
loss parameter on winch tho drag depends is the ratio between 
the volooity w and tho velocity of sound w, in the undisturbed 
fluid , 



Generally, if inertia, viscosity, gravity, and compiessibihty all 
influence tho lesistancc, the expression foi it can be written as 2 



’ M Or, win, C, II , Ilydiodyimmics of tho Ship (Geiman), "Enoyolopaedie 
dor matheinatiBohon Wissonsohafton," vol IV, No 3, p 663 
s Cavitation, capillautv, ancl heat conduction havo not been considered m 
this formula 
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In case two dimensionless quantities are essential for the drag, 
mechanical similarity is not possible when using the samo fluid, 
since two of these dimensionless variables cannot simultaneously 
remain constant when l is changed. 

In Chap. XIII, "Fundamentals/’ 1 it is shown that in nil casoB 
where the ratio of the velocity of fluid to the ncoustio velocity is 
small with respect to unity, the compressibility can bo neglected. 

In the case of ship resistance, the friction drag or skin friction 
is less important than the pressure and wave resistances, since it 
depends only slightly on the shape of the ship, Thoroforo 
Froude’s similarity law is usually applied to the model tests. 
The friction drag is determined by n separate experiment and is 
then subtracted from the total resistance measured at tho model, 
The "residual" thus obtained is converted to the large Bhip by 
means of Froude’s rule and to this residual the friction drag of tho 
ship is added. This procedure we owe to Froudc and it is applied 
generally to model resistance experiments. Rocontly, Tel for s 
has proposed a somewhat different procedure. 

67. Resistance to Potential Flow. — It is a deplorable fact that 
no theory of drag yet exists which even approximately docs justice 
to the experimental results. A relatively unimportant oxcoption 
is the case of "creeping" motion, R « 1, which will bo discussed 
in Art. 73. The general differential equations of viscous fluids 
lead to mathematical difficulties which may be unconquorablo 
for a long time to come. 

Therefore an attempt was made to solve first tho very much 
simpler problem of the motion of solid bodies through the icloal 
fluid (incompressible, homogeneous, and without viscosity). 
The integration of the differential equations for this oase 1ms 
been accomplished with much ingenuity and often with great 
mathematical complication. However it was found that it is not 
permissible to neglect the viscosity completely, oven in caso 
it becomes infinitely small (see Arts. I and 44). A groat amount 
of literature exists on the theoretical solution of tho flow around 
moving bodies in the ideal fluid. However wo shall not dwell 
on these theories here, since they do not lead to a solution which 
conforms in the least with aotually occurring flow phenomena. 

1 See footnote, p, 3* 

3 Tblfer, W., “Frictional Resistance and Ship Rosistanco Similarity,'* 
paper read before the N.E, Coast Institute of Engineers and Ship Buildoi***, 
November, 1928 (London, 1929), 
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68. Drag of a Sphere Is Zero for Uniform Potential Flow.— 
Only one special case will be discussed, since its mathematical 
solution is lelatively simple — the motion of a spheic Utilizing 
the method of souices and sinks, the potential function of a 
sphcie of ladius /'o moving through 
a liquid at icst with the velocity a 
is found to bo 


a? o' 


<I>=^cos P 


(see Art 70, “Fundamentals” 1 ). 

Since foi a fluid without viscosity 
an action on the body can take place 
only in tho foim of prossuio on its surface, the expiession for 
the diftg, i c., for tho force in the dnection of motion, becomes 
(Fig 66) 



J +2 n 

2m <>sm<p • i 0 d(p pcos <p, 

Tho general case of a non-steady flow will bo considered The 
pressuic p has to be computed fiom the gcneial equation of 
Bernoulli, which oan be written as 

M> . at>* . v , 

Tt ^"2 + p const 1 

(sco page 127, “Fundamentals” 1 ) assuming oonstant density and 
tho action of giavity to bo neutralized by buoyancy The 
constant on tho light-hand side depends on the time, since an 
infinite ocean of tho fluid is assumed in which the pressure at 
gieal distances fiom tho sphero remains constant. 

Tho expiession d<I>/dl coiiosponds to a definite point in steady 
spaco, while r has to bo taken from a moving point. Choosing 
tho a-dnoction such that it coincides with the direction of the 
velocity ci, tho late of change with the time of the velocity 
potential ‘I* oxpiosscd in terms of a coordinate system at lest with 
respect to tho fluid at infinity becomes 

<9<I> a<i> 
c jf* + a dx 

i Sco footnote, p 3 
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Here dt* means a differentiation in a systom moving with the 
sphere. Substituting the relation x - r cos <p, this becomes 

~ + a — cos v - -T- am <p )• 
dt \ dr rd<p / 

Performing the differentiations, we get 


1 r« 3 

2 r* 


da 

Tt 


COS (p 


-4C 


cos 2 <p — ^ sin 2 <p 


) 


Observing that 

we therefore obtain for pj p : 

— — const. = cos v 5 ~ g s * nZ 

— a 2 ~j^cos 2 ^ sin 2 

The constant in this equation is tile prossuro at infinity po 
divided by the density p, which can be scon by lotting r approach 
infinity. 

For points on the surface of the sphere, i.e,, for r «= ?'o, wo got 
after some transformations 


£ 

p 


1 9a 


9 


tfo-jz cos <p + jga 2 cos 2<p 


2 at 


of. 

16 


+ 


p 


Substituting this value for p in the formula for the drag, it is 
found that the integrals of the last three tormB become identically 
equal to zero, so that the total result is 


D 


= Kirp?V 


Ja 

dt' 


In case the sphere moves with constant velooity, i.e,, in oftso 
da/dt = 0, it is seen that no drag occurs. It is interesting to 
note that the individual fluid particles which arc pushed aside 
by the sphere in its motion do not return to their former positions. 
The paths of the individual particles are not closed curves but of 
the shape shown in Fig. 67. 1 Besides pushing tho particles 
aside temporarily in passing, the sphore also displaces the fluid 

1 Rieckb, E., Notes on Hydrodynamics (Gorman), Nachr. Go s. Wins. 
Gottingen, Maih.-phya, Klasse , p. 347, 1888. ? 
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particles peimanently m the dneotion of its motion. This 
displacement, however, is of importance only in the vicinity of 
the wake. 

69. Resistance Due to Acceleration. — For an acceleiated 
motion, it was seen that potential flow does lead to a resistance 
In order to acceloiate a spheie in an ideal fluid it is 
not only necessary to exeit a force equal to the product of the 
mass of the spheie and its acceloiation, but an additional force 


”ST 

"$T 







Fro 67 — Absohito paths of patticloa for lootiliiionr motion of sphoro through 
uloal fluid (E Rtecke ) 

is lequired to accelerate the mass of the fluid pai tides set in 
motion by it. From the above equation foi the lesistance, it is 
seen that this additional force is equal to the product of the 
acceleration of tho sphere and tho mass of an amount of fluid of 
half its volume, The motion of a sphere m an infinite ocean of an 
ideal fluid is tliorefoio completely identical with the motion of 
the spheie m a vacuum if its mass is increased with that of an 
amount of liquid equal to half its volume. 

The apparent increase m mass for various bodies depends on 
tho shape and on tho dneotion of motion For instance, for the 
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two-dimensional flow round a circular cylinder, Iho apparent 
increase in mass is equal to the full mass of tho cylinder in liquid. 
For other cylinders of non-circular cross section tho apparent 
increase in mass can be calculated also. 

These considerations for spheres and circular cylinders have no 
great practical importance since the actual flow is entirely differ- 
ent from the theoretical one. 1 However, for bodies of airship 
shape, where the actual flow is very much similar to tho calculated 
potential flow, these investigations have some value. 

70. Application of the Momentum Theorem. — The thoorom of 
no resistance of a sphere in uniform motion through ideal fluid, 
often referred to as the "paradox of Dirichlet,” can be easily 
extended to bodies of arbitrary shape by means of the momentum 
theorem. If the body in its uniform motion would have a drag, 
the fluid should show an increased momentum. This should bo 
detectable by integration on any closed surface tracod around tho 
body (see Art. 100, “Fundamentals” 2 ), Assuming a motion 
starting from rest in an infinite ocean of fluid, the velocity poten- 
tial of the flow at sufficiently large distances from tho body 
decreases with 1/r 2 . Consequently, tho velocity decreases with 
1/r 3 . Since, from then on, the body is supposed to move at a 
constant velocity, the pressure p , being of tho ordor paw } also 
changes with 1/r 3 . 

The flow phenomenon considered before is a non-steady one, 
It can be made steady by giving the fluid and the body a velocity 
opposite and equal to the velocity of the body, which puts tho 
body to rest. Around it we trace a sphere C\ and proceed to 
determine the momentum flowing through this sphere as well as 
the pressure integral over it (see Art. 100, “Fundamentals” 3 ) : 

< ffi C ‘dS°WiW 1 + (ffi^ptdS = D. 

Writing down the same expression for other spheres Ci, C 3) 
etc., with radii rs, r s , etc., it is found that both integrals deoroaso 
steadily with increasing distance from the body, owing to the 
fact that the velocities and the pressures decrease with l/r* 
while the areas of the spheres increase only with r 2 . For tho 

* For small osoillations (where the amplitude is small with respect to the 
radius), the potential theory is found to agree with oxporiment 

2 See footnote, p. 3. 
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infinite radius both integrals vanish Since then sum is inde- 
pendent of j, it follows that it must be equal to zero This 
piovcs tlio thooiena that a body of aibitiaiy shape moving uni- 
foimly tin ough an infinite ocean of ideal fluid does not expenence 
any diag 

It is noted that the pioof supposes an infinite extent of fluid 
and only a single body, since otherwise it is not possible to 
proceed to the limit ? = co It will be discussed later that, 
if Lhoio is moie than one body or if thoie aie a single body and a 
wall, forces between the bodies do occui even in the case of a 
fluid without viscosity, However, accoiding to the enoigy 
theoiom, those foices cannot be of the nature of a diag since the 



J?io 6H — Potential /low round two sphoios Sinco velocity bolwoon is groat, 
tho sphoros nttiaot oaoh 0 U 101 

energy is not dissipated but remains in tho neighborhood of tho 
body The only exception to this rule is if fieo surfaces exist so 
that energy can bo dissipated by means of waves traveling away 
from the body (sco Art. 05) 

71. Mutual Forces between Several Bodies Moving through 
a Fluid. — When moro than one body is moving tluough an ideal 
fluid, a mutual forco is excited between them, which, however, is 
generally voiy small. As an oxamplo, considei tho potential flow 
round two spheres of winch tho lino joining tho centers is pei- 
pondicular to tho direction of tho flow (Fig 58) The stream- 
lines between tho two spheres are crowded together moie than the 
lines outside, which, according to Bernoulli's equation, implies 
a smaller pressure botwcon tho spheres Consequently, owing 
to the relatively groater piossure on tho outside, tho two spheres 
are pushed towaids each othoi, which creates tho impression that 
thoy arc atkacting each other. 
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Another example is when two spheres are situated ono behind 
the other so that the line joining the centers is in the direction of 
the flow (Fig. 59). In this case the streamlines bolwcen the two 
spheres are spaced farther apart than those outside, involving a 
larger pressure here, which leads to an apparent repelling. The 
forces involved in this effect are very small; they aro inversely 
proportional to the fourth power of the mutual distanco. If the 
line of symmetry in Fig. 58 is replaced by a solid wall of infinite 
dimensions, the picture of the flow is apparently not influenced, 
so that a sphere moving in an ideal fluid parallel to a piano wall 
is attracted by that wall. 

72. Resistance with Discontinuous Potential Flow. — Tho 
great discrepancy between the theory of potential flow and tho 
experimental observations soon caused endeavors to modify 



Fig. 60. — Potential flow round two sphoros, Tlioy ropol onoli olhor, 

the theory to such an extent as to calculate at least some 
resistance. These early attempts did not slriko at tho root of tho 
trouble, i,e,, at the viscosity of tho fluid. The difficulties involved 
in the integration of the general equation of tho viscous fluid 
seemed unsurmountable, and they still are. Tho attempts rather 
consisted of assuming certain discontinuities in the velocity Hold, 
such, for instance, as observed in the formation of a job coming 
out of an orifice. 

The following discussion serves as a justification for tho 
assumption of surfaces of discontinuity, in which tho volooity 
changes suddenly (see Art. 92, “Fundamentals” 1 ). Consider ft 
circular cylinder of infinite length moving with tho uniform 
velocity u perpendicularly to its axis (two-dimensional flow). 
There are two points Pi and P 2 on tho circle in the middle between 
the two points of stagnation of the flow, in which tho tangential 
velocity reaches its maximum value 2u. In order to provont tho 
absolute pressure at those points from becoming nogative, which 

’See footnote,. p. 3. 
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appaiently is physically impossible, it is neeessaiy that the pres- 
siue at infinity be at least %pv? 1 Consiclenng instead of the 
circular cylinder one of elliptical exoss section with the major 
axis peipendioular to the direction of flow, the two points Pi and 
Pa of maximum velooity show velocities greater than for the 
circular cylinder. This velocity increases for a diminishing 
minor axis of the elliptic cylinder, and in case the minoi 
axis becomes zeio, and the cylindei reduces to a line pei- 
pendioulai to the direction of flow, the velocities at its edges 
would bocomo infinite. Thciefoic it is seen that foi an elliptic 
cylinder of a decieasing minoi axis the neeessaiy pressuie at 
infinity bocomes larger and laigci, and in the case of a flat plate it 
has to become infinitely large in older to pievont negative pies- 
buios at these points. 

These difficulties, caused by the fact that solutions of contin- 
uous potential flow in certain cases cannot be made to satisfy 
the physical loquirements regarding picssuie, were first avoided 
by Helmholtz 2 by assuming surfaces of separation across which 
the tangential velocity oxpoiiencos a sudden change. This 
assumption of surfaces of discontinuity seems to bo justified 
by experiment in so fai as in the actual enso no flow around the 
sharp edges of the plate is obseivecl The fluid rather bleaks 
away from these edges, thus causing a region of dead water 
behind the body. A good explanation of the creation of suifaces 
of discontinuity, howovor, can bo given only on the basis of the 
theory of tho boundary layer. That such suifaces arc not 
obsorvod in practice is duo to tho fact that they aie unstable 
against small disturbances. 

Tlio molhod of discontinuous surfaces ropiesents real progress 
as compared to the theory of continuous potential flow since tho 
now thoory loads to a calculated lqmstanco pioportional to tho 

1 Lot pn bo tho pi oss mo at an infinilo distance fiom tho body, whote the 
undisturbed votooily is equal to u Lot ?>' ho tho piossuio at tho two points 
of maximum velocity 2 u Bernoulli's equation thon leads 

2 + p 2 H p 

so that 

p' ■** 

2 Ilnr/MiiOT/ra, II , On Discontinuous Fluid Motions (Gorman), Monatsbor 
Ifgl Alcnd. Wibb Boilin, 1808, p, 216, or Two Ilydroclynamical Essays 
(Qaiman), Oslwalds IClamkor, No 70, 
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projected area, the density, and the square of the volocity, which 
is in accordance with the experimental results. Tho actual cal- 
culation carried out by Kirchhoff 1 (see Art. 82, "Fundamentals" 3 ) 
for the case of a plate perpendicular to the (low led to a drug 
coefficient which is far too small. Tho calculated value for' 

2ir 

c is g ^ = 0.88, while the experiment gives e = 2.0. 



Fig. 60 , — Discontinuous po- 
tential flow round plato (two 
dimensional), Tho boundary 
consists approximately of two 
parabolic arcs, 


The great discrepancy between those two results is duo to tho 
fact that in the actual case there is a partial vacuum in tho dead- 

water region, which cannot bo taken 
account of by the method of Kirchhoff. 
Moreover, tho calculated streamline 
picture behind the plate is consider- 
ably different from tho experimental 
one. The theoretical surfaces of dis- 
continuity extend to Infinity approxi- 
mately like two parabolic arcs with 
their apices somowhat displaced (Fig. 
60). Ih tho actual case, howovor, tho 
flow closes together somowhat at some 
distance behind tho plato and then is 
mixed up with tho irregular eddies. 

_ Owing to the internal friction in tho 

uid, these irregularities in the velocity arc damped down 
more and more so that at a great distance behind tho plato there 
is approximately undisturbed flow, 

A serious limitation of the method of discontinuous potential 
flow is that it can be applied practically only to two-dimensional 
motions, In the three-dimonsional case, where tho method of 
complex functions has to be roplaoed by tho gonoral theory of 
potential flow, the difficulties encountered nro very much greater 
even m the relatively simple case of rotational symmetry. 
Extensive literature on this subject is quoted by Jafl’6, s 
73. §tokes’s Law of Resistance.— For very small Reynolds’ 
numbers, where the inertia forces become small with respoot to 

70 ‘ fg™ 0 ™' G- ’ Th ° Thcory oE Fro ° Jots (Gorman), Cretin J„ vol. 

2 See footnote, p, 3, 
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the viscosity forces, the gcneial differential equation of Naviei- 
Stokes can be integrated by completely neglecting the inertia 
forces. I11 the case of these so-called “cieeping motions,” the 
general differential equation 

~dt ~ ~p ftl£lcl p + " Aw ' 
by neglecting the meitia membci, 1 educes to 

pAw = grad p 

This equation m combination with the equation of continuity 

div w = 0 

was fiist solved by Stokes 1 for the case of the spheie, considenng 
the complete boundniy condition of no tangential velocity of the 
fluid along the suifacc of the obstacle With the aid of a stieam 
function invented by him, lie found foi the drag D of a spheie of 
radius 1 moving with n velocity w through an incompressible 
viscous fluid of infinite extent the oxpiession 

D >= fi7rp?w 

Kncliholf 2 has given a simplified denvation of this foimula 
Assuming the constant fmeo of gravity to bo acting on the 
Sphere, 1 e , considenng its falling motion in a vciy viscous fluid, 
the velocity of the sphere evidently will bo constant as soon 
as the resistance has become equal to the weight of the spheie in 
tho surrounding liquid Lot pi bo the density of the sphere and p 
tho density of tho liquid; then this condition is leached when 

D — Girjuiw = — p) g 

Tho velocity of descent thorofoio is 


w = 




In tho case of small water particles in an this becomes numerically 


w = 1 3 10V (c g s units) 

1 Stokes, G , Trans Cambridge Phil Soc , vol 8, 1845 and vol 0, 1861, 
oi Collected Papers, vol 1, p 76 

* Kincmiow, G , “Locluioflon Mathematical Physios,” (Gorman), 4lh ed 
vol l,p 378,1807. 
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Since this law of .Stokes is tin npiiioxiiitiift* one fur \ny small 
Reynolds' mimbeis only (It Humllfi* limn alttml m i- , I) Ti), n 
follows that (heir im an uppci limit for I In* lmhi of falling spheics 
above which Iho flow cannot In 1 lopiisonieil any m«*i <• hy IliiH 
equation For mnnli diups of water falling in an, <*i e^opinp; 
motion orouiH for nulii Hiiiallor than U1HW m enncspomhiig in 
a Reynolds’ number of nppioxmmlelv It 11. hit li m km'ii 
thcrofoio that Stokes's solution of llieccpintions of livdioilviinjniei 
m applicable to llio fall of water pin tides in i'IoikIk or fox hut 
not to the falling motion of min dmps Ii in also applicable in 
artificial fogs like llmw cieahnl in I he experiment of ThoniHun 
and Wilson for ileloi mining the clmi of an electron. 

74. Experimental Verification for Water; Influence of the 
Walls of the Vessel, Experimental unifications of (ho law of 
Stokes have been given hy w>\ eral inu'slignlnis We mention 
especially tho work of Allen, Ludcnhmg, Arnold, and /'a , leuy- 
MoKeohnn Tlio experiments of Uehsler' are nppiieahlo 
primarily to greater Reynolds 1 iiumbeis Ul between 0 2 and fiUO), 
which range has been Investigated also hy Arnold and Allen. 

Allen 9 inserted very small bubbles of air into water (a * (1.012 
g/cm see; 1 2*0) or In imilin (a 0 000, 12'’(‘) by means of \ery 
fine oapillary lubes of glass, lie compared the experimental 
volooitios of these bubbles with those calculated from Stokes's 
formula, In order to determine whether gas bubbles behave 
m tho same mariner ns solid spheies he also imcsligntocl (he 
volooitios of small spheres of paraffin in wafer as well ns those of 
amber In nnllln. Flguio (11 shows the experimental results 
recalculated to dimensionless tpumtitiCM, the drag coefficient 

C ■» ~ -* ' 

rVgiti* rV.pe" 

as a function of It « wri/v, 

Ladonburg 9 made ins experiments with steel spheies In "Vene- 
tian lurpontlno," a mixture of turpentine ami rosin fa ** 1,300 

‘ IitUnsTJDK, lb, On Iho UmdaUiiioniif Sphcrr* (CsrnmiO, Ann I’fiyitk, vot 
82, p, 841, 1027 

1 Au.bh, II ft, Tho Motion of n Hphern in n VT-mhuk Multi, /'/of, Mny , 
vo! 60, p 828, 1000, 

•IiAmoNiiuna, II, On Lhu Vlrnionlly of Fluids ami Im lU'lalmn with Prose 
fliiro (Clommu), /Inn I'hytik, vot 22, p 2H7, UKI7 
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g/cm see; 16°C)* lie noticed the consulciable influence of the 
walls of the vessel on the resistance of the spheres He found, 
for instance, that the drag of a splieie of 3-mm diametci in a 
vessel of 27-mm diameter was 15 per cent gieatei than the 
lesiatance of the same sphere in a vessel of 44-mm diametei 
(R *=* lie states that even when the diametei of the vessel 

is 90 times greater than the diametei of the spheie, an increase 



* 0,01 • "o.OTl wjH m 0,1 MoT 0.610 \fiW 3,0 ^0 5^0 60 0 »5 » » 40 »KH> IM » 

Via 01 — Drug coof^ iont vs Hoynolds' immboi for sphere according to tests of 
Arnold ami Alien and according to theories of S tokos and Osoon 


m tho drag duo to the influence of tho walls of tho vessel can be 
deloctod In all cases, tho viscosities calculated from Ins meas- 
urements by moans of Stokes’s law aie gieatei than those cal- 
culated by tho law of ITagon-Poisseuillo from experiments of the 
flow through tubes (Art. 20). Theicfoie tho method of falling 
spheres cannot be used indiscriminately for the measuiement of 

tho viscosity of fluids. , ,, 

Tho method of theoretical calculation of tho influence of the 
walls, initiated by Loicntz, 1 was carried out by Ladenburg 
•LORWn, II A, “Lcctmos on Thcmotioal Physics” (Gorman), vol I, 
p, 23, Leipzig, 1007 
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for the case of an infiniloly long tube; (see also WeyssonhnfT'). 
Applying the correction as found by this theory, the experimental 
values of n found by means of Stokes’s formula agree* among 
themselves within 1 por cent; however, I hey are; still about H 
per cent greater than those found by the experiment of llmv 
through tubes. A probable explanation of this diserepauey 
Ladonburg bcliovos to bo the influence of the cover and I lie 
bottom of tho vossol. 

Arnold also determined the viscosity by means of Urn fall 
method and Stokes’s law. Ho investigated from which sphere 
diamotor up the viscosity thus determined differs from the one 
found by the method of Hagen-Poisseuille. 1 lis experiment s were 
conducted in glass tubes so that It becomes necessary to correct 
tho results for tho influence of the walls. This eorrectiim 
applied by moans of Ladenburg’s formula leads to very good 
results. Tho spheres used were made of various met ala of low 
melting point falling in some vogotablo oil of which the tPiu|K>rn- 
turo was kept constant within 0.1°C. Figure (II shows the rela- 
tion botwcon tho drag coefficient and the Reynolds' number 
calculated from those experiments, 

76. Experimental Verification for Gases. — Tho experimental 
investigations discussed thus far are limited to liquids. Zeleuy 
and McKcohan 2 * * investigated tho applicability of the law (o air. 
They usod very small spheres made of wax, paraffin, and moroiiry, 
of diameters as small as 10— ‘ in., made by means of an atomising 
proooduro, Thoso spheres wove dropped in a tube of about 12-in. 
length and about j^-in. diameter. Tho velocity of fall was 
moasurod by a special test procedure and agreed with the result 
of Stokes’s formula within li per cent on tho average. On the 
other hand, similar experiments by tho same authors with spores 
of certain plants of microscopical dimensions (lycopodium 
6* l(Hin. diamotor;looopordon8- 10* 9 in. diamotor; poly trichum 
2 • 10- 1 in. diamotor) gave velocities about 80 por cent smaller 
than thoso calculated by Stokes’s formula. 

Tho Roynolds’ number below which a creeping motion lakcw 
place and above which tho effects of inertia become of importance 
is about 0.2 to 0.6. Bolow this limit, therefore, the drng i* 

1 Wbysbbniioff, ,T., Investigations on tho Validity of the Formula of 

Stokes-Cunningham (Gorman), Ann. Phydk, (<J), vol. (12, |i. I, 11120. 

5 Zelbny, J., and L. W. MoKeuhan, Tho Falling Vnlimity of Baud! 

Spheres in Air (Gorman), Physik. Z., vol, Jl, p. 78, 1010. 
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determined sufficiently accuiately by Stokes’s foimula. In 
case, however, that the dimensions of the obstacles become so 
small as to be comparable to the mean fiec path of the molecules 
of the liquid 01 the gas, Stokes’s law ceases to be valid, since it 
was dciivcd on the assumption of a continuous medium Cun- 
ningham 1 has made a theoretical, and Millikan 2 an experimental 
investigation of the change in Stokes’s formula, when the assump- 
tion of a continuous medium is diopped This lowei limit of 
Stolces’s law is very small m gases of common piessuies and in 
liquids Foi instance, Pen in 3 found the law to be valid for 
spheres of 4 10 _a in diameter m an A cnlical suivey of this 
subject with an exlensivo quotation of the hteiatuie is given by 
E Meyer and W Gorlnch 1 

76. Correction of Stokes’s Law by Oseen — The chaiactens- 
tics of the flow in the vicinity of tho spheie aie approximated veiy 
well by Stokes’s theory and consequently the drag is approxi- 
mated very well also. Oseen/ 1 howevei, has shown that at 
largo distances fiom tho body tho assumption that the meitia 
forces are negligible with lcspcct to tho factional foices does not 
hold This is seen fiom a comparison of the older of magnitude 
of tho incitia members in tho equation, foi instance, pudu/dx 
with that of the fuctional members, for instance, p Au (see page 
8). In Stokes’s solution tho velocity at gieat distances from 
the spheie can be considered to bo equal to the velocity of the 
body w diminished by an amount proportional to wl/r, where l 
is a chaiacterisiic length of tho body and ? tho distance away 
from it. It is seen that the inertia forces, propoitional to 
pwH/i 2 , become laigo with respect to the frictional forces, piopor- 
tional to pwl/i 3 . At largo distances, therefore, the assumption 
of tho theory of Stokes is by no means satisfied It has to bo 
noted, liowovor, that, although tho ratio between the inertia 
forcos and tho viscosity foices increases at gi eater distances 
from the sphere, these forcos themselves decrease with 1/r 2 and 

1 Cunningham, P> oc Roy Soo (London) (A), vol 83, p 367,1910 

2 Mii.likan, Phya Itev,, Apnl, 1011 

* Perrin, J , Tho Law of Stokos and tho Biownion Movement (Fiench), 
Contpl rend , vol 14.7, p 476, 1908 

* Meyer, E , and W Gbiu.aoii, On tho Validity of Stokes’ Foimula and 
the Mass Doleim inn turn of TJltia Micioscopic Pni tides (German), Fesl- 
schrifl filr Elstm u Gcilel, Bmnswick, 1916 

6 Oseen, C W, On Stokos’ Foimula (Gorman), Mat Aslron 

Fyatk, vol 0, 1910, vol 7, 1911 
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1 / r a respectively. Therefore, lire correction an applied by Oseon 
becomes of importance only in that part of the field where the 
velocities have become so small that they have ceased to bo of 
great influence. Bocauso of this, the interest of Oseon s corrcc* 
lion is mainly theoretical. The experimental results available 
today arc not sufficient to determine whether Oseen’s formula 
or Stokes’s formula gives bettor results for .Reynolds’ numbers 
of the order of magnitude i. Tor the ease of a circular cylinder, 
Stokes’s method of calculation did not lead to any result at all, 
and the new theory of Oseon was necessary to obtain one. The 
calculations involved in this process were carried out by Lamb. 1 

77. The Resistance of Bodies in Fluids of Very Small Vis- 
cosity.— It was seen that the formula of Stokes and the correc- 
tion of Oseon apply only to crcoping motions, i.c,, motions for 
very small Reynolds’ numbers. In case tlio inertia forces in tho 
fluid become of the same order of magnitude as the viscosity 
forces, tlio theory breaks down. The discrepancy becomes very 
large when with still groator Reynolds’ numbers the fluid breaks 
away from the body at corlain points and oxoeutes an eddying 
motion apparently without any regularity. 

In all cases of this kind whore it seems impossible to obtain 
results by means of direct theoretical calculations, it is often 
useful to apply momentum and energy theorems in order to 
find at least approximate results. As an introduction to this 
method of attaok two theorems will bo discussed: (1) one dealing 
with the resistance of the “half body” and (2) one with the 
momentum of a sourco, 

78. The Resistance of the Half Body. — By a half body wo 
mean a body of which one end is situated in the Reid of How while 
its other end extends ho infinity. The relations which can ho 
found for such a half body apply approximately to the front 
part of an airship, sinco tlio tail of the ship is so far away that it 
hardly affeots the flow round the front end. Besides being useful 
for this practical application, tho theorems of the half body 
will prove to bo of fundamental interest also. Tho fluid is 
assumed to bo completely without friction and wo want to deter- 
mine the drag of this half body in a potential flow. However, 
the problem is indeterminate ns long as no definite statement 
is made regarding the pressure at tho roar end of tho body. 

‘Lamb, II., On tho Uniform Motion of a Sphoro through a VJbuouh Fluid, 
Phil, Mag,, vol, 21, p, 120, 1011. 
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In order to circumvent this difficulty it is assumed that at a 
sufficient distance fiom the front end thoie is a slit into which the 
surrounding piessuio penetiates (Fig 62) The piessuio diag 
of the half body is then undcistood to bo the resulting force due 
to the pieasiue diffcioncos on the pait thus cut off 

By means of the method of sources and sinks, as discussed 
in Art 69, "Fundamentals,” 1 it is possible to calculate the flow 
round the half body, and thorcfoie the piessuio diag can be 
calculated by integrating the momentum and the piessuio over 
a sufficiently laige bounding surface 
The lesult, howevoi, can be obtained in a simpler manner by 
the use of a device, namely, by considonng the lesistance of a 
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Fio 02 — Flow lound half body in cylinder 


half body in a wide hollow cylinder, while the absence of friction 
is still assumed (Fig 62) Tho smfnce of integration is repre- 
sented by the dotted line Letting tho ratio of the cross section 
As, of the half body to that of the cylinder Ai bo a = A%j A i, tho 
equation of continuity gives 


or 


AiHi = (Ai - A j)us 
Ui ~ (1 — a) its 


By means of Bernoulli’s equation tho last result can be written as 


Pi ~ Pi - ^-(1 “ (i " a) 8 ]. 


The momentum thcoiem applied to the pait of tho body to tho 
left of the slit (in which tho piessuio equals p») leads to a resist- 
ance 

D ~ Ai(px - ps) + Aiptti 8 - (A! - As)pita* 
or, applying tho continuity equation, 

D = Ai(pi - p 2 ) + AipuiCitj - u 2 ) 

1 Sea footnote, p 3 
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Substituting in this the result tor pi — jh obtained before, 


D - A&&L - (1 - a) 2 + 2((1 - ay - 1 + a}] 

A 



The drag coefficient referred to the velocity « s therefore bceoincH 
equal to a = At/Ai. Lotting the croHH section A i of the tube 




body. 

increase beyond all limits, it is seen that « converges to zero. 
In other words, the resistance of a half body in an infinite fluid 
is zero. 

A physical explanation of this fact can bo obtained by consider- 
ing the pressure distribution at the front end of tho half body, 
assuming that the flow does not break away. At Clio nose of the 
body it is seen that the streamlines at some distance away from 
it are convex with respect to its surface, which implies an excess 
pressure on the nose, Somewhat farther behind, however, tho 
streamlines turn their concave side toward tho body so that a 
diminished pressure exists thoro. Figure 03 shows the stream- 
lines on the half body whereas Fig. 64 is a graphical roprosentiv- 
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(.ion of the piessuie distribution It is seen that the excess 
piessuie and the sucking action aio appioxiraatcly in oquihbnum 
In cases whcio behind a blunt obstacle theie is a dead-watei 
region or wake which becomes cylmducal at a gieat distance 
away fiom it, the assembly of the body and its wake foim a 
half body and the flow lound the obstacle plus the dead watei 
differs m no lespcct fiom the flow xound an ideal half body 
It is concluded fiom this that a cylmducal wake leads to a zeio 
leaistanco Consequently, in order to get a diag, it is necessary 
foi the wake to mciease its cross section indefinitely It was 
discussed m Art, 72 that Helmholtz and Knchhoft investigated 
flow phenomena with dead-water legions inei casing paiabolically 
towaid infinity, resulting m a definite drag 
79, Momentum of a Source, 1 — It has been shown befoie that 
the flow lound a half body can be caused by a souice oi by a 
number of souiccs. Let u 0 be the undisturbed velocity and A 
tho gloss section of the cylmducal pait of the half body The 
total intensity of all the sources, ^ e , the volume of fluid generated 
tier second is equal to Q - Au Q If we considci instead of the 
half body (in which the source is merely existent m oui imagina- 
tion) an actual flow with a source, it is seen that an amount Q 
(lows out moio than m Sunounding the souice at a sufficient 
distance with a surface of integration, tho influence of the source 
is felt as an additional flow of momentum pQu 0 ~ pAuo 2 , leading 
to a negative resistance of that samo numencal value Since a 
half body does not expci loncc any force it follows that a souice 
in a unifoim flow experiences a nogative lesistanco of magnitude 
pQtto 

Noth Tho conditions can bo undoistood still bottoi by assuming the 
stioamlino suifaco passing tluough tho point of stagnation to bo a thm solid 
shell Tho ouloi flow then, lopi osonts tho usual half-body flow lound a solid 
shall Tho nmoi flow consists of a souico dncctmg its flow towaid infinity, 
(lbg 65) Wo know that tho sum of tho piessuie foiecs existing on tho out- 
mdo and msido of tho shell has to bo zeio, smeo tho shell coincides with a 
froo sui face of sticamlmoa nncl could bo oblilcialed without changing tho 
flow On tho olhex hand, the losultant prossiuo on tho outside of tho shell 
is /oro accoidmg to tho laws of tho half body; consequently the lesultant 
picsauio on tho msido must bo zoio also It must bo concluded that every 
second an amount of momentum pQua flows through any surface enclosing 
tho souico and lying completely inside the shell Wo can then slnink this 
surface togelhor indefinitely around the point souice and still obtain the 

1 Articles 70, 80, and 81, axo original conlnbutions by L Piandtl 
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negative resistance pQu Q as a reaction. Actually in each point of space, 
and consequently also in the immediate vicinity of the source, tho velocity 
consists of tho sum of the sourco flow and the undisturbed flow tin. 'rim 
source flow by itself has no momentum bocauso it extends symmetrically in 
all directions. Tho total flow, howovor, obtains momentum because of the 
fact that each particle at its birth receives a velocity «o which correspond* 
to a hypothetical driving forco in tho sourco. This hypothetical force finds 
its reaction in the negative resistance found before. 

Now the theorem of the momentum of a sourco in a uniform 
flow will be proved in a different manner which will bo of wn 
in the subsequent considerations on tho drag of a body. In 
principle, any kind of “ bounding surfaco” is useful — a coneon trio 
sphere, two infinite planes before and behind tho source, etc. 
In this case we choose a cylinder of which tho axis is parallel 



Fiq. 05. — Half body with generating source. 


to the flow at infinity. The cylinder is olosod oiT by two faces 
far in front of, and far behind, tho source. In order to oaloulalo 
the force exerted on tho cylinder in tho direction of its axis, 
we have to calculate first the integral of tho pressures and second 
the flow of momentum (Art. 100, ‘^fundamentals” 1 ). The 
pressures on the curved surfaco of tho cylinder do not contribute 
anything to tho force in tho desired direction sineo they are 
perpendicular to it, On tho faces of tho cylinder there is a 
pressure difference (excess pressure in front and vacuum behind). 
If, however, tho two faces of tho cylinder are moved to infin- 
ity, those pressure differences disappear (inversely proportional 
to the square of the distance from tho sourco), so that this part of 
the pressure integral also becomes zero in the limit . 3 For tho 
same reason the contribution of tho momentum flow across l ho 
faces disappears in tho limit. Thoroforo wo havo to consider 

l Seo footnote, p. 3, 

4 It is understood that tho contribution of tho faces to tho prosmiro integral 
would not disappear in case tho cylinder wore growing similar to itself. In 
that case tho face surfaces would increase proportionally to tho square of 
the distance, and tho pressure integral thoroforo would tend to n finite limit. 
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only the momentum conlnbulion on the cuivecl surface of the 
cylmdei. Owing to the piesence of the source, some fluid flows 
tluougli this surface to the outside In Fig 66 we consider two 
suiface elements of the same size and situated symmetucally 
with lespect to the souice Owing to the souice alone, the 
velocities at these two elemental suifacos have symmetrical 
dn cc Lions However, besides these velocities them is the veloc- 
ity of unifonn flow «<i. Since the longitudinal velocity compo- 
nents duo to the source alono arc opposite m dnection, the mean 
value of the longitudinal components of the complete velocities 
at the two elemental suifaccs is 
equal to «o. This relation holds 
for any two suiface elements sit- 
uated symmetucally with respect 
to the source The total vol- 
ume of fluid passing thiough the 
curved surface of the cylinder becomes equal to the intensity of 
the souice Q if the cylindei is extended to infinity Theiefore 
the flow of momentum is calculated to be pQuq, which is the same 
result as obtained before 

The' pioof which has just been completed can be made the 
starting point for a donvation of the half-body theoiem It 
has to bo considered that with the half-body flow the amount of 
fluid Q = Au 0 is lacking at the back end, since it is occupied by 
the solid body. Becauso of this effect, them is a shortage in the 
momontum of the amount pQuo, which is felt as a drag This 
drag combined with the negative resistance of the source again 
leads to a total resistance equal to zero foi the half body 

80. The Resistance of a Body Calculated from Momentum 
Considerations. — If a body in steady motion through a fluid at 
icst experiences a drag, it must bo possible to piovo the existence 
of this diftg by moans of the flow of momentum thiough a surface 
surrounding the body. In this lospoct, two different effects 
havo to bo considoied 

1. There is a dead-water legion or walcc behind the body which 
has definite vortices at gloat Reynolds’ numbeis or no such 
vortices at small Reynolds’ numbers Owing to the action of 
viscosity or to tho irrcgulai vortex motion, the velocity in the 
walco becomes less and less at greater distances from the doby 
and tho wake itself becomes wider. The wake conducts a 
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certain flow of momentum, the strength of which depends directly 
on the drag. 

2, Further it is noted that the body together with its wako 
pushes the fluid away to the side so that it causes in the fluid 
outside the wake a flow apparently caused by a source. Figuro 
67 shows schematically the streamlines of such a flow for a 
coordinate system in which the undisturbed fluid remains at 
rest. It is possible to connect each streamline of the wako to a 
streamline of the source flow. 

The width of the wake increases at a slower rate than is 
proportional to the distance from tho body; the increase is 
between \/x and depending on tho details of tho flow* 
Therefore the kind of momentum consideration employed in tho 
previous article can be applied here* According to tho foot- 



Fro. 67. — -Apparent aourco and wnko. 


note on page 122 the pressure integral on tho base surface of the 
cylinder becomes zero if its diameter incroasos at a slower mto 
than proportional to the distance. Wo assume that tho wako 
region remains completely inside tho curved eurfaco of tho 
cylinder. The flow in the wako becomes more and moro noarly 
parallel at increasing distances from the body* Considering the 
pressure differences across the stroamlinos, it follows that far 
away from the body tho pressure insido tho wako is practically 
the same as in tho source flow directly beside it. 

After this introduction wo proceed to apply tho momentum 
theorem. As a system of reference wo chooso tho coordinates in 
whioh the body is at rest, and the velocity of tho fluid at infinity 
therefore is equal to v,q. The contribution of the curvod surface 
of the cylinder is the momentum of tho source, whioh is equal 
to a driving force pQua (whore Q is tho intensity of tho source). 
The contribution of the two base surfaces of the cylindor is tho 
difference between the flow of momentum in front of tho obstacle, 
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wheie the velocity is ito, find behind, wheie the velocity is Uo — u' , 
bomg the velocity in the wake relative to the body Figure 68 
shows the velocity distribution behind the obstacle with the 
ohnvactciistic “bough" Consequently the momentum flow 
becomes 

/)U 0 2 A — pjff ( u, ‘ ~ i( 0 ^dA = 2 P u a ff u'dA — , 

Rcca in gooa out 

In this expression, J J u'dA is equal to the intensity of the souice 

<3 so that the flist term reduces to '2pQn 0 The second term 
vanishes when proceeding to the limit of an 
infinito distance from the body, since it con- 
tains the wake velocity squaiod Finally, 
taking together the contributions of the cuivecl 
surface and the base suiface, the total diag 
becomes 

D - pQu Q 

so that 

Q — Fig 68 — Velocities 

pM n in wake 

Wilting the drag in the usual form D = rA-~-, wo find foi the 
intensity of the source 

„ Q = }zcAu 0l 

which lcsult is physically quite plausible It is seen that the 
strength of tho source is independent of the distance of the 
bounding suiface fiom tho body if this distance is sufficiently 
large. From this it is concluded that all streamlines in the 
wake extend from infinity directly to the body as indicated in 
Fig 67. 

If the motion of tho body had started somcwhoie in the finite 
region, tho wake would extend only to this point. The stream- 
lines of tho wake, which cannot end in any paiticulai location, 
would llion load to a sink at the point of starting This sink 
flow is accompanied by a vortex ring 
81. Method of Betz for the Determination of the Drag from 
Measurements in the Wake. — The rolations found in Art 80 are 
based on tho velocity distribution in the wake at a great distanco 
fiom the body In making actual experiments, however, it is 
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often necessary to come very much closer to the obstacle so that 
the analysis has to bo extended to this more general case. This 
was done by Botz, 1 ancl the considerations of this nrtlolo are 
based mainly on his publication. 

As bounding surface for the integration two parallel pliiuon nio 
taken perpendicular to the direction of flow of the undisturbed 
fluid, one in front of and one behind the obstacle (big. (W). Tim 
velocities and the pressure in Iho front piano nro Mi, Mi, w i, p o anti 
the corresponding ones in the roar piano are its, H, m>j> ]h- At 



Pm. 00. 


infinity wo have u — Ut>, v ~ w ~ 0, p =• p». By moans of tho 
momentum theorem the drag booomos 

D = ff(Pi + pUi 2 )dA - ff<”‘ + puj a )d/t, (1) 

in which the integrals extend over tho ontiro aroa of both infinite 
planes. Tho problem consists of transforming those integrals 
in such a manner that the integration becomes restricted to the 
trough in tho wake. To this end, wo introduoo tho abbreviations 

(b = Pi + |(wi 2 + n 2 + Wl 2 ), 

02 “ Vs + |(M2 2 + «>2 2 + M>2 2 ). ' 

On any streamline which is not subjected to visooslty notions or 
to apparent friction duo to turbulonco, Bernoulli’s theorem 

1 Bums, A., A Method for tho Diroot Dotormiimlion ot Profile Drug (Ger- 
man), Z. Flugtcchn. Motorluftachiffahrt, vol. 10, p, 42, 1025. 
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slates that g — constant Therefoie g x - g 2 diffeis from zeio 
only in the tiough Foi this leason, g x and g 2 aienow substituted 
into Eq. (1) with the result that 

D = - (h)dA + |/J Oi 2 - uS)dA + 



J l } dA (2) 



The fust mtegial m this expression aheady has the desired 
properties In ordci to tiansform the second integral, we define 
a hypothetical flow which coincides with the actual flow every- 
where except in the wake, where the hypothetical flow shall be 
such that g 2 = gi (tlicio aie no losses due to faction oi tuibu- 
lonco). This is accomplished by changing the a-componont of 
the velocity, which now is designated by u 2 Since the actual 
flow is incompressible, the hypothetical flow cannot possess 
this property but rather shows distributed soiucos of which the 
total slienglh is Q, Apparently, wo have 

Q ~ f f 7 (W — Ui)dA, 

wlioio the integration has to be extended only over the tiough 
since overywheio oulsido it Ua ~ wj. This is designated by the 
letter T above tho integial sign 

Now the momentum thcoiem in tho form (2) will be applied in 
such a way that first tho differences between u x , »i, w x , p x , and 
Uo , v 2 , we, p 2 , will bo written down and then, as a second step, 
tho diffidences between u 2 , Ve, w 2) p 2 , and Ue, v 2 , w 2 , p 2 Tho 
losult then is found as tho sum of the two partial lcsults given 
by these steps For tho fust step, integral I becomes zeio, since 
Qa - ffi Integral III causos certain difficulties. It is com- 
paratively small in tho case of a puio souico flow Whenever 
stationary vortices exist, however, as in airfoils, its valuo may * 
bocomo considerable Its total valuo will be denoted by D„ 
which will bo disoussod m detail later. Neglecting contributions 
of tho nature of D t) tho first step applied to integrals I and II 
loads to a negative drag or driving force pQuo, since there is a 
distributed source of strength Q between the two pianos of inte- 
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gration and there are no losses. Since the integral I is zero, it 
follows that integral II is 

1/ / ^ ~ u ^ dA = ~pQ u ° m “P«o / / («*' “ Ui)dA, 
Applying the second step to integral I, wo obtain 

/ A 1 ~ °^ dA 

and, correspondingly for integral II, 

if f 7 '^ 2 ' 1 “ v **) dA = if “ « 2 )(«a' -I- Ms) d/1. 

This second step applied to integral III gives a value oqual to 
zero. In total, therefore, the result becomes 

D= f f (gi—Qi)dA-\-£f f (ut~Ui)(ut , ~l-Ui—2uo)dA-\~Di l (3) 

where it is seen that the two integrals actually are restricted to 
the trough. Regarding the third term 

A - Iff l(vA + wA) - (vA -|- wA)]<lA, 


the following remark can be made: In case wo wanted to 
treat the y- and z-velocitics of a source only, it would bo possible 
to put the front integration plane at an equal distance from tho 
source as the roar plane, which would result in a canceling of tho 
contributions. This relation is not true any moro when steady 
vortices emanate from the body, as in airfoils; in such a case 
there are velocities in tho roar piano of integration to whioh 
there are no corresponding ones in tho front plane. Then tho 
third term of (3) leads to a resistance D,- different from zero, 
which is apparently due to tho partial vacuum in tho vortices. 
In the three-dimensional wing theory (Art. 114) this resistance 
is termed "induced drag,” and consequently the symbol Dt 
has been assigned to it. Drag resulting from integrals I and 
II in the case of airfoils is called "profile drag.” 

A lemark has to be made on non-steady vortices in tho turbu- 
lent wake. ’\ hese cause certain deviations, especially in oxpres- 
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siona II and III, since the mean values of the products of the 
velocities do not coincide exactly with the products of the mean 
values of the velocities These deviations ai e gener- 
ally small howcvei In cases where the wake voi- 
tices aie moie or loss legular and stiong (Kdimitn 
trail, see Ait 82), the pievious investigation is 
not applicable 

The numeiical calculation of the resistance 
in a practical case requires first an experimental 
dcteimination of with a Pitot tube Outside 
the tiougli this value coincides with g x which, being 
the Bernoulli constant of the unchstuibcd flow, is a 
constant numbei (Fig, 7 0) Fur thei the stati c piessurep 2 has to be 

determined; fiom this follows u<i ~ — 2^1 i For a 

P 

determination of u 2 it is usually sufficient to- mtcrpolato the 
velocity ciuves for ut by a smooth curve ovot the tiough as indi- 
cated by the dotted line in Fig 70 It is also possible to calculato 

it by means of W — — 

p 

With these measiuoments, the cxpiessions occurring in inte- 
grals I and II aio known so that the integrations can be earned 
out numerically* The gioatest contribution will bo furnished by 
the first integral At great distances fiom the body where the 
wake velocity is small and the trough is shallow, it leads to the 
same lesull as the foimula in tho Ait* 80, 1 2 * * * Contribution II 
gLves a connection which becomes rather small at laigo distances, 
howcvei, close to tho body it is of some importance* Exptcssion 
III cannot bo calculated m tins way since it is not lcstiiclod to 
the trough, Consequently tho method is of use only whon the 
diag consists of profile drag I plus II and whon expression III 

1 This is Uuo urnloi tho assumption that tho values of 111 ^ 10 

trough can lie ncgloctecl with lcspccl to — p 2 , which is adnussiblo 111 all 
practical cases 

2 In case that 14 » u 0) w 2 « u<\ — u f t ancl p\ » =* 0, wo have 

171 - 02 ~ |[«o 2 - (tc* - U')*] « 

whoxo tho second term is small of tho second 01 dor* Thorofoio 

“(7 z)dA ~ pihQ, 
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(«=/)<) is without import imre, 1 * 3 The method Imw lu«mi riliplUnl 
with Root I roHullM In (lio mcimurcmenl of prolilt* drag, especially by 
Wcldinger* and Hehieuck/ 1 

Noth: The mmlt nf tin* fir^l Mrp” nit jijik** Hift in nnlv etpml in ^ Mjl jf 
(ho HUUrri'H nf Mm a/, t\i r tt’rllmv id) nn* hu rting in frunl nf Mie roar plnuntif 
mtngndinii. In rime, however, 1 tmt Mime urn MUirim nr Mnh* behind Him 
plane there will In* fitroi’H between Hiene and tin* wmhv y ( whhdi, however, 
(lUimnli lio nilfuluhul jit huHi a nimple minuter, Thin m probably ! hn h-n^m 
Unit ItolaVt formula beenmeH iimeeurale when njiphod very el!*e in flu* 
body, II. Muflmy lias shown Mutt HeU'u formula MU run in* applied In 
Urn flow Ihmiigh 11 rhaunel of eoimlunf vntHH seel mu A*> I( U m]\ 
ncucmiry In ropluen Mm term thin by Mmsum nf Mie wloeity fur in frmu 
nf l ho oliHitioki (a«) will Mm velneity nf Mm ! » y p» * l liniiml How » } ' fur behind 

Mm body, i.e., u* -p where mm he mH eipnd in 1 V « In thin 
mvoKtigfvlinn Mm frieiinu at, Mm olmimel wall* hit* bei*u m-glrtMed. 

82, The Kftrm&n Trail.*- The phenomena dtHciwaed in f tie* lout 
fow arllcloR allowed a more or lew irregular wake behind I ho 
obstacle, exchanging Uk mnmentum wilh the neighboring until#. 
turbod water ho an to limkn the wake wider and wider wilh 
lnomudng distance from the body, Then* am, however, phtv 
nornoiut where the energy in not dlwnlpaled directly in an irregular 
wake but Ih Aral traonfonnetl ini n very regular individual vor- 
tices, For instance, Urn two-dimensional How round a cylinder 
at certain dimensions and vnkicIlfcK aHNumen (lie form shown in 
Fig. fiO, Plato 24. The vortices formed on either aide of llio 
body have npprmlto directions of rotation and form a eerlula 
geometrical patlern which is observed ijuile regularly at some 
distance behind the obstacle, These vortices do not mix with 
the outer flow and are dissipated by inlenuil fried, hm only after a 
long time. 

1 With thin protimUmi Urn remark made before, uImhu loraOn* ilm hvo 
plaucH at espial ditttauoojf from the body mid Mam elimiimlina nxprtmsimi 
III, becomes nioiininghstfi. In pranllmd oiwm* an inrumuTMuonm nrp ever 
rnaclo in llio front jilnnci of intogmtina, an Mint i\m pluru* m viriauHv at 
infinity where ui and tin are ncro. However the vahirwi of e? ami m* are 
pmotioally alwayn aimdl, m that miglmitia^ them in expo»km HI ilowi not 
roault iu any oorimm error, 

a Wummciwu, If*, Pmfilo Drug Mciiimmaneaiu tin n Jmikera Airfoil ((ler- 
man), Jahrb, wish, GchgIImIu Lu/ifnhrl, p ( Wl Mmiirh, Um. 

3 SonniiJNCK, M., Profile Drag Meium remen (« in Aetmd Higlit by Metuia 
of tho Momentum Method (Gorman), val. 'i N »* 1, 

Munioli, 1928. 
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The phenomenon which had been observed casually by vanous 
invcstigatois was first studied expomnentally by Bemud 1 It 
was leseived, however, to von Kdimiln 7 * 9 to give an explanation 
of it. 

His observations led him to making an investigation of the 
stability of ceitain gcometucal configurations of these eddies 
The calculation, restuctod to the two-dimensional case, assumes 
lincni voitices of oqual intensity r 3 and opposite dnection of 

— ?> S> 

— $ 

Fm 71 — Unslablo configuration 

lotation lying in parallel rows at equal distances from each 
other. A further investigation showed that only two dillfeicnt 
anangements are possible The eddies of the one low aie 
situated cither exactly opposite those of the other low or 
they aie symmetrically staggcied (Figs 71 and 72) The stability 
investigation, earned thiough by means of tho method of small 
oscillations, leads to tho icsull that the fhst anangomontis unsta- 
ble with lospect to small disturbances whilo tho second pattern 
is generally unstable also, but becomes stable foi a veiy definite 



Fid, 72 — Stablo whom h/l = 1/V mo cosh = 0 2800 

value of h/l (in this case, the pattern is in indifferent equilibrium 
against disturbances of tho wave length 21) Von Kitrm&n 
obtained for the value of h/l the expression 

7 - - cosh -1 V2 = 0.2800. 

I 7T 

Measurements of Oho distance boiwcon tho vorticos on photo- 
graphs of actual flows show a good agreomonl with this caicuiatocl 

1 II , Cornel rend ♦ (Fioncli), vol 147* 1008 , vol 160, 1013; vol 

182, 1026} vol 183, 1920, 

3 Von KAhmAnt, Tii , Nachi Oes IKiss QtiUmgen (Gemma), p 600, 
1011; p. 647, 1912, KXumAn ancl Huhacii, On the Mechanism of Fluid 
Resistance (Gorman) Physik* Z 1 p 49, 1012 

3 T » /Wodr moans tho circulation anti is a monsmo for tho intensity of 
the voitcx, sec p> 207 , “Fund amont ala, * 1 boo footnote, p 3 
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value. The theoretical flow corresponding to the photograph, 
Fig. 60, Plate 24, is shown in Fig. 73 for a coordinate system 
which is at rest with respect to the undisturbed fluid. It is seen 
that some of the streamlines move in a wavy path between Iho 
various vortices, while the other streamlines aro closed round the 
vortex centers. The total geometrical pattern of the eddies 1ms 
a velocity of its own, 


r 



in the direction of motion of the body. The individual vorticos 
gradually remain far behind the body, which moves at a faster 
rate than the eddies. The same phenomenon looks entirely differ- 



ent to an observer moving with the body, i.e., with rospoct to a 
coordinate system in which the body is at rest and in which tho 
velocity of tho undisturbed fluid is u a . Tho theoretical stream- 
line picture for this case can be derived from tho one of Fig. 73 
by adding to it the constant velocity of tho undisturbed flow. 

83. Application of the Momentum Theorem to the Kdrinan 
Trail. — Von K&rm&n has shown that by means of tho momen- 
tum theorem the drag of a body can bo calculated from tho 
geometrical pattern of its eddies. To this ond two assumptions 
have to be made: (1) the actual eddy formation far behind tho 
body should not differ.much from the ono calculated to be stable 
(photographic experiments show this assumption to bo correct) ; 
(2) the fluid at a distance large with respect to tho dimensions of 
the body is assumed to be at rest, Howovor, it is not possiblo 
with K firm fin's theory to calculate for any given obstaclo tho 
dimensions l and h of the Kdrm&n trail as well as the velocity u 
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of tho eddies A knowledge of the lelation between the dimen- 
sions of the eddy pattern and the shape of the obstacle would 
indeed make the theory of gieat practical impol tance However, 
it is nn advantage to be able at least to calculate tho diag when 
only the dimensions of the voilcx trail (by means of a single 
photograph) as well as the velocity of the eddies aie known 
experimentally In applying tho momentum theoiem, it is to be 
noted that the flow is not steady since there is a periodic eddy 
foimation behind tho body However, the pait of the street far 
behind the body can be considered steady, if the cooidinate 
systom is moved with the velocity u of tho individual voitices 
Choosing a bounding surface enclosing the body and moving 
forward with this velocity u (Pigs. 74 and 76), the fluid enters 
this surface at the loft with a velocity u At the light the suiface 





Fio 74 
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Flo 76 

Fiob. 74 nncl 76 — Application of momentum theorem to KArmAn trail 


cuts in between two eddies so that in tho KfirmAn trail thcie is a 
veloeily to tho loft (Fig 73), while outside tho flow ib to the right 
with the volooity u. 

Tho body moves with the volooity U relative to tho undis- 
turbed fluid, i o., wLlh tho velocity U — u with respect to 
our system of coordinates. Within tho bounding surface new 
eddies are being foimed all tho time at tho body, moioover, theie 
is tho source flow emanating fiom the body and extending to 
infinity 

For non-stcady motions of this soil tho momentum theorem 
has to bo modified bccauso, besides the momentum and pressuie 
integrals over tho bounding suiface, the change in momentum 
inside this surface has to bo taken into account. According 
to von KArmAn’ s procedure the phenomenon is considered at 
tho two instants between which just two now vortices have been 
formed. Since the body moves with tho velocity U — u with 
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respect to the trail, and sinco the distanco bclwoon two eddies 
of the same sense of rotation is equal to l, the “ period” becomes 
T = l/(U — u). .Figure 74 shows the initial state and Fig. 76 the 
final state; the surface of integration is shown in both cases by 
the heavy-dotted line, The condition inside the surface of 
integration at the final state is the same us in Iho initial state of 
Fig. 74, if only the shaded area A is omitted from it and Iho 
shaded area B is added to it. If the bounding surface is chosen 
sufficiently large in the direction of flow as well as across the 
flow, the contribution of the source flow in tho regions A and B 
is sufficiently small to be negligible. It is only necessary to 
calculate the difference in momentum between llm undisturbed 
flow in the region A and the eddy flow in tho rogion B, Accord- 
ing to von Kfirmdn the integral of the re-component of tho velocity 
multiplied by p extended over tho region B minus tho same inte- 
gral over the region A is equal to pYh, 1 Tho amount thus calcu- 
lated is tho change in momentum during tho time T ~ 1/(0 — u), 
The change of momontum por unit time, constituting a part of 
the drag, therefore is 

Th m . 

P- -jr(U ~ it). 


The intensity of the source is equal to tho jump in tho volooity 
mentioned before, multiplied by h, i.e., Q = Vh/l. According to 
the investigation of Art. 70 there is a flow of momentum into 
the long sides of the surface of integration to tho amount of 
pQu which leads to a negative resistance 


r/i. 

T Wl 

The fact that the sourco moves relatively to tho Byatom of coor- 
dinates with the velocity U - u docs not result in a contribution 
cither in the interior or on the boundary of tho surface of integra- 
tion at least if -that surface is sufficiently elongated. 

As a third contribution wo have the momentum and pressure 
integrals on tire short sides, corresponding to tho baso surfaces 
ot Art. 79. One of these bases is in the undisturbocl fluid while 

ft . 1 i non '‘ pi ' 000ss ’ H iH Permissible to tuko first 

So an Jit • VGl ° 0iUC8 '. Wl,ich i8 101,1111 leUiug tho vortices 
t ko all possible positions successively along tho length l. This amounts 

“■ r/> * u “ ^ ** 
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the other one cuts through the voitex tiail At both those 
locations the flow is a potential one, and, if the effect of the source 
traveling with the body is neglected, the flow is, moieovei, 
steady. Therefore the simple equation of Bernoulli can be 
applied. 

It is convenient to calculate at once the sum of the momentum 
integral and the pre&suie mteginl giving the lesult 

r* 

P 2vl 

The total drag D pei unit length of the cylinder therefore 
becomes 

D - pl> - 2u) + p£ 

Substituting into this expiession the values foi h/l and foi r 
found before, we obtain 



wheie cl is some lineai dimension of the body (for instance, the 
width of the plate), and 

D = c p— a 

Tho result of the calculation thcrcfoic is that the drag is pro- 
portional to the squaro of the velocity, which was to be expected 
from dimensional reasoning; moreover, tho diag coefficient is 
obtained, which otherwise could have boon found only by an 
experiment. Tho only limitation is that the drag coefficient is 
not found dncctly but lather as a fund, ion of tho two ratios: 

u _ velocity of the vortex system 
U ~ velocity of tho body 

and 

l pitch of the vortices 

d ” chaiftctouslic length of the body 

The ratio l/d can bo measured duoctly from a photograph of the 
phenomenon, while tho ratio u/U can bo found from tho period of 
tho eddy formation T. A simple analysis shows that this rela- 
tion is 
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U 1 

u * ut’ 

since 

T(U - u) - l 

Von K&rmdn and Rubach 1 determined tlio drag coefficient, for 
the cylinder and for the plate from photographs of the eddy trail 
and from stop-watch measurements of Iho period, They found 
c = 1.60 for the plate and c = 0.92 for the cylinder, with a 
Reynolds' number between 2,000 and 3,000. Wieselsborgor’K 
direct experimental value for tho cylinder is 0.93; I, ho most recent 
measurements of Flachsbart for plates give 1.7 ; so tho agreement 
in both cases is very satisfactory. 

It appears strange that von Kfirmiin’s theory, although it 
assumes an ideal fluid, still takes it for granted that tho moving 
body generates eddies all the time, which is impossible according 
to classical hydrodynamics. Tho explanation of this paradox 
is given by the boundary-layer theory whore It was scon that 
in the limit jtt = 0 tho fluid can be considered without friction 
everywhere except in a thin layer adjoining tho body. In this 
layer, which becomes thinner for smaller viscosities, a different 
limit process has to be performed. In Chap. IV it was soon in 
detail how this thin boundary layer, where the friction forces 
cannot be neglected even for fluids with negligible viscosity, 
is the place where vorticity is created. 

84. Bodies of Small Resistance; Streamlining. — Classical 
hydrodynamics leads to impossible results in all eases whom 
considerable drag is experienced, whilo for bodies of vory small 
resistance the science can bo applied to groat advantage. Since 
in most practical cases, among others those of alrplano and air- 
ship construction, the problem consists in reducing tho drag to a 
minimum, it appears that a great field is left open for application 
of the methods of ideal-fluid hydrodynamios. Practical aeronau- 
tical construction has derived great help from tho modern theories 
on air motions, viz., tho problem of tho airship body of loaal 
resistance, airfoil theory, and propollor theory. 

For an airship body of small resistance, it is ossontial that the 
air which is divided at the front closes up again smoothly at tho 
tail end. A shape as indicated in Fig. 49 fits this condition very 
well, The actual drag, which is very small considering tho size 

1 See footnote, p. 131* 
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of the body, consists piaclically exclusively of skin fuction 
According to experiments in the wind tunnel the lesistance is 
about 25 tunes ns small as that of a flat plate of the same size as 
its greatest cioss section 

It is compaiativoly easy to calculate the flow round bodies of 
this sort by means of the soiuco-and-sink method of Hanlane, as 
explained m Alt 69 of “Fundamentals >n Instead of considci- 
mg a single concentrated soiuco, as was done in that example, it is 
moie appiopnato to take a continuous distnbution of souices and 
sinks along the axis of symmetry By suitably distributing these 
souiccs and sinks, it is possible to obtain a gicat vanety of body 
shapes, while the thickness of the body is detei mined by the 
intensity of the paiallel flow superposed on the source-smlc flow 
It is lcla lively simple to calculate the body form and the cone- 
apondmg sticamlmos foi a given source-sink distnbution, how- 
ever, the converse problem, consisting of finding the souice-smk 
dmUibulion for a given symmetrical body, is vciy much moie 
difficult. This pioblcm will be discussed m the following aiticle 

85. Comparison of the Calculated Pressure Distiibution with 
the Experimental One. — A paper by Fuhimann 2 deals with 
the methods of calculating the streamlines round a body foi a 
given source-sink distnbution Besides giving a theoretical 
calculation, it also lepoits on moasuicmcnts of the piessiuo 
distribution at the surface of the body The models expen- 
men tod with were caiefully made so as to lcsemblo the thcoietical 
shapes most accurately. The pleasures wcio measured through 
vory small holes dulled into the hollow models Figuies 76 and 
77 show the calculated and measured piossuic distubutions for 
two dilTeiont cases, In gencial the agicomcnl is very satisfac- 
tory; only at tho tail end of the body is thoic an important dis- 
crepancy For the calculated case the piossuie at the tail end 
is equal to tho full stagnation picssuio, whoioas m the actual 
expel iment this cannot bo so, since fluid elements cannot pone- 
tmto into tlus lugh-pi essuro legion on account of their having 
been lotaulcd m the bounchuy layer The integral of tho cal- 
culated prossuies across tho whole surfaco, % e , the piessuic 
drag, must bo zero in all cases, since the calculation has been 
based on an ideal fluid The actually observed diag tliciefoie 

l 8oo foolnolo, p 3 

% Fun JIM ANN, G , Tliooiolieal and Expcnmonlal Investigations on Balloon 
Models (Got man), Dismiaiton, OMmgen , 1912 
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exists only in so far as the actual flow deviates from the theoretical 
one. For this purpose the drag can be conveniently expressed 
in terms of an area equal to tho side of a cubo of the same volume 
as the airship body under consideration, i.e., V H , so that 



Pm. 77, 

Figs, 70 it nd 77, — Pressure distribution on airship hulls. Full linos aro calcu- 
lated; points measured in wind tunnol. (FuArma»»0 

With this notation, tho calculations based on tho experimental 
pressure distribution gave the following drag cooflioionls: 

Model I ii m IV 

e 0.0170 0.0123 0.0131 0.014G 

For comparison, the drag coefficients as determined directly in 

the wind tunnol with the aerodynamic balanco aro givon below : 

Model I ji in iv 

« 0.0340 0.0220 0.024G 0.0248 

« 

It has to be noted that for larger Reynolds’ numbers than could 
be obtained with these experiments, tho drag coefficients would 
have been approximately 30 per oent smaller. In order to 
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compare these drag coefficients with those of a flat plate of the 
same surface condition, it is noted that the suiface area of the 
auslup models is about equal to seven tunes V^, whereas 
tho figiues usually quoted for plates refer to the plate area itself. 
For direct companson, thoiefoie, the above drag coefficients have 
to bo divided by seven The cxpenment shows that for bodies 
of this streamline form, the total resistance is not materially 
greater than the fuction diag of a flat plate having the same 
area ns tho sticamlincd body This fact, to a ceitam extent, 
onn bo interpreted as an experimental proof of the theoiem of 
classical hydrodynamics, that the diag of a body in umfoim 
motion is zero. 

Tho conveiso problem, % c , the determination of the source- 
sink distribution for a given shape of body, has been tieated by 
von Khnndn 1 on the specific example of the aiiship ZB-3, 
which later was named “Los Angelos ” The solution was 
obtained approximately by taking the source and doublet-distu- 
buLon constant along shall sections of the body. He solved 
not only tho case of symmetrical flow but also that of a wind 
blowing obhquoly against the ship. Tho classical solution for an 
oblique flow of this soil leads only to a moment tending to place 
tho body poipendicular to the direction of the flow It definitely 
does not give a force poi pendicular to the flow, i e., a lift Since 
in the actual case lift is obtained, von Kftimftn assumed in the 
wako of tho an ship body tho existence of an eddy distribution 
very similai to that behind an airfoil (Ait. Ill) This changes 
the flow markedly, especially around tho roar end of tho ship, 
and causes a lift at tho front end which is considerably greater 
than tho down push on the tail so that the result is a definite lift, 
which is in agreement with the expenmenlal facts. 

86. Friction Drag of Flat Plates. — Whon a fluid flows along a 
flat plate, a foice is excited on the plate in tho direction -of the 
flow. It is said that the plate suffcis a “friction drag," which as 
usual is expressed by the relation 

D = CfS^~> 

h \ Chough in this case tho chag is proportional neither to the 
square of tho velocity u 2 nor to tho area S of the plate Con- 
i' Von KXiimXn, Tii, Calculation of Pi assure Distribution on Airship 
Bodice (Gorman), Abhandl Aciodyn Inst , Tech I/ochschulc Aachen, vol, 0, 
p 1, Beilin, 1927 
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sequently c/ is no constant but must bo a function of tho 
Reynolds’ number R = ul/v ( l being tho length of tho plato in tho 
direction of flow), as was explained in Art. 50. For small 
velocities, or rather for Reynolds’ numbers smallor than about 
5 • 10 s , the law of Blasius 1 holds that c/ is proportional to tho 
reciprocal of the square root of Reynolds’ number 

1.327 

c, - w 

or writing S = bl, we have, for R < 5 ■ 10 5 , 

D = cjbl^ - 1.327 ^ • U^~ = —~-pblY‘v*u*. 

For greater Reynolds’ numbers, tho experiments by Wicsols- 
berger, 2 Gebers,* and Gibbons 1 give a dilleront relation between 
cj and R. In the case that R > 5' 10" tho drag coefficient !h 
proportional to the reciprocal of the fifth root of tho Reynolds’ 
number with the proportionality factor 0,072 so that hero wo 
have 

D, = 0.072 ■ U f ~ = 

The reason that at a certain Reynolds' number of about 6 • 10 R 
the resistance law suddenly changes is that below this number tho 
flow in tho boundary layer along tho plalo is laminar, while 
above this number it becomes turbulent, as was explained in 
Art, 63, 6 

The transition between the two laws is not sharp but vary 
gradual especially for smooth plates with sharp front edges. 
Figure 78 shows some experimental results obtained by Gobors, 
Blasius, and Wieselsbcrger. Tho last investigator has not used 
sharjmlged plates but rather rounded ones, where tho eddy 

1 Blasius, IL, Boundary Layers in Fluids of Small Friction (Gorman), 
Z. math. Physik t vol, 56, p, 1, 1908. 

2 Wieselsderoer, C,, Investigations on tho Skin Rcsistanoo of Canvas 
Covered Planes (Gorman), G&tlinger ISroebnissc, vol. I, p, 120, Munich, 1021. 

3 Gebers, A Contribution to tho Experimental Do lormi nation of Drag of 
Moving Bodies (German), Schij)'bau } vol 9, 1008. 

4 Gibbons, W. A,, Skin Friction of Various Surfaces in Air, 1 nl Ann . 
Rept., Nat. Add, Comm . Aeronautics, 1916, Washington, D. C., 1017. 

5 Tho limit 5 • 10 B is only for very smooth flow; in case the fluid strikes tho 
plato in a somewhat turbulent state this figure is considerably lower, 
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formation stalls immediately at the fionl end The shape of the 
cuives shown m Fig 78 becomes cleai when 1 emembenng that a 
sharpened plate wlieie the first pail of the boundaiy layer is still 
laminar has less lesistance than a plate whole no such laminar 
initial boundaiy layer exists as m the case of Wiesclsbcigci’s 
expei imen Is This diffeicncc between the diags obtained with 
tlie two kinds of plates becomes smallci and smaller with increas- 
ing Reynolds’ numbeis oil account of the fact that the distance 
fiom the front end of the plate whcie the laminai layer linns 
tuibulent becomes shoitei 

By making a judicious guess at the latio between the length 
of the laminar boundaiy layei and the length of the plate, 
Piandtl 1 has found that in the transition legion between the 



Fjo 78 — Skin faction cnofllouml Itoynokls' numbor for How along flat 

pkltOB 

two lesmtanco laws tho conditions avo well ropresented by the 
oxpiossion 

0 074 1,700 

Cj ~ylt It 

In this oxpiession the numbor 1,700 is still dependent on tho 
degree of tuibulonco of the fluid coming up to tho plate 
It is of interest to mention hero the work of Kompf 2 and his 
associates who have made many investigations on skin f notion 
with special application to ship resistance* A publication of 

* Prandtij, It, On tho Fnclion Resistance of An (Goiman), Q&Umgcr 
Ergcbmi i sc ) vo\ 3, p 1, Munich, 1027* 

2 Kmipi, G, Skin Fm 1 lion (Gorman), Wcifl> Rccderei, Ilafen, vol 6, 
p 521, 1925, On tho Fnotion Resistance of Pintos of Various Shapes 
(Geimnn), Froc Inlan Gong Jo i Applied Mach } Delft, 1924 
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Kempf and Kloess 1 investigates the drag of very short plates. 
The subject of very long plates is treated in the paper by Kompf 
himself 2 with the appended discussions of Gcbers and von K&r- 
m4n. Other contributions to the subject have boon mado by 
Stanton and Marshall, 3 Shigemitsu, 4 and Tel for. 6 

The measurements on long plates show consistently somewhat 
higher values than those given by the above formulas. In so far 
as these deviations are due to the influence of very great Rey- 
nolds' numbers they form a parallel case to the deviations from 
Blasius 1 law for the pressure drop in pipes at high Reynolds' 
numbers, 6 Based on the experimental results of tho flow through 
pipes, L. Schiller and R. Hermann 7 have made a calculation of 
the skin friction of plates. For the local drag coefficient 0 / for 
uxjv > 3 ‘10 6 , they give the interpolation formula 

- 0.1201 

v) 

Integrating this result leads to 


= 0.024 860 

Cj + It ' 


For the case of very smooth flow and a sharp front edge, again 
an amount 1,700/72 has to be subtracted from this. As men- 
tioned above, this formula is valid for R > 3 • 10 s , while below this 
Reynolds’ number the old formula holds. 

Regarding the influence of roughness on tho skiu friction, it 
has been found that for surfaces which uro not very rough tho 
skiu friction is hardly different from smooth surfaces, especially 
for small Reynolds’ numbers. In this case, the roughness 
inequalities are still within the laminar boundary layer, For 
larger Reynolds' numbers, where theso inequalities protrude 


„/ 1 f E “ PF ’ 0,1 ,®: nd Klobbs , Resistance of Short Plates (Gorman), 
ll'erft, Reederei, ffafen, vol. 6, p. 436, 1026, 

* Kbmpf, G,, ibid, 

'Stanton and Marshall, On tho Effect of Length on tho Skin Motion 
of Plat Surfaces, Tram. Inst. Naval Areh., 1924 

“ d L ™ 01 

5 Telfer, see footnote, p, 104, 

0 See also the note after Art. 48. 

t Sohimjsr, L,, and R. Hermann, Resistance at Largo Reynolds’ Numbers 
(German), Ingenieur Archiv, vol. 1, p . 391, 1930, munoors 
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out of the boundary layer on account of its smaller thickness, 
tlio lough suiface causes considerably gi eater fuction than the 
smooth ono Suifaces of gicat loughness, as fox instance canvas 
coveied 0110s, give a piaclically squaie lesistance law according 
to experiments of Wiesclsbeigei This indicates that the diag 
them is of the natuie of a pi assure icsistance With mcieased 
plate length, c f deci eases m this caso also, since with mcieasing 
thickness of the boundary layci the lclative loughness decreases 



CHAPTER. VI 
AIRFOIL THEORY 
A. EXPERIMENTAL RESULTS 

87. Lift and Drag. — The previous ohuplor dealt with the drag, 
i.e., with the component of the total force in the direction of 
the flow. But only in the case of Hyminotricnl bodies where the 
direction of flow coincides with the axis of symmetry does Hie 
direction of the total force coincide with that of the motion. In 
all other cases there is a dofinito and somotimoH a largo angle 
between them. By decomposing the total force into two com- 
ponents, one in the direction of the flow and another perpendicular 
to the flow, wo are lecl to the conception of lift. The angle 
between the direction of the flow and fcho total force exerted on 
the body depends very much on the geometrical position of lht» 
body with respect to its® notion. In practical aeronautics, we 
are interested in bodies (airfoils) where the total resulting force Is 
nearly perpendicular to the direction of the flow, so that in this 
easo the lift is groat and the drag small. 

0 Tho lift serves for carrying the airplane and 
therefore is a desirable property, whereas 
tho drag is a necessary evil which has to be 
componsalod for by tho propeller thrust. 

, 88. The Ratio of Lift to Drag; Gilding 

„ * T ... . Angle. — It has boon known for a long time* 

drag on fiat piato Mined that a flat plate mcunotl at a flimill iinRlC 
under 4 dog.; nspoot to the diroolion of tho flow has a lift 

ratio t>. 1,1 i , i 

L which is many Limes greater Ihnn 
its drag Z), Figure 70 shows tho lift and drag of such a 
plate inclined under 4 deg, with ronpoob to tho direction 
of flow. The ratio L/D , which is a crilorion of Iho quality of the 
• airfoil, depends not only on tho " anglo of attack” a but to a great 

1 The oldest literature up to 1902 can bo found in Fins Lor waldoFn article fin 
Aerodynamics in the n Encyclopaedic dor mnlhoina Lined) on Wi8sonHolmftim f M 
vol. IV (Mechanics), No, 17. Soo also 0, Fooppi, Wind Forces on Flat and 
Cambered Plates (German), Jahrb, vol 4, 

p. 61, 1910-1911. 
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oxlent also on the “aspect ratio.” For instance, a lectangle of an 
aspect latio 6 1 (i e , a lako between the sides of 6 1), shows a 
considerably larger L/D as a square plate The ratio D/L is also 
lofoued to as the tangent of the “gliding angle,” since this is the 
angle under which the an plane can pcrfoim a steady gliding flight 
A far better L/D ratio is obtained by giving the plate a slight 
cuivatuio or “camber.” Figuie 80 shows that the hft-diag 
latio m this case is about twice as large as foi the flat plate 
Slill huger hft-diag latios can be obtained by using legular 
an foils ns employod on actual an pianos As an instance, Fig 
81 shows the cioss section or “profile” of such an aufoil It is 


", 



Fiu 80 I?IQ 81 


Fig 80 — Ivlf t and dtag on ourvod plalo inohnod under 4 dog , aspect ratio 6, 
height of oambor equals ono iwonty-eovonih chord 
I f Ui 81 — Jjifi and ding foi nh foil under 4 dog , aspect ratio 0 

csscnLial that the front end be lounded off nicely and that the 
top bo curved very smoothly; moioovcr, the tail of tho profile 
should have a shaip edge, Tho curvature of the bottom side 
of tho piofilc generally is of loss importance In Ait 91 the 
i elation bolwoen tho flying clmracteustics of an an foil and its 
profile will bo discussed m detail For good piofiles at an aspect 
ratio of 6 i, it is possible to loach a hft-diag ratio of 20 or more 
Since both tho lift and tho drag are very much dependent 
on tho anglo of attack of the airfoil with respect to the direction 
of tho flow, it is noccssary to give a clear definition of this angle 
In some ensos it is to a certain extont aibitiary which plane 
through tho aufoil Is to bo taken for tho definition of the angle of 
attack For profiles whore both the top surface and tho bottom 
surface aio convex, it is usual to define the angle of attack, as 
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indicated in Fig. 82, by the lino connecting the sharp trailing edge 
with the cooler of curvature of the none. 

Another method which is common for moat airfoils is that of 
placing a straightedge against the profile as shown in Fig. 88, tliUH 



Fio* 82.- — Definition of imtflo of ill look for ilniihly uhTuiln, 


defining tho angle of attack. Thin dolinilion Imn (he mhlilioiml 
advantago of providing a well-defined point In which flic iuoiuimiIh 
of tho lift and drag can bo conveniently referred. Beanies fho 

uHiml doemupuHilUm of I ho. 
total air (Wen H info a lif |- 
L and a drag l) t Hnimt other 
denoniponit ioHH are uhcm] 

Fio. 83 , — Definition <.f hhkIo of «um-k Hometimes, for iiiNlnnce, in In 
mul of origin of moments, a llUlgCUl illl fol'Ce T find II 

normal force N referred to the center line of I he profile. 

89. The Lift and Drag Coefficients. In the preceding chapter 
tho drag ooofficiont was defined by (lie formula: 



C„ 


!) 

i/a' 

’V 2 


Quito analogous to tills, it is possible to define it lift coefficient , 
namely, 


C„ 



Corresponding coefficients are defined for tlm other forces 
somolimos used, for instance: C N for tlie norinnl force, (V for flu* 
tangential force, and C« for the resultant force. It is noeossury 
to dofino oxactly tho urea 8 appearing in the above formulas. 
In our previous considerations tho projected urea A in I lie direc- 
tion of the flow was used. For airfoils, however, if is common to 
dofino S as tho largest possible projected area; for Inufaneo, for rec- 
tangular wings 8 is equal to llio product of the spun h and the 
chord c (Fig. 84); for wings of other shapes wo have similurJy 

s-/>. 
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90. The Polar and Moment Diagrams of an Airfoil —Since 
both the lift and diag depend veiy much on the angle of attack, 
it seems logical to plot the lift and ding coefficients as functions 
of this angle In the first publications on noionautics this was 
usually done, the Ci and Co values being plotted as functions of 



a It is seen in Fig 85 that in the legion of technical impol Lance 
from a =* — 3 dog to a » 12 deg , the Cl lolation is piactioally 
hncai and the C D relation practically quadialic 

In practice, however, the knowledge of the relation between 
C h and Co and the angle of attack a is not neecssmy, and, moic- 
over, the angle a cannot lie easily measuiecl during flight It 



was suggested by Otto Lilienthal to plot Ci , as a function of 
C D and to wnte the angle of attack ns a parameter into this 
cm vo, which is known as the “ polar dmgiam ” In Fig 86 
such a diagiam is shown with the scale of the drag values flvo 
times as large as the scale of the lift values, This is usually 
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done for convenience, since the lift is very much greater limn (lie 
corresponding drag. 

For a full knowledge of tho air reaction on (ho wing, lift and 

drag alone are not miUieient 
since they del ermine only llto 
magnitude anil direel ion of (lie 
total airforce Imt not ilsloeulion. 
Instead of specifying a point 
through which the Col til air force 
passes, it is more convenient 
to specify the moment of I his 
foreo about a definite point or 
axis, since the point through 
which tlie force acls somelimcH 
lies quite far behind (lie airfoil. 
Tho point 0 about which I lie 
moment is taken usually is the 
corner point of the slraighletlge 

r.„ 80. Point diagram. Hh()Wn {n lh( , V1rHi M aUt l « 7 . 

If N is the normal component of tho air foreo and a ilH distance 
from 0, tho moment is M - Na. This moment is considered 
to bo positive whon it tonds to raise tho sharp trailing edge of 
the wing (Fig. 87). Introducing a moment coefficient (V with 
c boing tho chord of tho airfoil, wo lmvo 





Cm - 


M 

4V . 


and with 


Cn — 


N 


$ 


pV* 


we have 



l*ni. K7. 1 ( fnn nf inltif fn|vt» 

in lift and ilmi* nr in normal find Inn 
gon Uni force, 


a « 


M C Af 


N 


Cn 


or 


a Cm 

on . 

c C„ 


It is usual to plot Cm as a function of C/, in tho mannni' siiown 
in Fig. 88, where again tho angle of attack is written into l he 
curve as a parameter. Since C h *> C» oos a ~ C T sin «, it is 
seen that C N differs very little from CV, for small angles of attach, 
so that wc can write approximately 
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— = 

c Ct 

Theiefore if in Fig 88 the point a = 3 deg , for instance, is 
joined to the ongm, and the lino thus obtained is mletsected with 
the hoiizontal line Cj, - 1, the 
piece cut off fiom this horizontal j\ 
lino is appioxnnately equal to a/c c t 
The change of this point of inter- 
section for vanous angles of attack 
theiefore indicates the tiavol of 0,8 
the center of piossuic along the 
airfoil, °> 6 

91. Relation between the Flying 
Characteristics of Airfoils and 
Their Profiles — Since the piofiles 
usually applied in noionautios can- 
not bo expressed by simple mathe- 
matical formulas, a useful and 
simple classification of thorn has not °>° 
yot boon devised. 1 Only foi a very 
special class, the so-called Joukows- -0,2 

kv profiles (Al't 105), IS this l f K» M» -MomonteoomoionUs lilt 
J « -i coodiciont 

possible, since then foim can bo 

described completely by two paiamotcrs: tho thickness and the 
eui valuio 01 camber Thoiv charaotoiistio piopoitics as a func- 
tion of these two paiamoloi shave boon investigated thoroughly 2 * * * * * * 9 
Gockoloi 1 has made an attempt to dosciibo a moic gcneial 
typo of profile by moans of the theory of complex vauables and to 
find tho lelations between flying oharnclcnsUcs and profile 
shape Tho first systematic monism omonts in this dncction woio 

1 An attempt In o\pioss tho piofiles m mathematical foim has boon made 

by E EvoiIiiir, An Equation foi Aufoil Piofiles (Gonnan), Z Flugleeh 

Molorlu/lschijjahtt, vol 7, p 41, 1910 

* von Mibbs, 11 , Tho Thorny of iho biff of An foils (aonnan), Z Flugleeh 

Matorluftschiffuhi l, vol 8 , p 157, 1017, Son manic, 0 , Systematic Invcstiga- 

gatioiiB on Joukowsky Pioliles (Qoiinan), Z Flugleeh Motuiluft'ichiffalul, 

vol 18, p 225, 1027, Lob w, G , A Contulmtion to Joukowsky Piofiles (Gei- 

tnan), Z Flugleeh Molnrluftechifjuh) l, vol 18, p 571,1027 

9 Gmoktjbeu, J , Oil Lift and Longitudinal Static Stability of Aufoils as a 
Function of the Piofllo (Gorman), Z Flugleeh Motmlu/lichiOatot, vol 13, 
p 137 and p 170, 1022 
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maclo in England, 1 whoro an investigation was niudo t>f I ho 
influence of a variation in tho position of tlio greatest thickness 
of the profile on tho polar diagram, In I ho l Tailed HI all's sys- 
tematic experiments have boon made on profiles which are si iff 
enough in themselves to bo used without ouler strain, 

The flying characteristics of a profile are dolorinined by I lie 
lift-drag diagram and tho moment diagram, which lal ler gives a 
measure for tho static longitudinal stability. It is lo be remem- 
bered that tho drag of an airfoil depends not only on ils profile 
and on the angle of attack but also to a great extent on I he aspect 
ratio. Therefore in ordor to determine the influence of Iho 
profile shape itself, it is necessary to compare only airfoils of I lie 
same aspoct ratio. Tho diagrams given on (he following page's 
are all for an aspool ratio of 5:1. 

In general, the total drag of an airfoil can be divided info three 
parts: 

1. The skin friction, which is very much dependent on flm 
condition of tho surface of Clio wing and which can l«) minimised 
by making tho surfaco very smooth. 

2. A part of tho pressure drag which is dun to iho eddies in 
the wake behind tho wing. This part of the drag is greater for 
thick profilos than for thin ones. 


3. Another part of tho pressure resistance which is due to I lie 
fact that the air near tho wing flows downward on account of 
the lift and which causos tho wing to need a great er angle of 
attack than would bo necessary without this oiTeet. 

In Art. 107 it will bo explained that this last effect is due lo 
leakage round tho wing tips and is the more serious Iho suniller 


the aspect ratio is, This part of the drag is equal to the hori- 
zontal component of tho lift force which is caused by the increased 
angle of attack. It is called "tip resistance” or "induced drag." 
In Art. 110 a theory is developed showing Unit lids induced drag 
is a quadratic function of tho lift so that it can bo represented by 
a parabola in tho polar diagram, with its apex in the origin but 
of a shape depending on tho aspoct ratio. On tho diagrams on 
the following pages, tho induced-drag parabola lias been phi l led 
always for an aspect ratio’ of 6:1. Tho horizontal distance 

‘ WiEsiiLBDBiiGKn C , InvoBlignlions on Airfoils in Ti-.UliiigUm (Gmmuri, 
Fluglcch , MolorlaflschiSjahi) vol. 7, p. ](H0. 

S Ao, ' Q( i y T ,nio Pr °l ,onio " " f Thick Profiles Acmmling to 
S (Gorman) - *• MofoHnfMnJfuhH, vol. Jl. 318. 
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between this paxabola and the polar curve lepiesents the sum 
of dun friction and eddy lesibiancc, which bum is known as the 
“piofile diag ” 

We shall now discuss the 1 elation between the flying chai- 
actoristics of airfoils and the shape of then piofiles Figuics 89 
to 91 show that with approximately equal wing thickness and 
equal angle of attack an mcieaso m camber is accompanied by a 
consideiable mcieaso in lift However, the diag also mcieases 
even at a faster lato than the lift so that the most favoiable 
valuo of h/D becomes somewhat smaller, i e , moie unfavoiable 
for incieasmg camber It is also soon that the moment curve 



lua 89. Fra 00 Fra 01 

Fins 80-01 — Polat cUiv|(ianiH foi ith foils of llio biuho Ihtoknoss and diltoront 

nunlxir 


becomes slrnigliLoi for decreasing cambei, and foi asymmetrical 
pi ofilc it passes tlnough the ongin Foi such a piofile, theic- 
foio, the center of piossuie docs not tiavol when the angle of 
attack is vaiied. 

figures 92 to 9d show that for airfoils of equal camber the 
mfluoncc of the thickness is such that the polar cuivc becomes 
flatter and the maximum lift becomes slightly gieatcr foi thiolcei 
sections. Figures 95 and 90 show that a thiclcoi piofile in general 
has a greatoi drag for the same lift, which is duo to the mcicased 
cckly losistanco while the Blun fnction for the two wings is 
almost the same. The eddy resistance practically disappears foi 
very thin profiles and vciy small angles of attack Finally, it is 
seen in Figs 97 and 98 that a bonding down of tho fionl end of 
Lho profile causes a gieat mcroa&o in the diag for negative angles 
of attack. 
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A rough surface of the airfoil in all casos increases the drag 
considerably and also diminishes the lift. The most sensitive 
part of the section in this respect is the front end of the upper 



Fio. (12. Fid, 03. Fto, 04. 

Fig, 02-94. — Polnr diagrams for various thiokuous with llio BmiifljguMlnu'. 

side where there is a partial vacuum. On the other hand, con- 
siderable roughness on the upper surfaco near the trailing 
edge is hardly of any influence. 1 



Fiq. 05. Fio. oo. 


Figs, 06 and 00. — Tho profile drag gonornlly inorousoB with Ihirktioaa. 

92, Properties of Slotted Wings, — Wings with slols have boon 
proposed independently by Laohmann 2 (1018) and Hnndley-Pugc 9 

1 QtitUngcr Ergebnisse, vol. 1, p, 69, 1921; vol, 3, p t J.12, 1927, 

* Laohmann, G,, Slotted Profiles (Gorman), Z, Flugtech Motorlu/lachiffahrtt 
vol. 12, p, 164, 1021. 

3 Hanscom, D.j Investigations on Hnndloy-Pngo Wings (Gorman), #. 
Fluglech* Molorlvjischijfahr^ vol. 11, p. 161, 1021, 
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(1020) ancl have acquired con&ideiable impol lance lately. The 
main advantage of this typo of wing is that the maximum lift 
obtainable with it is considerably highei than for a noimal non- 
nlotted wing This advantage is to a certain extent offset by 
the fact that the gliding angle D/L foi oidmary honzontal flight 
is somewhat larger than for simple wings With slotted wings it 
is possible to fly honzontally at veiy much Lower speeds which is 
clearly of gieat impoilnnce for stalling and landing Dunng 
oidinary horizontal flight it is necessary to close the slot by some 
mechanical means m older to lesson the drag which otherwise 
would bo prohibitively large Figure 99 shows a maximum 




Fra. 07 


Fra 08 


Fias 07 mid 08 — Tho piofilo drag becomes largo at nogalivo angles of attack 
when noso of an foil is tloprossod 


lift coefficient for tho slotted wing of Cr — 2 08, as compared to a 
value C s , — 1.38 for a normal wing This piofile has a maximum 
lift-drag ratio of 21 as compared to 15 for tho slotted wing with 
closed slot and 13 for tho slotted wing with open slot. Still 
higher lift coefficients (up to CV, = 2 3) can be obtained with 
mill li-slo tied wings (Fig. LOO), Foi such types tho sudden 
discontinuity m tho diag coefficient obtained with single-slotted 
wings (Fig 99) docs not occur. Naturally, the structural diffi- 
culties involved are gieat. 

93. The Principle of Operation of a Slotted Wing. — In order to 
understand tho phenomena in the slotted wing, it is necessary 
fiist to compiehond why for a simple wing the lift does not always 
incieaso with tho angle of attack but starts decreasing whon this 
quantity exceeds a certain limit. 
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Wing lift is due to a partial vacuum on tho top side and an 
excess pressure on the bottom. This pressure difference must 
have disappeared at the sharp rear edge whore tho two currents of 
air join again. Consequently tho pressure along the wing is 



Fio. 09. — Polar diagrams, I, slotted wing wilh'opon Blot; II, with olusori Hint; 
III, normal wing, 

increasing toward the rear edgo on tho top side and decreasing 
on the bottom side (this will be discussed more fully in Art, 
94 and is illustrated by Fig. 102), Bernoulli's equation demands 




Fig, 100. — Multiply-slotted wlngH, 


a decreasing velocity toward tho rear edgo on tho top sido corre- 
sponding to the increasing pressure, which causes a divergence 
of the streamlines on the top side of a wing. Considering for tho 
moment some particular outer streamline as a solid wall and the 
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wing as another solid wall, we have a case of flow though a 
divcigmg channel similar to that discussed m the pievious 
chapters When the angle of attack increases, the lift becomes 
gientoi and the picssuxo gradient on the top side towaid the leai 
edge becomes also greater, which leads to an mciease in the angle 
of divergence of tlio channel It was seen befoie that a conver- 
sion of kinetic energy into picssuro eneigy can take place only 
m divoiging channels of a small angle of divergence As 
soon ns this angle has exceeded a ceitain rather small value, the 
flow docs not follow the walls any moie but breaks away from 
them and becomes a fico jet This phenomenon occurs also on 
the top side of a wing for laigo angles of attack The flow 
breaks loose from tlio wing and the so-called “stalling point” 
is reached Because of this effect the streamline pictuie around 
the wing is radically changed, and as a consequence of this change 
the lift doorcases. In oiclor to prevent a decrease in the lift it is 
apparently necossaiy to prevent the bi ealung loose of the flow, 
and tins is tho function perfoimecl by the slot It was discussed 
before in Art, 49 that tho cause of tho breaking loose is a loss of 
kinolio energy of the particles in the boundary layei due to the 
action of viscosity The air coming out of the slot blows into the 
boundary layer on tho top of the wmg and impaits fiesh momen- 
tum to the particles m it, which have been slowed down by the 
action of viscosity Owing to this help, the pal tides aie able 
to roach tho shaip rear edge without bieaking away, A similar 
action can be obtained by blowing air at great velocities 
through little nozzles fiom tho interior of the wmg into the bound- 
ary layor, as was proposed by Wicland 1 and Seewald, 2 

Another means of preventing tho bounclaiy-layer particles 
from flowing back is to suck them into tho intei lor of the wmg 
m a manner similar to that discussed m Ait 50 for the flow round 
n. cylinder, This is done by means of a blower, and the air thus 
transported into tho wmg is blown off at some place where it 
cannot do any harm 3 

Still another method of obtaining tho same result is to replace 
tho fiont edge of the airfoil by a rotating cylinder or also by 

1 WnohAND, K, Investigations on a New Kind of Wmg with Nozzles 
(Gonnaii), 7j Fluglech Moloilufl'ichiffafot i vol 18, p 346,1927 

* Sms wald, T , Inci easing tlio Lift by Blowing Iligh-piessuio An* along 
the Top Sido of an Aufoil (Gentian), % Flugtcch Molorluflschiffahrt, vol, 18, 
p 360, 1027 

3 SaiTHBNK, 0,, see footnoto, p 81, 
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putting this cylinder inside the wing as shown in Fig. 101. 
Experiments made by Wolff 1 have shown that airfoils with such 
a rotating cylinder can be made to have much greater lift coeffi- 
cients {Cl — 2.13 with « — 1 1.7 
deg.). Of all the methods men- 
tioned, only fcho slotted wings have 
Fm. 101.— Airfoil with rotating Jj CCn applied SO fill' to practical 
oyiindor. airplane construction. 

94. Pressure Distribution on Airfoils.— -The pressure distribu- 
tion on an airfoil is determined experimentally in the smno man- 
ner as discussed in Art. 85 for airship models. The airfoil model 
is made of thin metal plato and is hollow Inside. At tho location 
where a measurement is to be made, a small hole of approxi- 
mately Kc'i n - diameter is provided. Tho inside of tho wing is 
connected to a manometer by moans of a rubber tube. For a 
test all measuring holes are closed up with putty except tho 
one at which the measurement is to bo made. Tho model is 
then subjected to the air stream in tho wind tunnel and I he 
manometer shows tho pressure at tho location of tho one hole 
which has been left open. In this manner tho entire pressure 
field on tho surface of tho airfoil is determined point by point. 

Figure 102 shows the distribution in tho middle section of un 
airfoil approximately of tho shape of Fig. 86 for various angles 
of attack, The unit in which all pressures are expressed is the 
“stagnation pressure.” Tho total force exerted on tho wing 
either on the vacuum or on tho pressure side is expressed by (lie 
area of tho diagram. It is soon in tho figure that tho major part 
of the lift is caused by tho vacuum action on tho top sido of tho 
wing, It is also scon In Fig. 102 that tho vacuum diagram for un 
angle of attack of 15 deg. is considerably different from Lhn samo 
diagram of 12 deg. This phenomenon is very intimately con- 
nected with tho fact that for a - U.Q dog. tho lift starts to 
decrease with tho angle of attack (Fig. 80). Huoh pressure* 
distribution measurements on tho middlo sootlon of an airfoil 
were made for the first time in England in 1911. 

Pressure-distribution measurements across an entire wing 
were also made in England first in 1012—1913, * and subsequently 

1 Wolfp, E. B,, Preliminary Lives ligation on tho Influence) of a Rotating 
Cylinder in an Airfoil (Dutol)), V crhandcl. Rijkn Eh tdwlicnd Lucliltmrl , 
Amsterdam, vol. 3, p. 47, 1025; Wolff, E. B., anil C. Koninu, Further 
Investigation, etc. (Dutch), Vorhandel. Rijks Elmlicdionut LticlUvmrl, 
Amsterdam, vol. 4, p. 1, 1027. 

3 Munk, M,, Z, Fluglech. Motorlvftechijfahrl, vol. 7, p, 137, 1010. 
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quite often in the United Staten. From nuoh oxporimonlB, tlm 
total lift of the wing can be calculated by an integration process 
first across each section and then along the span (l 1 igs, 1(M and 
104), The lift and drag values ho obtained can bo compared lo 
the corresponding values found directly in the wind tunnel by 
means of the aerodynamic balance. An example of (his in shown 
in Fig. 105, where it is scon that the lift vhIuoh are in excellent 




Fra. 103. Fw. 

Fig. 103. — Lift distribution along span (obtained by inlogi-nUiig moeimtml 
prosauros) for various angles of attack. 

Fig, 104. — Drag distribution along span for various nngloH of allnok. (Nhlo 
high drag at tip for largo angles of attuok.) 

agreement, whereas the drag values calculated from the pressure 
distribution are somewhat lower than those obtained with the 
balance, The explanation for this naturally is that tho skin 
friction is measured in tho balance, but is not included In tho 
calculated figures, 

B. THE AIRFOIL OF INFINITE LENGTH (TWO-DIMENSIONAL 
AIRFOIL THEORY) 

96. Relation between Lift and Circulation.— ■'Tho theory of 
the lift of a body moving through a fluid is very much different 
from the theory of drag and offers far loss’ difficulty. Tho 
fundamental reason for this is that any explanation of drag 
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requires a consider ation of viscosity (even if it is only in a very 
thin boundary layer), whoicas tlio lift can be explained entnely 
without the concept of viscosity so that the well-known methods 
of the classical hydiodynamics of the ideal fluid aic applicable. 
If a body expeuenccs lift, i e , a force component peipendicular 
to the flow of the fluid, wo can ascribe this phenomenon only to a 
certain excess picssuie on the bottom side of the body and a 


Fig 



105 — Lid and ding ooofflr louts vs an«lo of allnok, from pressure moflBuro- 
monts (•) and horn aoiodyiuunio balance monsiuomonts (°). 


ccilain paitiftl vacuum on llio top side (designated by ++ and 
, lospcelivoly, Fig 106) 

In case this condition is one of steady state, Bernoulli's equa- 
tion loads to the conclusion that the velocity as an average must 
bo greator above the body Limn below it This oondition can 
bo explained by superposing on the flow fiom loft to right a cii- 
eulaling flow m a cloclcwiso direction, as was first shown by 
Rayleigh 1 and Lanoheslcr 5 This is depicted m Figs 106 to 
108, where it is understood that Fig 107 shows the puiely tians- 
latory flow which does not exert any foice on the plane but onlyti 
turning moment The superposition of the translatory flow of 
Fig. 107 and the circulation of Fig 108 leads to the condition of 

1 Raymuoii, Lord, On llio Inogular Flight of a Tonms Ball, Messenger 
of McUhomalm, vol 7, p 14, 1877, oi So. Papeis, Cambridge (England), 

p 344, 1809 , 1nnw 

a LanoukstbKj F W , Aerodynamics,” London, 1907 
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Fig. 106 where the velocity on lop of the piano is greater than 
on the bottom of it. The condition of Fig. 107 is the one which 
exists immediately after starting. The amount of circulation is 

designated by r which is equal to <£w adt being the lino integral 
of the tangential component of the velocity along any closed 



Fia 100. — Superposition of tho Fm. 107.*— Puro trim nhx lion ill 
flows of Figs. 107 and 108. flow round inolinocl pinto. 


curve surrounding the airfoil. In Art. 09 it will bo explained 
how the original picture, Fig. 107, is transformed into tho one of 
Fig. 106. 

96. The Pressure Integral over the Airfoil Surface. — In tho 
following calculations it is assumed that tho airfoil extends to 
infinity on both sides in tho direction porpondicular to tho paper. 

Owing to this simplification, effects of tho wing 
tips have not to bo considered, so that tho slrenin- 
lino picture is tho samo for any cross section 
perpendicular to tho wing, or, in other words, 
tho flow is two dimensional. Tho curvature of 
the airfoil and tho anglo of attack « with respect 
to the direction of flow arc both so small that it is 
permissible to assume cos « as 1. With this sim- 
plification, it is necossary to consider only tho .r-emnponont of tho 
circulation flow denoted by u a abovo tho wing and by u b below 
the wing. The directions of u„ and ut, arc so indicated in Fig. 100 



Fio. 108, — Pure 
circulatory flow 
round inclined 
plate. 


V+*m 



Fia, 100. — Decomposition of volooiliim. 

that both quantities are positive. Tho following calculations 
are made for a span longth l cut out from tho infinitely 
long wing. Denoting the pressures abovo and below tho wing by 
p a and pb } respectively, tho following relation is approximately 
true: 

^ “ f f (P* “ P«)dS lf A (Vi* ~ p«)fAr, 
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wlieie dS ia tho element of suitaco equal to AB l Eliminating 
from this tho picssuic by means of Bernoulli’s equation 

L « ff ( 2)0 - p«)(lS = U, [(V + u tt y - (V - u b y)(h 

= l/i [2F(i( n -1- ho) + m«* - u,A)ch. 
With the simplifying assumptions maclo bofoie, wo have 

+ ffwh - P, 

winch, when substituted into tho picvious equation, leads to 
L = IpVV + f,i ~ Uh~)di 

It will bo piovcd latci that tho mtcgial appealing in this 
expiesaion is equal to zeio so that the final result is L = IpVV, 
or, in woicls, tho lift is proportional to tho cnculation 

97. Derivation of the Law of Kutta-Joukowsky by Means 
of the Flow through a Grid. — In order 
for the lift m a more exact mannci, 
wo shall consider instead of a single 
wing an infinite number of them 
forming a “grid.” Tho distance 
between tho individual blades is a, 
and the cooidinatc axes aio chosen so 
that a is m tho vortical ducction 
positive downwaid and ?/ is lioinsontal 
and positive to tho light (Fig 1 10) 

Tho area ovor which tho integration 
will bo performed consists of a plane 
Ai = cil on the loft side far away 
from tho giul and parallel to tho x- 
axis, a similar piano At to the right 
of tho grid, and two cylindrical sur- 
faces along streamlines, Smco Ai — A •> tho continuity equation 
leads to 

Vi = Vi = v. 

Applying tho momentum Lhoorom, it is scon that the mo- 
mentum integral as well as tho prossuro intogial takon over l ho 


to derive tho above result 



Fio 110 — Flow lhioui?hffrid 
fui pioof of KuUa-Joukowak# 
lift thuoiom 
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two streamlines are neutralizing each other, sinco the stream- 
lines are identical in shape. Since, moreover, thoro is no pressure 
component in the ^-direction, the momentum theorem applied 
to the .r-direction becomes 

—X = plav(ui — ill). 

For the y-direction, we find similarly 

F = pla(vi 3 - vt*) + al(pi - pt) ~ al(pi — pt). 

Bernoulli's equation, however, gives 

Pi — pi - |(«2 2 + Mo 2 ) - + Mi 2 ) 

and, since v\ — Vt, we have 

Y = pla-~ = — (lit - Mi). 

Now the circulation round one blade will bo calculated and it 
is convenient for this purpose to follow the same contour as was 
used for the momentum calculation. The contributions to 
the line integral from the two stroamlines neutralize each other 
so that we finally obtain 

T = a(m — Mi), 

This substituted in the previous results loads to 
X - -pi r®, 

Y = p 2r^+3. 

The individual blades are now moved *away from each ofchor until 
in the limit they are at an infinite distance apart (a » co). 
With this process r must remain finite and, since r *» a(u 2 — Ui), 
it follows that 

U2 m U\ 

or, in words, for a single wing the velocity of the fluid far in 
front of it is parallel to the corresponding velocity far behind it. 
If the direction of flow at infinity bo made to coincido with the 
y-axis, we have Ui ~ Wa — 0; or, in words, tho ^component of 
the force in the direction of the flow vanishes and wo obtain 
only an X-component, i,e, } a lift. If tho ^-direction is now 
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reckoned positive upwaicl and the velocity of the fluid at infinity 
be denoted by V, we find finally 


L = plVY . 

'Phis very important foimula foi the lift was first derived by 
Kiitln, 1 (1902) and latei independently also byJoukowsky 2 (1906) 
98. Derivation of the Lift Formula of Kutta-Joukowsky on 
the Assumption of a Lifting Vortex— Thcie aie seveial otliei 
pi oofs for this thooiom The pi oof given by Joukowsky is based 
on tho fact that the flow at great distances fiorn. the aufoil is 
mdopondont of its exact shape Foi the stieam function he puts 
m a quite goneial mannci 


z “ r * + B log * + j 


+ a + a + 

Z Z 


and, consequently, 

(IZ T . . n A 2B SC 

*"■»" r + 55“?“7‘- , F 


) 


wheio A, B } C, , . . aio complex constants These constants 
dclcimine the piociso shape of the flow lound the body and are 
different for diffoiont airfoils and chlfoicnl angles of attack At 
largo distances (largo z) the lei ms propoitional to A } B> C can be 
neglected, and consequently tho velocity hold is as if theio 
woio only a u lifting voilex” of stiength V at the ongm It 
is of importance to note heie that this voitcx is not a Helmholtz 
vortex (of which the volocity is zero with lespcet to the surround- 
ing fluid) but that it is a 11 lifting vortex” oi a "bound vortex” 
of winch tho velocity relative to tho sunounding fluid is diffeient 
txoin kcio It is understood that a lifting vortex is not a physical 
reality but that it is a very useful concept for the theoiy of au~ 
foila. The idea of a lifting voitcx can bo made somewhat plau- 
sible by comparing it to a i elating cyhndei of which the diameter 
has shrunk to zeio, 

With this conception of a lifting vortex tho velocity at great 
distances from tho aufoil consists of the superposition of the 

1 ICurrA, W , Xjift Foicos m Flowing Fluids (Goiman), III aeronaut 

Mitt ,1002 

* Joukowsky, N, On the Shape of tho Lifting Siu faces of Kites (Geiman), 
Z Fluylcch A folorluflschiffahrt) vol, 1, p 281, 1910, and vol 3, p 81, 1012 
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constant velocity V and the secondary eiroulnlion velocity 
w — r/2irr (Fig. 111). 

It is now comparatively simple to derive the lift formula by 
means of the momentum theorem, whereby the shape of the inte- 
gration surfaco employed determines which part of the total lift, 
is caused by pressure and which part is mused by momentum. 
In case a concentric cylinder round the lifting vortex iN used for 
integration surfaco, the pressure integral and the momentum 
integral both bocomo pl'F/2 — hj 2, where h is the lift, per unit 



Fio, 111. — Tho voloolty a\> lnr«o tli«- 
taneo from airfoil is irmdo up of uiuHh* 
turbot! velocity Kami Mocondury voloelt 
w = r/27rr, 



I'M, 112. Knr airmilur IiuhiiiE- 
iiig Hurfni'ii half flu* llfl Ih dun ht 
inommitmn mill half tn pro knii if. 


length of tho airfoil, Tho circulation velocity w duo to the 
presence of tho lifting vortox is V/2irr and everywhere perpen- 
dicular to tho radius r. From Fig. 112 it. is seen that the 
momentum integral of tho vortloa! component of tho velocity 
per unit length of tho wing is equal to 


since 



<"■ w> - d‘' n,rV £ 


pW filr 

-27 Jo ^ ^ 


OOH 4 V? 


pvv t 

T 



t r. 


The resulting momentum is directed downward since tho velocity 
in front of tho airfoil has an upward component which is changed 
to a downward component bohlrnl. The reaction of tho fluid, 
therefore, gives a lift on tho airfoil in an upward direct ion. 

Now we proceed to a calculation of tho pressure integral. 
Denoting by p, the prossuro of tho undisturbed fluid ami by 
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V -f w the goometncal sum of the veetois V and w, Bernoulli’s 
equation is 

v + |(v + w y = p 0 + ?v s 

Fiom Fig 113 it is seen that 

(V 4- w) a = (F + w sin p) 2 + 

(w cos <p) 2 

Choosing r sufficiently largo, it 
follows that w becomes infinitely 
small with lcspcct to V, so that the 

cxpicssion w 2 can be neglected The piessuie then becomes 




I'M. 114 


p = p a — >pVw sin ip, 

It is seen immediately that the honzontal 
component of the piessuie integral is zeio 
The vertical component of p is equal to 
p sin <p so that the veilical pressuie 
lnlegial poi unit length becomes 

^ — pC*Vio sin 2 <p rd<p = 

*- prVw f^sin 2 <p (hp 

= piasrF - 

& 


Fill 115 


The total lift per unit length is the sum 
fressZ7el>eb7^atM03phericpi‘ of the prcasuro integral and the momon- 
turn integi al and consequently equal to 

^ , L- pT7 

prtssvre above atmospheric pr 

------ was baid before that the paits taken 

ifjns in-no— H op- hy the momentum or pleasure integrals 
tnnguiar bouiuimg surfaco m (,] 10 hft depend on tho shape of the 

pianos go to Infinity, tho buuuco of lntcgiftllon. If, for mslftllCO, 
lift 1 b duo ontiroly to tins surface is taken to be of rcotangulai 
yoi tioal plane* ro to m- foim (I?ig. 114) and tho horizontal sides 
iinUy, tho lift m duo to of tho rootanglo aro moved lo infinity, 
proBsuro only (no) tho suifucc of integration consists of 

two infinite vortical pianos (Kig 1J5), In this case the pies- 
suio integral is zero and tho lift is equal to tho momentum 
integi al On tho other hand, if tho vortical sides of tho rectangle 
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are moved to infinity (Fig. 110), the momentum integral vanishes 
and the lift is equal to the pressure integral. 

In an infinite atmosphere it is therefore entirely undetermined 
what part of the lift is due to pressure and what part is duo to 
momentum. This is different as soon as the influence of iho 
ground is considered. Then the horizontal sides of tlio rectangle 
of Fig. 114 are prevented from moving to infinity, so that only 
the case of Fig. 1 16 is possible. This means physically that the 
lift is always transmitted to the ground in the form of an increased 
pressure at the surface of the earth. The distribution of this 



Fi a. 117.- — Method of images. The lift of an airfoil ia transferred to tlio surface 
of tho oarth as increased pressure. 

pressure can be conveniently calculated by using the method of 
mirrored images 1 (Fig. 117), 

In that case the earth's surface PP is a plane of symmetry. 
Tho surface of integration is taken to be a semicylindcr on 
PP of length l boundod on tho bottom by a rectangle cut out 
of the plane PP, Calculating the pressure integral and the 
momentum integral across this surface, it is seen that for increas- 
ing r, the pressure integral becomes more and more equal to tho 
lift. In the case of an infinite r, the momentum integral con- 
verges to zero and the lift becomes equal to the pressuro integral 

99, The Generation of Circulation, — It was explained boforo 
that a lift can be understood only by assuming a circulation 

1 Betz, A,, Lift ancl Drag of an Airfoil in tho Neighborhood of ft Hori- 
zontal Plane or of Iho Earth's Surface (German), Z . Flugtcch, Motorluftschijjf* 
ahrl , vol. 3, p, 86, 1912. 
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flow superposed on tho tianslalional flow past the body How 
can the existence of such a on culation flow be explained? Wo 
assume that at fust the fluid is at lest so that the lino mtegial 
of the velocity along a curve completely sunoimding tho anfoil 
is zero, because all velocities arc zcio According to tho theoiem 
of Thomson (Art 84, “Fundamentals” 1 ), the circulation in a 
fuctionless fluid must lemain constant (in this case equal to zero) 
when the fluid is suddenly put into a uniform translatoiy motion 
with inspect to the airfoil This is apparently m conii adiclion to 
tho experimental fact that them is a circulation loimd the anfoil 
A close examination of tho phenomena shows that the flow in 
the first moment after stai ling actually is a potential flow without 
cn oulalion as shown m Fig 118 and also m Fig 48, Plate 19* 



Fro 118 — Potontml flow without circulation 

The moat lmpoilnnt featuio of this potontml flow is that the 
velocity round the sharp mir edgo of the anfoil is infinitely largo 
Owing to the action of tho very small viscosity in tho boundary 
layer, however, this largo velocity dovelops into a surface of 
discontinuity. 

This surface of discontinuity emanating from tho sharp rear 
edge is rolled up to a voitox, tho so-called “starting vortex,” 
Since this voitex, according to tho thooicms of Helmholtz, is 
always associated with tho same particles of fluid, it is washed 
away with the fluid. In the actual oxpoiiinonl with fluids of 
small viscosity like air or walor tho Jknv in tho first moment 
after staiting actually shows a gicat velocity round tho sharp 
lear edge Immediately aftoiward, liowovor, a vortex is formed 
which at once possesses certain finite dimensions, but as m the 
idealized caso this voitox grows rapidly Figures 49 la 51, 
Plates ID and 20, show tho generation of such a starting vortex. 
Tho same phenomenon is shown in Figs, 52 to 54, Plates 21 and 

^co footnote, p 3 
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22; in this case, however, the camera is at rosl with respect to the 
undisturbed fluid and the airfoil is moved with respect to it. 
Owing to the generation of the starting vortex, tho velocity field 
is changed in the sense that a circulating motion is superposed 
on the translatory motion in such a manner that the circulation 
round the wing is at any moment equal and opposite to the cir- 
culation of the starting vortex. The circulation (round tho wing) 
and consequently the starting vortex inorcaso in intensity until 
they have reached such a value that tho flow joins smoothly at 
the two sides of the rear edge. As soon as this condition in 
reached (which usually is the case after the wing has moved about 
one chord distance), the starting vortex does not increase any 
more. If the velocity or tho angle of attack is increased, another 
vortex is shod off having tho name 
direction of rotation as tho starting 
vortex. On tho other hand, if tho 
velocity or tho angle of attack is dimin- 
ished, a vortex is thrown off which 



Fiq. no. 



Fio. 120. 


has tho opposite direction of rotation 
as tho starting vortex. If tho wing 
is accelerated from rest and immedi- 
ately afterward stopped, two vortices 
of equal strength and opposite rotation 



Fio. 121. 

Figs. 119-121, — A fluid lino 


are thrown off. This phenomenon is 
illustrated by Fig. 55, Plate 22. Later 
wo shall discuss tho onorgy relations 
involved in tho formation of those 
eddies. 

When it has boon understood that 


round a wing at rest in various the generation of circulation round an 
stages of development after . , 

starting. The total oircutn- air *oil is necessarily accompanied by ft 

tion round it always remains starting V01't0X,it Cftll bo shown Without 
zero, so that the oirmilat on . * - . 


zero, so that the circulation i7 * , ,, . , * . 

round the airfoil is equal and CUlnCUlly that the OXlSlonCC of Cn’OlllO" 


in^vortox 0 thafc ° f tb ° sfcarfc " ^ on 110 ^ contradiction to 

Thomson's theorem, Trace a Jino 


round the airfoil at rest (Fig, 119) and lot this lino bo asso- 
ciated always with the same fluid particles. After tho motion 
has been initiated, this lino will always enclose both tho wing and 
the starting vortex (Fig, 120). Sinco it can bo seen in Fig. 58, 
Plate 22, that the circulation round the airfoil is equal and oppo- 
site to that of the starting vortex, it is clear that the lino integral 
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lound the closed fluid lmo remains equal to zero. Conversely 
it can be concluded fi om Thomson’s theorem that the cnculation 
lound the au-foil will be equal and opposite to that of the staitmg 
vortex. This becomes deal horn. an inspection of Fig 121 
from which follows that if the line intcgial lound the total closed 
cuive is equal to zeio, the line intcgial round A\BA\ must be 
equal and opposite to the conesponding 

intcgial round AiBA 2 i- 

100. The Starting Resistance. — The 
starting voilex of cnculation r still influ- — 

onces the flow round the anfoil after it d 

has been washed away from it From Fig volooity w mducod ""by 
122 it is clear that tins influence consists of aUrtlng vorto\ 
a downward component v> of the velocity at the airfoil, having 
tho magnitude 


& 


w~ 


T 

2r l’ 


whoio l is the distance between the staiting eddy and the airfoil 
This small additional velocity w causes a deviation in the direc- 
tion of tho lclalivo air velocity and consequently is losponsible 
foi a change in dnection of the air force The angle through 
which this air foice is turned is expressed 
by 

, . w 

ip — tan 1 • 

It is clear that this causes a drag, which 
is large for small distances between the 
stalling eddy and tho aiifoil. The drag 
D per unit length of span can bo 
calculated from Fig 123, as follows: 



V' 

Fio 123 > — starting 10 - 
BtBtanpG duo la downward 
volooiiiy w 


D 


T T w _ pV r r 

L cos <p - Iy 7 27 tJ 


= p; 


2vl 


It is scon that tins starting drag is proportional to the square 
of tho cnculation and inversely pioporlional to the distance of 
tho starting eddy from tho anfoil Tho work done by this diag 
when the airfoil moves between h and k consequently is 



pT 8 

2ir 


1 p* i vt 

Ji, T = t og “ 


pr? 

2tt 
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This work becomes logarithmically infinite when h becomes 
infinite and it serves to create the kinetic energy round the wing 
and in the eddy which have equal magnitudes. From Fig. 124 
we calculate the kinetic energy IC of one of these eddies por unit 
length of span (perpendicular to the figure), namely, 


„ rr 2n , w A P r 2 fr,dr pT 2 . ?’ S 

K = | 2xrd)~p = I — = log ~ 
Jr, 2 ^ 4 r Jr, r 4ir ° n 


It is seen that the kinetic energy of the circulation is equal 

to half the work done on the 
drag; the other half is accounted 
for by the kinetic energy in 
the starting eddy. Howovor, 
theso calculations nro pertain- 
ing only to tho two-dimon- 
sional problem of a wing in 
infinito space. In tho real 
cases, who tlier of a wing of 
finito span or of a wing in 
tho neighborhood of tho ground, 
the work done by tho drag as 
well as tho kinetic energy of the 
oddics remains finito. 

101. The Velocity Field in the Vicinity of the Airfoil— -At first 
it seems difficult to understand why tho direction of tho flow far 
in front is influenced at ail by the presonco of tho airfoil, because 
the air at such a location has not yot come into bodily conlnol 
with the wing. In applying the momentum theorem (pago 105) 
to two parallel vertical pianos in front of and behind tho wing, 
it was seen that at a large distance in front of the wing the momen- 
tum corresponds to half the lift. This scorns oven more strange. 
Lanchester 1 deserves great credit for having given a physical 
explanation of this phenomenon as early as 1897. Ho based Ills 
considerations on the fact that in order to obtain a lift it is 
necessary to accelerate air particles downward continuously. 
If the wing would not move forward, fresh air could bo caught 
and accelerated only by making tho wing fall downward (para- 
chute). It is therefore of advantago to make tho wing move 

forwaid rapidly in order to catch and accelerate now air partiolos 
all the time. 



‘LANcnBSTBn, F. W,, see footnote, p. ISO. 
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A simple pictuie of this downward acceleration of the air undei 
the airfoil can be obtained by letting a flat plate of infinite 
width fall down fieely dunng a shoil time The field of accelera- 
tion of the sunoundmg air can be calculated foi this case, and the 
lesult of such a calculation is shown in Fig 125 The an above 
and below the plate is acceler- 
ated downwaul, while to both 
sides of the plate the acceleia- 
tion is dnected upwaul, since 
the air pai tides pushed down 
by the bottom eventually have 
to get to the top Now we 
shall calculate what happens 
to this field of acccleiation 
when it is moving forward 
with the velocity V, whoio V 
is assumed to be large with 
lespect to the velocities u, v , 
caused by tho acceloiation of 
the plalo which is supposed U> *» ,2,r£\i7i£&““' 
bo of very short duration. 

Further, the displacements of tho individual an particles aio 
assumed to bo so small that tho general oxpicssion 

Dv dv . do . dv 

Tt == Tt +u Tx + % 



is appioximatoly equal to dv/dt so that 

Ut 


r i , 

J— » dt 


Taking tho i-axis of the system of coordinates m tho direction 
of the velocity V and the y-nxis in tho dnootion of tho acceleration 
of the plate and lnlioducmg tho now vanablo £ = x + Vi, 
wo have 

ft - fa + vt, y) - /( f, v). 

For a constant & this can be integrated so that 

V = f_ „/(£, v)dt. 
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Moreover for this case of x = constant, wo have 

dl; = Vdl, 


so that 


v = vw- 


The velocity of the individual particles in the ;r-axis thoreforo is 

/.A 1 ri fi/u n\ . 71* 


(V)v~0 - Q)dl 


In order to carry out this integration, wo uso the field of tho 
acceleration in the y-direction for y — 0, as shown in Fig. 120, 



Fids. 120-128, 

Fixing the constant of integration .so that in tho middle of tho 
plate v is zero, the result of Fig. 127 is obtained. 

Since tho displacements of the particles duo to this field of 
acceleration have been assumed to bo small, tho volocity v for 
y ^ 0 is approximately the same as for y — 0. Now we super- 
pose on the whole phenomenon a uniform velocity — 7, so that 
the flow becomes steady. Then, at any instant, d£ « (lx, Tho 
streamlines for this steady flow can now bo calculated from tho 
relation 

dy _ v v_ 
dx V + u w V 
or using the above results, 

y ~ yf vd(. 
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It is scon in Fig 128 that the slieamhnes above and below tho 
plate have a paiabohc shape (since v » 0)1° oiihei side of llio 
plate, however, the ordinate y decreases with log £ (because 
v l/£ at a laigo distance from the plate) Fiom tins com- 
paratively simple consideration, it follows that the air in front 
of the wing is accelerated upward From tho shape of tho 
streamlines it can bo concluded that it is of advantage to 
use a cm ved plate instead of a flat one In the case of a parabolic 
plate the pai tides m the neighborhood of tho plate are accelerated 
uniformly (see Fig 126) 

102. Application of Conformal Mapping to the Flow Round 
Flat or Curved Plates — Independent of Lanohestor, Kutta 1 















? r. 











■ ■ ■ 



Fiu 120 — Flow aloitR flat plate wf = f I tv - piano 

calculated the streamlines mound an airfoil by moans of con- 
formal mapping The application of conformal mapping to 
pioblcms of aerodynamics, originated by Kutta in 1002, has 
proved to be of gicat value. It should be mentioned, however, 
that tho nature of tho mothod restricts it to two-dimensional 
pioblcms, » 

Usually tho starting point is the flow around a circular cylinder 
(see Art 79, “Fundamentals” 2 ). Tho proccduio consists of 
transfoimmg this cylinder into some aufoil shapo by mapping 
the cnclc and its sticamlino picturo on another plane by means 
of a suitablo analytic function. 

East vve consulci the trivial case of a uniform flow along an 
infinitely thin plate. In Fig 129 this plate is represented by a 
stiaight line between the points —2a- and +2a m tho £ =* £ + 
coordinate system. By moans of the function 

1 Kutta., W, Lift Foiccs in Flowing Fluids (Goiman), III Am omul, 
Mill , 1902 
! Sec footnote, p 3 
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this straight line is mapped into a circle of radius a nncl Iho par- 
allel flow along the straight line maps into tho flow round llita 
circle (Fig. 130). In order to verify this wc substitute {* ±2a 



Fia 130, Conformal mapping on* - * + pliuio of Fig* by tho fuiualiuii: 



into (1) with the result that z =» ±a; also a substitution of {* » 0 
gives for 2 the values ±ia. In general tho points of tho f-nxiB 
between -2a and +2a can bo represented by tho formula 


$ - 2a cos 0 

which, substituted in (1), leads to 

z — a cos d + cos 2 0 — * a 2 


or 

z ~ CE cos 6 ± v'^QT - o'oF 
or 




z - a cos 0 ± za sin 0 , 

ConsequenHy the f-axis between -2a and +2a is mapped on u 
circle of radius a. Ihe two-sheetod IUomann surface of tlio 
the b f an “ h cut from ~ 2a and +2a is mappocl into 

. n ^ y K US ' ng su j tabIe functions, the flow round tho circle in Fig. I;j0 
an be transformed into other flow patterns of great variety. 
Foi instance, applying the inverse function of (1) 


? “ z + 


a 2 


( 2 ) 
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it is clear that the original flow of Fig 129 appeals again. With 
the function 


the flow round a vertical plane is obtained (Fig 131) The flow 
lound a plate at an angle a can be derived from (2) by 
turning the z-plane of Fig 130 thiough this angle a (Fig 132) 



Fig 131 — Confoimtd mapping of Fig 130 by tho function 
£ z — a V* 

ICutta also suggested a method foi calculating the flow round 
circular arcs Tho dotted circle of Fig 133 ib transformed into 
the dotted line of Fig 134 by means of (2) The full circle of 



Fig 132 — Figuro derived by finjfc turning Fig 130 through an tuigto a, then 
applying tho function of Fig 131 to it 

Fig. 133 passing through the points ~a and +o and having the 
point if as a center is mapped by the same function into tho 
circular arc of Fig 134 with a height 2 if. A molhod for 
tho giaphioal construction of streamlines round'oiroulai arcs based 
on Kutta’s method was worked out by W. Doimlcr 1 

1 Ceimi/er, W , Constructions of the Kutla Flow (Gorman), Z math 
Phynl, vol 00, p 373, 1012, or 7, Flugtech Motorlu/tschijjfahrl, vol 8, p 
03, 1012 
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103. Superposition of a Parallel Flow and a Circulation. Flow — 
In all cases discussed before, the airfoil may experience a turning 
moment but it does not have either lift or drag. We already 

know that it is necessary to 
have a circulation round the 
airfoil in order to crcato lift. 
Using the potential function <1> 
and the stream function 'I', as 
discussed in Art. 75, “Funda- 
^ mentals/’ 1 it can be shown 

Fig, 133, — Flow round circular oylin- With Comparative CaSO that tllO 
dor of center 2 = 0,v - i/in a coordinate flow around a circle of radius f l 
system turned through angle , list 

in the 0 = a; + 4 y)-plano ih 



determined by the complex function 


<f> + i $ = 71 




V* + V- 


(3) 


The first term represents the potential of a parallel flow with tho 
velocity 7, whereas the second term represents a mirroring on 
the circle of radius a. The superposition of those two terms 
gives the well-known flow round a circular cylinder, as shown in 



Fio. 134. Conformal mapping of Fig. 133; tho dnahod oirolo becomes tho dnshod 
lino and the full circlo booomos tho arc, 


Fig. 135. This can be immediately seen by splitting up (3) 
into its real and imaginary components, which is clone in tho 
easiest way by using polar coordinates z = r cos <p: 


$ + “ V cos <p 



+ iV sin ip 



The second term taken equal to a constant is tho equation for tho 
streamlines round the circle, The special case 'F = 0 shows that 
the circle itself is a streamline since this equation with v =* a in 


J See footnote, p. 3, 
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satisfied for all values of ip The same is the case foi all values of 
r diffeient fiom zero if ^ « 0 01 irj in other words, the r-axis is 
also a streamline 

The stieam function of a flow m concentiio cucles lound the 
circle is given by 

iV 

<L>! + t'l'i “ ^ log a, 

where r is constant. Since i log z — — <p + i log r, this is 



Via 136 * — Construction of How round oylmdoi by Huporpoaition of purallol How 
and tho mirrored imago of a parallel flow 


The imaginary term set equal to a constant loads to r ~ constant; 
in other words, the stieamlincs arc concontuc cnclos, Diftcr- 
ontiation of the function Nfq with lespect to r gives for the velocity 

r 

w « 

2rr 

or 

T « 

It is seen that r is the product of Iho ciroumforoneo of tho circle 
and the volocity, ie } tho cn dilation Tho numerical value of 
this circulation will be discussed in tho next article, while for tho 
present it is left arbitrary, 

By addition of these two stream functions, ie 9 by 

K 2 + f) + *5 loe *■ 
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the parallel flow with circulation round a cylinder is obtained. 
The streamline picture can be easily constructed graphically by 
drawing the diagonals through the intersections of the individual 
component flows as is shown in Fig. 136. This figure shows two 
points of stagnation, the distance of which can be varied by 
changing the amount of circulation. 



Fits. 130. — Superposition ot translational flow round oylindor with oiroulntory 

/low. 

104. Determination of the Amount of Circulation. — Tlio enso 
of Fig. 136 is of direct practical application to rotating cylinders 
and also to cylinders where the boundary layer is sucked off on 
one side only (Art. 52). The greatest value of Fig. 136, however, 
lies in the fact that it is capable of being mapped into a groat 
number of other profiles by suitable analytic functions. Apply- 



Fia. 137. Conformal mapping ot Fig. 130 such that tho oirolo bocomos twieo llio 
lino from —2a to -f- 2a. 

ing first the various functions discussed before to the picture of 
Pig. 136, it is seen in Fig, 137 how the circulatory flow round tho 
cylinder changes its shape when the circle is mapped into a 
straight line. The same function maps the fully drawn circle 
of Dig. 138, passing through the points -a and +a, and having 
the point if as center, into the circular arc of Fig. 139, The cir- 
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dilation has been taken such that the two stagnation points 
just coincide with the points —a and +a of Fig 138 Wc now 
turn our attention to Fig 133 showing the flow louncl a cncle 
passing thiough — a and +re and having the point if for center 
wheie the 2-plane has been turned through an angle a in the 
clockwise duection Superposing on this a flow in conconlnc 
cncles, it is possible to choose the cu dilation m such a mannei 
that the point of stagnation at the rigid just coincides with the 



Fia 138 — How louncl encu- 
lar cylinder With a cn dilution 
such that the two atftgmvfcion 
pomts arc In —a and 


"I 



l'ia 130 — Mapping of Fig 138 by 
tho function $* = z | a 3 /* 



point +a Mapping the z-plano on the f -plane by moans of (3), 
tlio flow round the circle goes into ilic flow lound a cncular arc 
situated obliquely in the flow On account of a propci choice 
of tho amount of circulation Iho rear edge of this arc is not encu eled, 
but the flow loaves it smoothly fiom the bottom as well as 
fiom the top sido If this cncular aic had been given a gieater 
angle of attack, it would have been nccessaiy to choose a greater 
on dilation in oiclor to secuio a 
smooth flow fiom the rear edge 
This is in agicomont with the 
experimental fact that an mcicasc 

in the angle of attack causes an jf J( , ^ — Mow round mrauhir tiro, 
inoxease in tho lift and C0I1SC- with Buell circulation that roar edge 
qucnlly an increase in the on ou- is loft smoothly 
lation The flow skotched in Fig MO is quite similar to tho 
one lound an actual airfoil with tho exception of tho largo 
velocity at the sharp front edge 

106, Joukowsky’s Method of Conformal Mapping, — In order 
to circumvent this difficulty at tho sharp front edge, Joukowsky 1 
invented a mapping function by which a circle goes into a piofilo 
which is round at the front end The theoretical consequences 

1 Joukowao 1 , N, On tho Piofilos of Aufoila (Got man), % Flugtech, 
Molorluftxchijjfahrl) vol 1, p 281, 1010, and vol 3, p 81, 1912 
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of this method were discussed later by Kutta. 1 In Figs, 133 and 
134 it was explained how the flow round a circle is mapped into 
the flow round an oblique circular arc. In Fig. 141 tho circle 
Jfi is surrounded by another circle K 2 in such a manner that tho 
two circles have only the point +a in common. Tho circle Ko 
is mapped into the portion —2 a to +2 a of tho horizontal axis, 
and the circle Ki is mapped into the circular arc on this stretch 
as a chord. Consequently the circle K 2 goes into a profile which 


. i 



Flos. 141 and 142. — Mapping of Joukowefty profilo. 


completely encloses the circular arc and coincides with it only 

a . . e r ?°! D ^ • Sinco tho region outside of tho 

circle Z, is mapped on the region outside tho new profilo, it in 
dear that the streamline picture round K t is mapped into tho 

IfTi? ' i P1 r ° Und tlie new P rofilo ‘ Pardos tin, s 

ciallv^ t T < Slm J il T ty ftcl ' ual Poetical airfoils, espo- 
kowskv nrnfiT T ^ ^ mddl<3 pftl ' is ' However, all Jou- 
whTch Of one , Sh0W a Sharp rear edg0 without any thickness, 

r c cotnt of Z ™ an aCt i Ual “ nstruct ’ ion ™ot bo realised on 

> ength considerations. A simple graphical method 

nauties ^German)* ^7^° ^ CU JlA l °lp%i 0W ')? T £,° h ' Applicfttions to A oro- 
Mttnohcu, 1011. 'U.-TFZS*., Math. Phys. KL, vol. 41, p. 66, 
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foi the construction of Joukowsky profiles was given by Tiefftz 1 
Joukowsky piofilcs have been investigated theoretically 
and experimentally a gieat number of times The fiist experi- 
ments woie earned out by Joukowsky himself m 1912 in his 
laboratory in Moscow 2 One year later, Bhiinonth.nl 3 calculated 
the pleasure distribution theoretically lie designated tho 
vanous Joukowsky anfoils by means of llneo paiamelois (Figs 
141, 142), first, a, determining tho size of the piofilo, second, /, 
determining the mean curvatuio, and thud, d, tho dilfeionce in 
radii of K% and K\, doteinnnmg the thickness of the piofile 
Betz 4 has made a companson between the calculated values for 



Fro 143 — Cftloulutod — and monaurod prosBiuo distribution round 

Joukowsky piofilo 

lift and prcssuic distribution with tho oxpenmonlal ones Tho 
agreement with the theory is veiy satisfactory, as shown in Fig 
143, where the full lmo is tho experimental prcssuic curve and 
the dotted one is calculated. It is seen that the calculated curve 
completely encloses tho experimental one so tlmt its area, and 
consequently its lift, is gioatei than that of tho oxpenmonlal 
curve This can bo explained by the action of friction The 
actual flow docs not follow the upper side of the airfoil Binoolhly 
but breaks away from it somewhat in front of the roar edge 
(point A, Fig 144). The turbulent legion thus leaving the 
tail oncl of tho ahfoil causes a loss of lift since tho pressure 
inciease at tho rear end of tho airfoil docs not roach tho theo- 
retical value 

1 Tuhfft/,, E , Giaplucal Construction of Joukowsky Pioflloa (Gorman), 
Z Plug lech Motot lujlsclujjah) t, vol 4, p 130,1013. 

1 Joukowsky, N , “Aerodynamics” (Pieneh), p 148, Pans, 1010 
* Bi/umentiiaI/, O, On tho Picssiuo Distribution along Joukowsky 
Profiles (Gorman) Z Fluglech Molorluflsdnflahrt, vol 4, p 126, 1013 
* Bet*, A , Investigation of a Joukowsky Anfoil (Gorman), Z Fluglech 
Mntorluflschiffahi l, vol 0, p 173, 1918 
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106* Mapping of Airfoil Profiles with Finite Tail Angle* — 
Following a suggestion by Kutla 1 (page 77), KArnuln and 
Trefftz 2 have extended Joukowsky’s method to profiles of which 
the tail angle is not equal to zero* In order to accomplish this, 
it is necessary to use a mapping function which transforms tho 
circle K Q (Fig. 141) into a figure made up of two circular area 
instead of the mapping function of Eq. (3) which tmnsEornrm 
the circle into a piece of straight line. 



Fig. 144. Actual flow round Joukowsky profile, Owing to viflcoHity tho flow 
breaks loose at A. 


Kutta’s mapping function (1) can bo written in the Homowbnt 
different form 


it ~h 2q __ / z q \ 2 
f — 2a \z ~ a) ' 


«) 


It was seen that this function maps tho oirolo of t radius a 
of the 2-plane into twice the straight stretch from -2a to +2 a 
in the f-plane. In particular tho singular points —a and + a 
of the a-plane go into the singular points —2 a and + 2a of tho 
f-plane, and the angle 7 r at the singular points in tho 2-phmo 
transforms into an angle zero in tho f-plano. 

On the other hand, the function 


f + 2q _ ;g + a 
f — 2a z ~ a 


( 9 ) 


maps the circle of radius a in tho 2-plano into another oirolo of 
radius 2a m the f-plane. The angle tt in the points -o and +o 
of the ^plane therefore transforms into angles t in tho points 
Aa and +2a of the f -plane, 

The exponent ^ in Eq. (4) therefore constitutes tho mapping 

!? f fig + Ul ' e C L onsisting of tw6 ci rcular arcs which lmvo 

ares h?« ‘7° ' “'f ! lineS) and the an e lc enclosed by I, ho 

has also degenerated to zero. Similarly tho exponent 1 in 

1 See footnote, p. 180. 

(German), Z. Flugl^MoSr SZmSwlt Jl7u7lW^ irf0il 
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Eq (5) transforms a cncle into a figure of two cnculai arcs 
enclosing angles tt It is to be expected that an exponent A, 
between 1 and 2 would map the circle of the 3-plane mto a figure 
consisting of two circular arcs in the f-plane enclosing an angle 
between tt and zeio A mathematical investigation shows that 
this is true. The xelalion of the angle 5 between the cnculai aics 
and the exponent k is given by the relation 


or 


2 TT — 6 , 

= /p 

7T 

6 = (2 — A)ir 


Thorofoio, we find that the function 

r + 2 o _ (» + a\£=i 
f — 2a \2 — a) 


( 6 ) 


in aps the cncle of the 2 -plane mto a figuic of two cnculai aics 
enclosing the angle S in the f -plane The function 


which is Identical with Eq (4), shows that for veiy gieat values 
of z, the points of the f-plano approximately coincide with those 
of tho z- piano. Consequently, the velocity at infinity in both 
pianos is equal. On the other hand, the equation 


2 z - r, 

which is identical with (5), shows that the velocity at infinity m 
tho f -piano is twice as gieat as in the z-plane In the case of the 
transformation oxpicssed by Eq (6), the velocities at infinity in 
tho two planes arc also not equal In order to enforce equal 
velocities in the two planes, it is necessary to modify Eq (6) to 


t + fog _ ( * + « V (7) 

£ — lea \z — a/ 


An example of the transfoimation of a Joulcowsky cncle by- 
moans of tho function (7) is shown in Figs 145 and 146 
dotted cncle m 3?ig. 145 is transformed mto the dotted figu 
consisting of two cnoular arcs shown m Fig 146 The me 
ourvatuvo of these two circulai arcs would become zer 
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center M of the dotted circle Ki would coincide with the origin 
of the ^-coordinate systein. The greater the distance betwcon 
M and the origin, the greater the average curvature of the profile. 
On the other hand, the greater the difference in the radii of the 
circles IW and Ki the thicker the profile bocomes. Besides these 
two degrees of freedom, the mapping function of Eq. (7) allows a 
variation in the tail angle. Although a freo disposal of three 
parameters, namely, mean curvature thickness, and tail angle, 



Figs. 145 mid 146. — Mapping of a cirolo lo a profile with fmito tail angle, 


leads to a very great number of profiles, thoro arc certain features 
in practical airfoils which cannot bo approximated by tills 
method. For instance, it fails for profiles having a greater 
curvature in the front part than in the rear part or having a curva- 
ture of which the center line shows an inflection point (5-profiles). 
Kdrmdn and Trefftz therefore discuss an approximate method 
by which it is possible to map tho circle on any airfoil section. 
By applying modern theorems of the theory of functions of 
complex variables, von Mises 1 and W. M tiller 2 have made groat 
progress in this direction as well as in the calculation of tho 
relation between the lift and the angle of attack. 

■Von Misbs, R,, The Theory of Lift of Airfoils (Gorman), Z. Flugtcch, 
Molorhiftiehiffahrl, vol. 8, p. 167, 1917; vol, 11, pp. 08 and 87, 1920; Z, angow. 
Math. Mech., vol, 2, p, 71, 1922. 

3 Mth.LEn, W., On the Theory of Mises’ Profile Axos (Gorman), Z. angew. 
Math. Mech., vol, 4, p. 180, 1924; MOllbh, W., " Mathematical Hydro- 
dynamics’’ (German), Berlin, 1928, 
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C THREE-DIMENSIONAL AIRFOIL THEORY 1 


107. Continuation of the Circulation of the Airfoil in the 
Wing-tip Vortices. — With a wing of infinite length the various 
piessuics above and below it are constant along the span 
bo cau so the pressure distribution is the same for all vertical 
planes. This condition cannot exist for wings of finite width 
since hero the pleasure differences 
between the top and bottom have 
to disappear gradually toward the 
wing tips. On account of the 
groator pressure below the wing 
surface than above it, some air will Ew ui —Tip vortices leaving a 
flow from the bottom to the top ll """’" le 



round the wing tips. Theiefoie a sidewise cuirent exists ovei 
most of the wing surface, directed outward on the bottom side 
and Lowaid the center on the top side This causes a suiface 
of discontinuity m the air leaving the wing, which is ultimately 

a . idled up into two distinct 

q/ ^ voiLices, According to the 

— ? -y theorem of Helmholtz, these 

/ voitices always consist of the 

s 0 same air particles so that they 

Fkj 148 — simple pioiuro of voitox leave the wing approximately 
system of finHo wmg wl bi the velocity V in the form 


of two lines as shown in Fig 147. In order to simplify the 
calculations, it has been assumed that the circulation, and con- 
sequently the lift, icmains constant along the entne length of 
the wmg and diminishes suddenly to zero at the tips It was 
seen before that the flow round an infinitely long airfoil can be 
replaced by a flow duo to a linear vorlox m the wing This is 
permissible also for a finite wmg so that the simplest picture 
of the situation is given by thico linear voitices as shown in 
]Tig 148 This phenomenon can bo explained in a somewhat 
different manner: a linear voilcx cannot terminate m the mterioi 
of the fluid but only at infinity or at a surface. It is clear 
thorofoie that the "bound" vortex of the wmg cannot end at 
the Ups but must be continuod to infinity as a 'free vortex. 
If the airplane has started some place, the starting vortex closes 


« Piunutl, L , Airfoil Theory (Goimnn), Pts I and II, Nachr Ges Wiss 
Q&ltingon, p 161, 1918, and p 107, 1910 
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the two long free-vortex lines at the other one! so that tlic total 
vortex picture consists of a very long rectangle, 

108, Transfer of the Airplane Weight to the Surface of the 
Earth. — Although the condition of Fig, 148 is only a very rough 
approximation of the actual flow, it is capable of explaining; 
some of the consequences at large distances from the airfoil, 

One of the most useful results that can be drawn from it is the 
law according to which the weight of the airplane is transferred 
to the surface of the earth. The introduction of a mirrored 
image, as used before on page 166, will prove useful also in this 
case, since then the normal velocity component at tho earth 



Fig. 149, — Method of mirrored iinngos. 

automatically reduces to zero. In order to obtain a steady flow, 
the coordinate system is chosen such that the ail-piano appears 
to be at rest, the .r-axis being in the direction of tho wing, tho 
3/-axis in the direction of motion, and the z-axis pointing down- 
ward (Fig.. 149), 

The velocities u, v, w of the vortex system are supposod to bo 
so small compared with the velocity V that their squares can bo 
neglected with respect to the products of any of thorn with V. 
Denoting by p 0 the pressure of the undisturbed air and by v tho 
difference between the actual pressure and p 0 , Bernoulli’s equa- 
tion gives 1 

p ° + P + fa* + (» ~ l 7 ) 2 + w *) ■ pn + gyi' 

A 
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or neglecting the quack atic terms m u, v ) and w, 

p = pVv, 

The pressure p at the earth's suiface {% e , tho mci eased pressuie 
due to the presence of the an plane) can be calculated by fast 
doteimimng v as a function of x and y foi z — 0, then integrating 
v over the ay-plane and multiplying the result by pV. 

The two "fieo” linear vortices leaving the wing tips are sloping 
downward slightly on account of thou 1 own field of motion* 
This slope is so small that it will be neglected in the present 
calculation Then the wmg tip vortices do not contribute any- 
thing to v, which is caused entirely by the bound vortex The 
length of this bound vortex 6 is equal to the span of the wing, 
but for an actual calculation a somewhat smaller value than this 
is more appiopnate m order to talco account of the fact that a part 
of the fiee vortices leaves the wmg between tho tips Denoting 
the circulation lound the airfoil by r and observing that & is 
small with lespcct to tho height h of the plane above the ground, 
wo find 

T& sin a 
Vl ~ 4rR* ’ 


where the dueotion of in is perpendicular to tho piano ASF, 
Fig 149 

The mnrored image of tho airplane leads to a corresponding 
velocity t>a so that the actual volocity v on tho earth becomes the 
geomotnoal sum of Vi and With tho angles a and fi as defined 
by Fig, 149, wo have 


or, since 


this becomes 


v = 2vi sin j3 



sin a = 


R' 

T 


Ybh 


♦ 


Eliminating the circulation by means of tho relation L - pYVb, 
wo find that 


Lh 


v " MV 
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The increased pressure therefore is seen to have rotational 
symmetry with respect to the location of tho airplano, Right 
under the plane, the maximum pressure 


P max- 


1 , 

2rh 2 


exists; it is seen that even for small heights, this pressuvo is 
extremely small since the height appears squared in the clonomi- 



Jha. 160. — Transfer of airplano weight to ground. 


nator. The pressure distribution is sliown schematically in .Fig. 
150. Calculating the pressure integral over tho ontiro' surface 
P of the earth, using the notations of Fig. 151, 
we get 

ff^pdxdy = HJ^pdr -nh. 

Noting that cos 7 = h/It and r « h tan 7 ao 
that 

hdy 



dr = 


cos 2 7 


the integral becomes 


L P 2 f 2 r A 3 sin 7 r /*2 , 

25fJr= oJ'-oW^ dyde = L Jo Sm V** “ L - 


It is seen therefore that the lift L is completely carried by tho 
ground in the form of increased pressure. 

109. Relation between Drag and Aspect Ratio,— Tho bound 
vortex finds its continuation in two tip vortices ox tending along 
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the entile flight path of the airplane, These tip vortices contain 
a certain amount of kinetic energy that has been created by the 
plane m its flight; which piesupposes that the plane must have 
been doing woik This means that the piano moving through 
an ideal fluid has to overcome a certain ding In this connec- 
tion we do not eonsidei the piofile diag (Ait 01) which, m 
addition, always exists m an actual fluid 

Other things being equal, the lift is pioportunial to the wing 
span, on the other hand, the kinetic energy of the tip vortices, 
and consequently the drag caused by them, is approximately 
independent of the span It is seen theioforo that this drag is 
much moiG lmpoitant foi short spans than £oi long ones, or the 



Fiaa 162 and 153 — Distribution of voilical velocity I, for infinite wing, XI 
induced by tip vortioos of finito wing, III « I II toted foi finite wing* 

drag pei unit of lift is greater for a wing of small aspecL ratio than 
foi one of large aspccliatio. Since it is very impoitant for glidei? 
to have a favorable ratio of lift over diag, wmgs of large aspcol 
iatio are used A thooictical calculation of this part of the dmj; 
is possible by assuming the velocities due to the various voitiooi 
to be small with respect to the velocity V of the wing, which ii 
practically always the caso. 

110, Rough Estimate of the Drag. — I'liat an estimalo of Hi 
drag will bo obtained by moans of momentum and onorgy con 
siderations without entonng into the details of Iho flow. Th 
wing-tip vorlicos cause a downward motion of the air at the wmj 
which will be shown to bo responsible for the drag. 

Figure 152 shows the distribution of the vertical oomponer 
of the velocity along a lino in the direction of flight for a wing < 




190 


APPLIED HYDRO- AND AEROMECHANICS 


infinite length. A similar picture was calculated theoretically 
for an idealized case in Figs. 126 to 128. In Fig. 152 wo soo, 
what we knew before, that the air in front of tho wing is dolloctod 
upward and is then pushed downward by tho wing. Now 
suppose a finite piece to be cut from tho infinito wing of Fig. 152. 
The tip vortices will cause an additional downward component w 
of the air, of which tho distribution is indicated by tho dashed 
line II, Fig. 153. This, liowever, so influences the direction of 
the wind velocity at the wing, that it appears to be flying in a 

direction inclined with the angle <p = tan" 1 y with respoot to tho 

actual direction of flight. Since the air forco is perpendicular 
to the apparent direction of motion, it includes tho angle <p with 
the actual direction of motion. If tv 0 is tho downward velocity 
at the center of pressure of the wing due to tho action of tho tip 
vortices, we have the relation 


D _ Wo 
L “ V' 


( 1 ) 


The induced velocity w 0 is not the same for all points along tho 
span; outside the wing tips the velocities aro oven clirocfcod 
upwards. This complication is neglected at first and tho sim- 
plifying assumption is made that a certain amount of fluid passing 
through a certain cross section S 1 is influenced by tho wing i n such 
a manner that it acquires a downward velocity Wi, while the rest 
of the air does not experience any downward deviation at all. 
The area as well as the shape of this cross section S' cannot bo 
determined by this rather rough reasoning, and its calculation 
must be postponed to the more refined analysis which is to follow 
later. Anticipating these later calculations, it is mentioned hero 
that S does not depend on the angle of attack. 

According to our assumptions, a mass of air P S’V is given tho 
downward velocity wi, which causes as a reaction the lift 

L - pS'Vwu 


An application 0 f the energy theorem stating that the work dono 
time^eadTto 3 ^ t0 ^ kinefci ° en6rgy ereatod in tho unit of 


DV = pS'T^. 
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Substituting the cxpiewston foi tho lift obtained above, wo got 

n Lwi _ ptVV/ _L_ V _ L* 

2V 2F - 4 p,, w 

2 

Comparing Hub lcflull with J5q (1), it is noon that 

mi 

w a « - 2 -; 

or, in words, tho downward velocity duo to tho tip vortlcos at 
tho center of pressure of tho wing is half as gioat as tho final 
dowmvnid velocity far behind tho wing (soo also Art 113) 

Tho calculation of tho drag is now reduced to a determination 
of the area S'. 



111. The Jump In Potential behind the Wing. — In order to 
ponotrato further into tho pioblom, it is ncccssaiy to drop tho 
simplified picture of Fig Id 8 and to investigate tho wako of tho 
wing In detail, With the two-dimensional ilow lound an infimlo 
wing there is a "surface of separation’’ behind tho trailing edge, 
separating tho air which has passed over tho wing fiom that which 
has passed under it. Tho volooity on belli sulos of this surface 
however is tho samo, so that it has hardly any physical roality. 
With the fmilo wing, however, Ihoio is a lateral flow lowaul Die 
tips below the wing and towaid tho center above it 'Tina flow 
continues in the surface of separation so that it hecomes a surface 
of discontinuity for Ihovoloeily (boo pngo 221, “Fundamentals” 1 ) 
Owing to tho action of tho tip vortices (,1ns surfaco movos down- 
ward with a volocity w lt which increases with tho lift A detailed 
consideration shows that tins surfaco rolls itself up in the manner 
shown in Fig. 154. Itowovov, tho rato of rolling up is small for a 
small wi and in tho following deliberations it will bo neglected, 
presuming tho surface of discontinuity to bo a piano. In other 

1 Sco footnote, p 8 
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words, the flow is the same in all planes perpendicular to the 
direction of flight; the phenomenon is a function of x and z only, 
independent of y (Fig, 155). This is a two-dimensional problem, 
which can be solved with the methods of classical hydrodynamics. 

We now return to Lanchester’s conceptions on page 171 and 
Fig. 126. Instead of a downward acceleration of the wing itself 
i in its various consecutive posi- 

* tions we shall consider an- install- 



Fiq, 155, — Surface of discontinuity 
in tho case of small induced down- 
ward velocity to. 


the distribution of Fig. 125. 


taneous acceleration (impulse) 
of the whole surface of separation, 
In other words, this surface of 
separation is momentarily solidi- 
fied into a “board/' and this 
board is given a downward 
impulse. (In order to talco earo 
of the variation of tot with x, 
the “board" may bo considered 
elastic.) 

The two-dimensional field of 
acceleration thus obtainod has 
During the short interval r of tho 


acceleration, let — p a be the decrease in pressure on tho top of tho 
board and p b be the increase on the bottom side, The “impulse 
pressure” at each point of the air is then given by 



where p is the pressure difference with tho undisturbed stato, 
The general equation of Bernoulli for non-steady motions applied 
to a coordinate system at rest with respect to tho undisturbed air 
is 

34 i 1 o i U 

_ + 2 w +“ = const. 

With our assumption that w is very small, this simplifies to 


34 p 


~ const. 


In order to determine the constant, the phenomena at a great 
distance to the side of the “board” will now be considered. 
Here the fluid is hardly disturbed and both terms on tho left- 
hand side go to zero in the limit when the distance to the side 


i 
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increases indefinitely so that the constant also becomes zeio, 
Therefore 

c)'I> __ p 
dt p 

On account of tho veiy short duiation of the impulse of the 
14 boat cl” tho “ substantial ” mtegiation can be leplaced by the 
a local ” one Assuming incompressibility of the air, the previous 
oxpiesslon can be integrated 

<i v _ < I>0 = 

Since Lho motion started fiom lest and consequently <I> = Oat the 
iimo l — 0, wo have 

£j)dl - -p<Iv, 

whoie <I? T is the potential of the flow after the impulse, which 
remains constant fiom then on. 

In older to calculate the total impulse for a flight path of length 
f (perpendicular to tho plane of the drawing of Fig 125), the 
impulse pres sine has to bo multiplied with tho aiea bo that it 
bocomes 

J>j> - p< ,)(h - Ipfz'i'b <• “ ^b)d%. 

Tho Integral 

l(Pb P«)d3> 

ib the oxpiossion for the foico on the aiea (®2 $i)l at any instant 
between zero and t . After tho unpaot, % c , for t !> t we have 
Vb «=, o and p„ = 0, and the integration from zero to r gives the 
total impulse. According to the principle of action and leaction, 
this impulso acting on a surface of the length l is equal to the lift 
on tho an foil multiplied by the time T, which the wing needs in 
older to fly the distance l (T - l/V) Consequently, 

f P j> - 'I h)dv = LT = Lj 

or 

L _ pV J x y a - *b)dx 

It will now be explained that the potential jump at the surface 
of separation is lied up with the circulation lound the wing e 
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line integral of the velocity along any eurvo which docs not 
pierce the surface of separation behind the wing must bo oqunl 
to zero since the ourve lies entirely in a region of potential 
flow. If the points B and A of the curve in Pig. 156 arc made to 
converge to a common point in the surface of separation, tho 
single curve falls apart into two branches, Sinco tho lino 
integral along the branch enclosing tho wing must bo equal to Us 
circulation r, the corresponding integral along tho other branch 
of the curve must be equal to —T and must also bo equal Lo 
- fy. Substituting this result into tho last formula, wo got 

L = pVf*'l'dx. (2) 



, ^ Ia * 150. Tho lino intogrnl of tho tnngouUal volooUy round tho oloaixl mirvo 
is zero as long as it does not piorce tho surfaoo of discontinuity. Whcm tho our vo 
falls in two branches by lotting B ~ A, tho circulations of tho two brunches tiro 
equal and opposite. 

Assuming the circulation and consequently tho lift to bo 
constant along the ,t*-axis, we obtain 

L - pW(x2 — Xi) ® pVl% 

where b m Xi - Xl denotes the span of tho wing. This consti- 
tutes another proof of the lift theorem of Kutta-Joukowsky, 
and it is seen from Eq, (2) that this theorem is still applicable for a 
circulation which varies along the span. 

In order to proceed with a calculation of tho aroa S’, discussed 
on page 190, which is essential for a determination of tho drag, 
we replace the potential <I> by tho expression 4«/ Wl = <p, which 
has the dimension of a length. With this notation, tho integral 

X, “ ^ dx is of the dimension of a surface, and <p obviously 
can be regarded as the potential of a similar How in which tho 
velooity ioi = 1. Comparing tho expression for tho lift, 

L = pVwij*\<f, a - vtidx, 
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with tlie expiossion denved fiom the momentum theoiem, 
L = pVwiS', 


the aiea S' is seen to bo equal to 

S' -■ f (<p , i — <pi)d\ 


The integration can bo performed as follows 

~ Ti>)di ~ (h + - § XlViXt <pd%, 


whereby the path of the last integral extends lound the surface 
of separation taking fiist the ^values on the top side and then 
on the bottom side. With this undcistanding, wo wnlo 

L — pVuhj)ipd r. 

and 

S' = (fiipdi 


112. The Vortex Sheet behind the Wing with Lift Taperin 
Off toward the Tips.— It has been assumed until now that lli 
lift is constant along the span, and that the circulation wine 
drops suddenly fiom its value l" 1 to zero at the wing Lips is coi 
tmued in two fico tip vorticos, moving away from tlio wing wit 
the air. 

If we considor the more real case of a lift dwtubution whic 
has a maximum at the middlo of the span and which decioasi 
gradually to aero towaid the tips, it follows that fioc vortex hn< 
emanate from the real edge of the wing in ah places wlioro ti 
circulation changes along the span Lot the circulation mul ooj 
sequontiy the potential chffoicnco bo I 1 at some point Ai of tl 
airfoil (Pig 157) and lot the circulation at A% bo 


r + 



The line mtogral of the velocity along the closed cui vc of Pig 1 
is zero smeo the curve remains ontnely inside the legion 
potential flow Lolling the points P, 1", 2', 2" convoigo towa 
the surface of separation, Lho valuo for tho circulation of t 
small dosed loop of Fig 158 is 
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This is the circulation of the vortex leaving the airfoil at that 
particular location. If the circulation is variable along tho 
entire span and is not constant at any point, tho vortex lines 
leaving the wing form a surface which is identical with tho sepa- 
ration surface discussed before. It is sometimes reforrocl to as a 
u vortex band.” 

This result can still be interpreted in the following manner, 
The lift being a maximum in the middle of the span decreases 
gradually toward the tips. Since tho lift is made up of a partial 
vacuum above the wing and an excessive pressuro at tho bottom 
side of it, the decrease in lift toward the wing Ups is associated 



Figs. 157 and 158. The circulation, of a vortex atrip omannling from tho wing it) 

with an increasing pressure on the top and a decroftsing pressuro 
at the bottom toward the tips. Under the influence of those pres- 
sure differences along the span, the air particles flowing by from 
front to rear are pushed to the side somewhat, namely, toward tho 
middle on top of the wing and toward the tips at tho bottom. 
With a non-viscous fluid, the air stream, which is divided into a 
top and bottom stream at the front end of tho wing, is closed up 
again at the rear end. Due to tho lateral components of tho 
velocities, there will be a discontinuity in tho vclooity at tho sepa- 
ration surface where the two streams come together. Tho differ- 
ences in lateral velocity at this separation surface increase with 
increasing lateral pressure variation and with increasing change 
in the circulation r. The absolute values of the velocities abovo 
and below the surface of separation must bo equal according to 
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Bernoulli a Definition, since the piessuies on both sides of it aie 
equal, Figure 1S9 shows schematically the distribution of the 
voHicity in the surfaco of sepaiation if the circulation mcieases 
Btepwiso from the wing tips towaul the center 

In nddLlion to the velocity field of the bound vortex wc have 
to consider the velocities caused by the free voitices leaving the 



l*’to 159 — Stopiviso distribution of circulation 


trailing edge of the wing It was seen before that the induced 
drag is duo to the downward velocity at the airfoil caused by the 
fieo vovlicos and wo now piocced to a calculation of this velocity 
As beforo, the airfoil is loplaced by a single straight vortex 
filament of circulation I 1 which simplifies the analysis consider- 
ably. Another simplification is that the down- 
wud motion of the fico vortices will be 
neglected as being only of sooondary impoitance, 

113. The Downward Velocity Induced by 
a Single Vortex Filament. — It was seen on 
pngo 200, “Fundamentals,” 1 that an clement ds 
of a straight vorlox lino of circulation r (as shown in 
induces at Iho point A a velocity, 



Fio 100 


dv),i = 


Tds sin <p 
Am i 


or, ainco 

sin <fi 3=3 cos k] s — h tan a, ds 


hda _ _ h 
cos 8 a cos a 


this bocomos 


di»A 


Vhda cos a 


dir cos 8 a- 


h* 


r cos a 
4tt/i 


da 


1 Spo footnote, p 3, 
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The direction of this velocity is perpendicular to the piano of 
Fig. 160. 

A finite stretch of the vortex filament, the ends of which appear 
under the angles ai and #2 as scon from A f consequently induces 
the velocity 

w A «■ t f * 3 * cos acta = -r^rlsin as - sin aj. (3) 

4 t rhJcn Mi 

For a vortex filament extending to infinity on both sides wo 
have ai = — tt/ 2 and as = 7t/2, so that sin ao — sin «i — 2 and 
consequently^ — T/2irh (see page 207, “Fundamentals” 1 * )* For 
a vortex line extending to infinity in one direction only, tho result 
is 

Wa * i^ t (1 “ sin ai) > 


which in the special case ai — 0 reduces to 

^ '£h’ 


r-m 


<*Y 






ts* 


JL 


being exactly half the velocity induced by a vortex filament 
extending to infinity in both directions. For tho practical cal- 
culation of the downward velocity 
induced at the airfoil by tho vortex 
band it is assumed that this band 
extends to infinity back of tho airplane 
so that tho velocity at tho airfoil 
becomes equal to half tho velocity far 
behind the plane, whore tho vortex band 
approximately extends to infinity in both 
directions. 

114. Determination of the Induced 9 
Drag for a Given Lift Distribution. — It is 
assumed that the lift distribution, and con- 
sequently the circulation r as a function of x, is known (Fig. 101), 
The problem is to calculate tho velocity field induced by tho 
vortex band behind the airfoil, especially the downward vclocitios 
at the wing. From this the drag can be calculated, 


4 

Fia 161. — Tho surface of 
discontinuity behind a wing 
of given lift distribution, 


1 See footnote, p, 3. 

. * Tim designation is used in analogy with phenomena of olootromagnotio 

induction which are quite similar to those of hydrodynamic vortex fields, 

The phrase “induced drag” was first introduced by M, Munk. 



AIRFOIL THEORY 


190 


The downward velocity duo to the entire voitex filament 
emanating fiom B, Fig 160, was found to be 

Wa = Mi 


Applying this lesult to the stnp ch of the vortex band shown in 
Pig 161 , the velocity at an arbitrary point %' of tho bound vortex 
becomes equal to 


cliu(%') ~ 


l &v 

— i) di 


d i 


The dueotion of v> is along the positive z-axis, bocauso to tho 
right (x > %') the expression dV/di is negative, while to tho lei t 
(a: < a') dV/dx is positive. 

Since tho induced velocity at any point of the bound voitex 
(among otheis at tho point a') is duo to all tho slnps making up 
the vortex band, this velocity is found by lntcgiating along 
the span b : 


la(x') => 



”2 



or 

da 1 


Smcc the integral becomes indeterminate at % =» x' on account 
of the integrand becoming infinitely largo, it is necessary to take 
the so-called “principal value" of it, defined by 


lim 

e«0 



This definition is such that tho value of c' has to bo approached 
from both sides at tho same rate. Both parts of tho integral tend 
to infinity, but then sum has a finite limit which can bo chocked 
up by calculating tho velocity w at a point somewhat above or 
below the bound vortex instead of exactly on it. This calculation 
will show that tho volocity remains limlo and goes to a finite limit 
when the point is moved to tho bound vortex itself. 

We arc now in a position to calculate tho drag induced by the 
system of fiec vorticos It was seen that tho various elements of 
the bound voitex aro subjected to different, downwaid velocities 
due to the free vortex band It is assumed that each individual 
element of tho bound-vortex filamont behaves like an element of 
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an infinitely long wing (two-dimensional flow), whore tho relatives 
wind velocity is made up of the velocity V of the wing nncl tho 



Fia. 102. — Deviation of 
tho resulting air force due 
to tho induced downward 
velocity w. Its compo- 
nent in tho flight direction 
ib tho induced drag Df. 


induced velocity w. Sinco in such an 
element the resultant force is perpendic- 
ular to the relative air velocity, it is scon 
from Fig. 162 that 



Assuming that the lift per unit length Li 
along tho span is given as a function of 
x', i.e., = tho total induced drag 


is found by integration along the span of the wing: 



1 J 

-pL^w^dx'. 


Since ln{x') = dL/dx' = pr7, the drag also can be written 


h 

D = pj^r(x')w(x')clx', 
~2 


or substituting into this the value for Di(x f ) } found previously, 

2 ^2 


The physical meaning of the double integration (first with x 1 ancl 
then with x as the variable) is that first tho influcnco of tlio total 
free vortex band on the velocity of one element of tho bound 
vortex is determined and that further all tho individual drags for 
the various elements have to be addod up to tho total induced 
drag of the wing. The formula gives a general mothod for tho 
calculation of the induced drag if the distribution of tho lift 
along the span is known. 

There is a simple relation between the induced drag and tho 
kinetic energy of the free vortex system, which was used by 
Irefftz as a basis for deriving the above result by moans of 
Ureens theorem. His analysis is of oonsidorablo interest to 


Z Air ! 0i ] and Pl ' opellcr ®wo*y of Prandtl (Gorman), 

angeu. Math . Meek,, vol. 1, p. 206, 1921. - 1 
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mathematically inclined students, but it is physically less 
obvious than the proof given hoio 

Bcfoio investigating whethei these lcsults are in accordance 
with the experimental facts, some lemarks will be made regarding 
the historical development of the tlieoiy After the formula was 
derived, it was attempted to find by 
trial some plausible functions for the 
lift distribution, winch are simple 
enough to make the mtegiation /[jj| 
practically possible. After some N 
time a semi-elliptic lift distubution fiq 
on the span was found to lead to a 
simplo solution, and still later it was 


*/> 


163 — Elliptic lift distnfou- 
= r <S^l 


tion r 


(mY 


discovered that this solution is the most impoitant one, since it 
gives a minimum of induced drag 

Designating as befoie by b the span and by To the circulation 
in the middle of the airfoil, the elliptical lift distubution shown 
in Fig. 163 is expressed by 


“ r °sfi ( 5 / 2 )"* 


Other lift distributions lendormg the integration comparatively 

simplo aio shown in Figs 164 and 165 
and can be expressed by 




Fiq. 101 


- r„z”yjl (jt/2^ 


/fllH [ IjrjTrmrrTffjj |\ Any linear combination of terms of 
fljll ll l l ll ll l lll lll ll l H I I IIIH Il U i mmi Huh «m I. can also be used for the 


■ jri0t this soit can also be used for the 

Fum 104 ftnd 106 — Lift purpose. 

(tlalribultoiui ncoordmn to Limiting OUlselves to the most 

r *=> r»*’' \j 1 -(rFa) 1 and important case (of elhptio lift dis- 
ltncdr auporpomiions of those tubution), wo have 

dr r 0 t 

* = “W (Sp 

and the downward velocity at tho point x' of the airfoil becomes 




47T 


a dv 


* y 

m) 
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Substituting £ = 


JL 

6 / 2 ' 


this leads to: 1 




+ 1 m 

(? - f)Vl ~ f* 


I’o 



• 7T 


£o 

26* 


It is seen therefore that the induced downward velocity tv is 
independent of x', £.<?♦, w is constant along the entire span. 
It is more convenient to introduce the total lift L instead of 
To, and since 


L - pF/*r* - ,m/V i 


(m ) * - 


the result becomes 


w 


2L 

wpVb 2 ‘ 


Since w comes out to be constant along the span, it is not 
necessary to perform the second integration and the induced 
drag immediately becomes 



irb^V 3 


Comparing this result with the expression found on pago 191, 


D « 



it is scon that now tho determination of the area S' has boon 
accomplished: 



This can bo conveniently memorized by noting that tho aroa S' 
is equal to that of a circle on tho span as diameter. It may 
be mentioned again that this result is true only for an elliptical 
lift distribution, Tho same result could have beon obtained by 
pursuing the procedure started on page 195 for the two-dimon- 


1 Tho vahio of tho 
note, p, 204, 


integral f 

J-X _ j)Vl 


— Sco Bobs, fool- 
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sional flow dotcrminecl by a constant velocity v>i It will bo 
shown later that the velocity io lt far behind the wing, is oxaotly 
twice the velocity w at the wing itself. 

The induced velocities for a given lift distnbution and its 
consequent induced drag have now been calculated, but the 
question is as yet open which shape has to be given to the wing 
in order to obtain the desired lift distnbution. In ordoi to 
find an answer to this problem, the airfoil is subdivided into 
elemental strips of width dx, each having a definite circulation 
determined by the known lift distribution. The quoslion arises 
as to which shape each element has to have in ordei that the given 
circulation conospond to it if the clement is consideied to be part 
of an infinitely long wing. Besides depending on tiie shape of the 
profile, the circulation also is affected by the chord and by the 
angle of attack so that it is clear that the problem of determining 
the wing shape foi a given lift distribution is an indeterminate 
one. Vauous shapes coricsponding to the same lift distnbution 
can be obtained by varying either the profile or the angle of 
attack, 01 the chord along the length of the span. The most 
practical case from a structural standpoint is to make tho pio- 
files of the various elements geometrically similar and their 
angles of attack equal along tho span With thin restriction 
the question of the wing slmpo I 

can be solved by making the 
choid at each point proportional 
to the lift. An olhplioal lift dis- 
tribution thoiefoio can bo rea- 
lized by making a wing consist of F[q lflfl „ %mK j lth olllpllo Wt 
two semi-ellipses as shown in distribution, llio almi>o of tho wing 
Fig. 166. By this special choice 00 " Bi8ts of Uvo «wni-olHpsw 
the additional advantage is oblainod that tho centers of pressure 
of the individual profiles mo all on a straight lino so that this 
particular wmg can bo approximated very well by a straight 
vortex filament. In caso tho bound vortex should bo curved 
somewhat in tho ay-plano, tho angles of attack would bo changed 
by the induced velocities of tho individual oloments of tho bound 
vortex on each other. This would bo very difficult to follow 
analytically. 

116. Minimum of the Induced Drag \ the Lift Distribution of 
an Airfoil of Given Shape and Angle of Attack. — Tho so-called 
“second problom of airfoil theory” consists of finding the lift 
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distribution for a given total lift and a given span such that tho 
induced drag is a minimum. In mathematical language the 
problem is therefore: 


b 

D — I T($)w(x)dx « minimum 
2 

when 

b 

L = P vf 2 r(x)dx 

is given, and 



This problem has been solved in its most general form by 
Munk 1 for monoplanes as well as for multiplanes with the result 
that for a monoplane the minimum is obtained for a velocity 
w which is constant along the span. As was mentioned before, 
the elliptic lift distribution therefore is tho one which gives a 
minimum induced drag for a given span and a given total lift. 
A simpler proof of this theorem given later by Betz is discussed 
in Art. 120. 

The minimum in the drag for the elliptic lift distribution is a 
very flat one, however, so that the drag does not increase much 
for lift distributions different from tho elliptic one, For instance, 
a rectangular wing of aspect ratio 5 has only 4 per cent greator 
induced drag than the corresponding elliptic wing. 

The “third problem of airfoil theory” consists of finding the 
lift distribution for an airfoil of given shape and given angle of 
attack. Naturally this problem was the first to present itself, 
but being the most complicated ono it was last to be solved in 
1919 by Betz. 2 The problem leads to a disagreeable integro- 
differential equation which has been solved for the case of the 
rectangular wing of constant profile and constant angle of attack 

1 Munk, M., Isoperimetric Problems in tho Theory of Flight (Gorman), 
Dissertation, GCttingcn, 1919. 

2 Betz, A., On Airfoil Theory with Special Consideration of Rcetanguljir 
Wings (Gorman), Dissertation, GCttingon, 1919, 
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in the form of a senes of poweis of a paiameter P proportional to 
the aspect ratio 

P = 2 - b - 
7 r c 

The calculation is simpler for small aspect ratios than for largo 
ones Another appioximato solution winch can be applied for 
large aspect latios has been found by Tiefftz 1 

The lesult of these calculations is that for veiy small aspect 
latios the lift distubution is practically elliptical; foi larger 
aspect latios the distubution becomes flatter, while for the case 



Flu 107 — Distubution of onoulivtion nlong tlio spun of rectangular wings of 
Vftilous napoot ratios ^ P “ “ 

of an infinitely long wing the rectangular distribution results 

(Fig 167). 

The induced downward velocity w becomes smaller at the 
middle of the wing and greater at tho tips whon the aspect ratio 
increases. As was to bo expected, the induced downward velocity 
and induced cliag become scio when the aspect ratio (and con- 
sequently the paiametci P) go to infinity (two-dimensional prob- 
lem) According to Trofflz’s calculations, a wing oxtondmg to 
infinity to ono side only lias a fimto downward voloclby at its 
one end and also a finite induced drag. Accoiding to tho cal- 
culations of Botz, an approximate foimula for tho relation 
between tho induced drag and tho aspect ratio in tho legion 
P = 1 to P = 10 is 

-A- = A- - 0 99 + 0.016P [see Fig. 168]. 

TpW 

1 Sec footnote, p 200, 
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The induced drag is not distributed uniformly along the span but 
is concentrated at the ends, which tendency is very pronounced 
for large aspect ratios, Figure 169 shows the lift, the induced 
velocity, and the induced drag of a very long wing. 



Fia, 108, — Ratio of drag of wing with rectangular lift distribution and one of 
elliptic distribution (D, n i n ,) for various aspoot ratios (P « 2b / to). 


116. Conversion Formulas. — Concerning the relation between 
the calculated induced drag and the experimental results, it 
can be stated with certainty that the experimental drag cannot 
be smaller than the calculated 

*f 





JIWUWW 


mnnnnm 


one but must be necessarily 
greater. There arc two parts 
of the total drag which have 
not been taken account of in 
our calculations thus far, 
namoly, the skin friction and 
the small odcly resistance due to 
the fact that the streams from 
above and below the profile do 
not join smoothly. Those two 
partial drags together have 
been called the “profile drag.” 
Taking into consideration the fact that the total drag is the sum 
of the calculated induced drag and the profile drag, the agree- 
ment between theory and experiment is very satisfactory. For 
tho induced drag coefficient C n , we found on pago 202 

n CSS 

Ll >. - 


Fm, 100, — Distribution of lift L, in- 
duced velocity w and induced drag D{. 
along rectangular wing of largo aspect 
ratio. 


or, 


with 


S' = 


iS‘ 




CSS 


this becomes: 
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For llie rectangular wing, wo have specifically S ■= be = span 
X choid, so that 

C L *c 
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P lolling this relation graphically in Fig 170, it is seen that the 
induced ding becomes a paiabola with a cuivatuie depending on 
the aspect ratio. Plotting into the 
sumo diagram the polai ourve of a 
good wing of the same aspect ratio 
shows that the total diag consists for 
its laigor part of induced drag, espe- 
cially foi laige angles of attack 
On account of a fortunate coinci- 
dence, which was not anticipated, it 
was possiblo to reduce the results of 
an foil llieoiy to a vciy useful fonn. 

The polar diagrams for a number of 
anfolls of tho same piofilo but of 
chffoienl aspect ratio were all plotted 
on the same curve shoot and it 
was scon that tho difference between 
tho calculated induced-drag coefficient and tho measured 
total drag coefficient was about equal in all cases From this it 
was concluded that tho profile-ding coefficient was piactically 
independent of tho aspect ratio, so that the possibility piosenled 
itself lo convert polar curvos fiom one aspect ratio to anothei 
The problem thoioforo is to calculate from a given polai 
curve 1, for a given aspect ratio V/$i another polar cuivc 2 for 
the samo profile but of a dilfoiont aspoct ratio b^/St In othei 
words, It is nocossary to calculate for various values of Ci the 
values C«, from the values C„ v 

Fust, wo split up the total diag coefficient into its induced and 
profile parts, % e , 

Cn — Co, + Co,,, 

whore Cj> p Is a function of C r . For a given piofile with the 
aspect ratio bf/Si we have 


Fia 170 — Induced drag pa- 
rabola Tor aspect intio 6 to- 
gether with experimental curve 


208 


APPLIED HYDRO- AND AEROMECHANICS 


For the same profile 
have consequently 


with the different aspect ratio b^/Si wo 

n _ & _l n 

tD '~lTb? h Dp 


so that the conversion formula becomes 


Cd j " Cfll + 


cj(8t _ SA 
* W 61V 


A similar conversion formula can be derived for the angle of 
attack on the basis of an elliptical lift distribution. Wo first 




consider an element of an infinite airfoil 
(two-dimensional flow), as shown in Fig. 
171a. Assuming that the element now is 
a part of a wing of finite length, wo know 

Fig. 171. — Influence of that 0win B t0 ^ fre0 VOTtCX band tllO 
tho induced voioeity w on velocity V at the wing is subjected to 
the actual angle of attaok. an induced downward velocity component 

w. In order to obtain geometrical similarity between tho element 
of the finite wing and the same clement when considered na n 
part of an infinite wing, it is necessary to turn tho element 
through an angle <f> determined by 

. w C,, S 

tan <p = T •= — — • 

V 7 TO 2 


The angle of attack which the element of tho finite wing would 
have if it were an element of an infinite wing for tho same lift 
consequently is (see Fig. 171b) 


«o = a — <p. 

Considering that w is small with respect to V and that conse- 
quently ip can be set equal to tan <p, two airfoils of tho snmo profile 
but different aspect ratios are in tho same condition if their 
actual angles of attack ao are equal for tho same lift coofficioni 



il II FOIL THEORY 


209 


con- 


Tlns J8 tho conversion foimula for angles of attack Both 
version formulas have been 
derived only for aufoils -where 
the lift distribution is elliptic 
along the span This is not 
serious, however, since the drag 10 
is a minimum for the elliptic 
distribution and consequently 
varies only little even with dras- 
tic dopartuics fiom the elliptic 
loading. Moieovei the lift 
distribution foi rectangular 
wings is not very much differ- 
ent from the elliptic one (Fig. 

167). This makes the convci- 
Hion formulas applicable with 
sufficient accuracy to almost 
any type of wing 
In Figs 

plo is given of the use of these 
relations. Figuies 172 and 173 show the polar diagiams and the 
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~ Fig 172 — Polar diagrams for wings 

172 10 175, an exam- of tho sa: mo profile and various aspect 
ratio (fiom 1 to 7) 



relation between the lift coefficient and the angle of attack for 
Bovon wings of aspect ratios ranging fiom 1 to 7. In Figs. 174 
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and 175 these two diagrams have been converted to an aspect 

ratio 5 by means of the conversion 
formulas. It is seen that the va- 
rious experimental points Ho on a 
smooth curve, with the exception 
of a few points for the wing of 
aspect ratio 1, and this is not 
surprising since the whole theory is 
based on the concept of a bound 
straight vortex filament to which a 
square wing cannot be approxi- 
mated with sufficient accuracy, 
117. Mutual Influence of Bound 
Vortex Systems. The Unstaggered 
Biplane. — It has been proved 
before that the free vortex band 
in the wake is responsible for a 
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for nspoot ratio 5 by conversion wing and consequently for an 
formula. induced drag. The influence exists 

between the free vortex system caused by a bound vortex 
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Fia. 17£. — Figure 173 converted to aspect ratio 6. 

and that bound vortex itself and therefore can bo called 
a case of “^/-induction,” In the case of biplanes or 
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multiplanes, there also may be an influence of the fieo voitex 
band of one wing on the bound voilox of another wing which 
might be called " mutual induction” A theory will now bo 
developed, wheioby it becomes possible to calculate the induced 
diag of a biplane or a multiplane from the wind-tunnel data of a 
single wing. 

In principle the action of mutual induction in a biplane con- 
sists of a downwaid induced velocity at wing 1 duo to Iho free 
voitex band behind wing 2 and vice veisci 

Each, wing tlierofoio has a self-induced diag duo to its own 
fiec vortex hand and a mutually induced drag duo to the vortex 



Fta 170 — Surfnoos of dlwonlinuily with umUagKmod hlpliuio 


band of tho other wing, The total induced drag of a biplane 
therefore oonsists of four terms, 

D e= .Du + Du Du -[- Dm, 

whore D n denotes tho solf-inducod diag of wing 1; D ia is tho 
drag of wing 1 duo to tho influence of wing 2; In tho same 
manner Dn is tho drag of wing 2 duo to tho influence of wing i 
and Dm is tho self-induced diag of wing 2, 

Besides inducing a downward component of velocity to, one 
of the wings of a biplane induces also a horizontal velocity v, 
causing an incroaso or a docronso in tho lolativo wing velocity 
The change m the drag duo to this effect, howovor, is small of 
the second order, so that in the following calculation tho influonco 
of the horizontal component v will bo neglected. 

First the case of an unstaggoiod biplane will bo discussed, i.e , 
of a btplano whero tho two wings aro perpendicularly above 
one another, As before, the wings are replacocl by Blrnighl, 
parallel, bound vortex filaments hb shown in Fig. 176. In. this 
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case neither wing induces a vertical velocity at the other one 
so that the downward induced velocity at either wing is duo 
only to the free vortex bands. First, the induced velocity will bo 
calculated at a point of wing 1 caused by the free vorUcca 
of wing 2. The vortex strength of an clement dx 2 of this band 
is dVi/dxz dx 2 so that according to page 198 this velocity cal- 
culates to 

1 dT* da* 

4t 0x2 cl 


with a vertical component 


1 dTydx '2 
4?r d%2 a 


cos y *= 


dr 2 dx* . 

sin 

4 7r 0x2 a 


The total vertical induced velocity at x\ due to tho ontiro frw 
band of wing 2 is found by integration along the span : 

b 

f t \ 1 f*dl\ sin ft , 

w(x x f ) = —r-\ — -(h'2. 

4 t J h Ox 2 cl 


Considering that F = 0 for x t - ±b/2 and integrating by parts, 
we obtain 



By means of the relations 


3 ( sin A _ 9/xl - »j\ _ a 2 - 2(x/ - .v,) 2 
<3 .t\ a ) dx\ a 2 ) a? 


this can be simplified to 


1 — 2 sin 2 0 
a 2 


I 

4?r, 


i 


b 

' 2 _ cos 2/3 , 

2 (IX2< 

b a 2 

2 


OOH 20 


Now the expression for the induced drag Du can bo found by 
means of the relations of page 200 and is 

b 

Du = pfjwixfidxx 
™2 
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oi, after substituting the value for to(ri'), 




a) 


From the symmetucal stiucturo of this integial it is seen that 
the same result would have been obtained foi Du, so that 


Dn = Du 


This theorem, which was derived in a diffeient manner by 
Mimic/ states that foi an unstaggered biplane the two mutually 
induced drags are equal 

Allhongh tins lclation was deiived on the basis of stiaight 
bound vortices, it is valid also foi cuivcd bound voitex filaments 
piovulod these filaments lio in a piano vertical to the direction 
of flight. In tins ease, Eq (1) has to bo changed m so far as 
cos (|8i + /3a) has to bo substituted for cos 2(3, wheie fli and /3a 
aio the angles of the connecting line a with the elements of the 
bound vortox filament, further, dxidxi has to be replaced by 
(Is idsi 

The mutually induced drag is always positive for unstaggeiecl 
biplanes of the ordinary typo With tandem biplanes, where the 
two wings arc beside each other in the same line, the mutual 
influence is diffoicnt in so far as each wing is in the field of an 
upward cuiicnt of air caused by the other wing and consequently 
the mutually induced drag is negative. In such a case the total 
drag of the two wings is less than the sum of the diags of each 
wmg by itsolf. 

118. The Staggered Biplane.— For the staggoied biplane, the 
bound voitex of the ono wmg induces a veitical velocity at the 
other wmg, so that in addition to the influence of the free vortex 
band the influence of the bound voitex has to be considered 
point a/ of wmg 1, the veitical induced velocity duo to 
wmg 2 and its voitex band thcroforo consists of the following 

two conti lbulions: , 

1 The vclooily wi duo to the fioo vortox band of wmg 2, 

2 Tho velocity wi due to the bound vortex of wmg 2 itself 

A strip dx of tho free vortex band has the stiength dTi/dtidxi, 
and tho induced volocity due to it (see page 198 and Fig 177) is 


1 See footnote, p 204* 
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1 OTj 
Air (i dXi 


dvt sin « 


ir/!i 

n 


l 


<n\ 


'iff a fl.Tj 


d,n(l — sin «), 


of which the vertical component is 


*| r ) I 1 

The total induced velocity at .r/ due to the entire free vortex 
band of wing 2, therefore, is 


, >\ l rtdl't 1 •- Hill « ... , 

»,W) - ■ u much 



or considering that sin a « yjr and win 0 «« — (,r^ — 




b l _ 1 / 

J : pfllV' r ,n' n 
a rt 


Since r becomes zero for — b/2 nnd 4-6/2 the axprcHfllon cifh be* 
integrated by parts in the same manner as wuh done on page 2 12, 


- ,?); 




Pe rfo rming tho diiYo rentiation a nd romoin boring that r 
V a 8 + y l and a — \/ (x^ — * 1 ) 2 z*, this becomes 
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lOi(ti') 



« a - 2Q/ - u) 

o' 



y{u'-nV ~ 

a 2 ? 5 


clit 


The second contribution to the veitical induced velocity duo to 
the bound vortex of the wing 2 at tlio point i/ becomes 


u 

/ i\ 1 /*2r 4 sin a , 



if the lower wing 2 is staggered behind the upper wing i, ns 
shown in Fig 177. It is seen that this vortical component is 
directed upward so that the wing 2 causes a decrease in the 
drag of wing 1. In case the staggoi had boon levorscd and the 
lower wing had been placed in front of the upper one, this effect 
would have boon i over sod and the induced drag of wing 1 would 
have been lncicased. 

The total induced downwind velocity at the point i/ therefore 
becomes 


to i + tuj = to(u') = 


b 



i 


2Cu' - .i,) a 

a> 



V( Xl' — Bi ) 2 

a 2 r 3 



or smeo 



this bocomos 


6 

, ,s 1 r cos 2/3,, x sm a cor 2 fl \ , 

*(*■ > " cl 1 * - “ “> ? — f’ 

2 

Since, aceoiding to page 212, tho diag of wing 1 induced by wing 
2 is equal to 
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b 

Du = p J^Tiw(xi)dxi, 

~2 


this becomes on substitution of the above value for w(.Ti) : 


D\ 


- &fX r ' T { 


cos 2/3 


(1 — sin a) — 


sin a cos* /3 1 


dxidxt, 


As is seen in Fig. 177, the drag of wing 2, duo to Iho effect of 
wing 1, can be obtained from the previous formula by putting 
a + ir and /3 + it instead of a and /3. Consequently 


D 


13 




cos 2/8 


(1 -|- sin a) + 


sin a cos 2 /3' 




For a = 0 it is seen that the two integrals become equal (Du => 
D«), which is the result for the unstaggerod biplane obtained 
before. It was shown first by Munk that the sum Du + D 3 1 
is independent of the amount of staggor (staggor thoorem). 

For the general case of bound vortex filaments which arc 
not parallel, the final result becomes 

5 2 

where also the independence of the angle of staggor « is apparent- 
It is important to note that this thoorem of the independence 
of the total mutual induced drag from Iho amount of stagger 
is true only if the lift distribution of the two wings is not ohnngod, 
and this is possible only by properly changing the angles of attack 
of the various wing elements. An alteration in the staggor 
without changing the angles of attack would result in a change 
of the effective angles of attack and consequently in a change of 
the lifts of the two wings. The geometrical angles of attack 
have to be corrected in such a manner that for a change in tho 
stagger the effective angles of attack remain tho samo. 

119. The Total Induced Drag of Biplanes. — It wnB soon on 
page 202 that the self-induced drags of the two wings of a biplane 
are expressed by 
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Du 



7r|FV 


D22 *= 



i^ 7 2 6 2 a 


if the lift distribution is elliptical. Xu is the lift on the fiist wing 
and L2 that on the second wing, Analogously, tho mutual 
induced drag Du 01 Dn can be repicscntcd by 

Z4L2 

<r ■; 

TT^bM 

wheie the coefficient <r depends on the ratio 6i/6 a of the spans and 
on 22/(61 + hi), whore z is 
tho distance between the , 
wings in a dnection vei tical to 
the dneotion of flight For an 
elliptical lift distribution, tho 
value of <r has been calculated 
on the assumption that the 
centers of tho two straight 
wings are in tho same plane of 
symmetry. Figuro 178 shows 
the relation between <r and 
22/(61 4* 62) for three different 
values of 6 2 /6i. Using this 
figure, tho total induced drag 
of the biplane can bo calculated from 

D - D„ + + Dn - + g)' ( 1 ) 

if the lift distribution between tho two wings is known, 

It is of interest to know tho distribution of tho total lift 
between tho two wings for which tho total induced drag becomes a 
minimum. A simple calculation shows that this is the case if 
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In order to obtain this result, wo put Li — XL and consequently 
In ~ (1 — \)L and then determine tho value of X for which tho 
parenthesis of Eq. (1) becomes a minimum. Tho value of this 
minimum then is found to be 


n _ (Lx + uy 1 - <r* _ (Li + uy 

Since the factor 

(L t + uy 

ir?V*b y 


( 2 ) 


represents the drag of a monoplane of span b, with a lift Li -|- L 9p 
and since tho second factor k is always smaller than unity (a < 



_ % 

nnS .(.nn 9 )! Rati f ° r / n<luc “d of biplano unci monoplimo of tho Hfnnn lift 
and span h, as ft function of tho height hfby for various values of by /hr Tins 
induced drag ib a minimum for hi ** bt. 


^> 2 /^ 1 ), it is seen that the total induced drag of a blplano Dd in 
smaller than that of a monoplane D M of tho same span bi and of 
the same total lift. Figure 179 shows tho relation between 
V B /D M md z/b x for a number of values bt/b u It is soon that tho 
rjf of bl Plane decreases rapidly with increasing « and 
, Therefore the most advantageous arrangement of a 
biplane is the one where both wings havo tho samo span, i.a., 

However, the advantage of the biplane as compared to tho 
monoplane is not so important as theso results would inclloato. 
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A relatively small inciease in the span of the monoplane makes it 
possible to deciease its induced drag to the same value as that of 
the biplane The factor by which the span of a monoplane has 
to be multiplied in orclei to give it the same induced diag as a 
biplane of the same lift is denoted by x. We have according to 
Eq (2) 

K _ 1 

or 


1 



Figure 180 shows how the span of a monoplane has to be 
increased to obtain the same induced drag as the biplane bi — bi. 



% 


Fiu 180 — Tho orclmntG x is tlio faotor with winch the span i>i of a. bi piano has 
to bo multiplied in order to got a monoplane of tho snmo lift and tho eamo induced 
drag The biplnno has two wings of equal span b\ bi Tho abscissas mo the 
height-span ratio of tho hi piano 

For instance, a biplane with a span of 6 553 30 ft and a vertical 
distance of ^ ^ 6 ft has the samo induced diag as a monoplane 
of 34 8-ft span, wheie both planes have the same lift 

120. Minimum Theorem for Multiplanes. — After having 
solved the pioblem of minimum induced drag of a biplane with 
the lift distribution between the two wmgs as the variable, we 
proceed to the more general problem of determining the lift dis- 
tribution over each individual wing of a biplane oi multiplane of 
given dimensions, lequired to make the induced drag a minimum 
This problem was solved first by Munk while Betz gave a simplei 
proof for it later The result was that for either a biplane oi 
multiplane the drag becomes a minimum when the lift distribu- 
tion is such as to cause a constant downward induced velocity at 
both wings 

The proof given by Betz is based on Munk's theorem of stagger, 
The original airfoil system and the variation given to it are 
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considered as two separate systems, the variation consisting of a 
very small wing system. According to the stagger theorem 
it is permissible to shift tho variation wing system far buck of the 
plane. In that case tho downward induced velocity at (lie 
main wings due to tho small variation system is negligible, and 
the only chango in the inducod drag duo to variation is caused by 
the effect of tho vortex band on the variation wing system. 

If tho correct lift distribution for minimum induced drag 
exists to start with, any additional variation systom which docs 
not change tho lift will not chango tho drag. 

Thus adding to an arbitrary location dx of ono of tho wings the 
additional lift SLi, and simultaneously adding to another spot 
of the same or of another wing the lift ~ ~6Li, tho variations 
in tho inducod drag become 

and &L*y> 

on account of the fact that this variation in tho lift is equivalent 
to very small additional wings far behind tho actual wing synl am. 
In these expressions, v>\ and Wz aro tho vortical vo loci lion at tho 
corresponding points in tho froo vortox band. In the coho 
where the lift distribution is such as to make tho tota l drag u min- 
imum, it is clear that tho variation in the lift distribution muni bo 
zero or 

frT Wl | 16 / W2 n 

olji'Y + ohr-y « 0 , 

Considering that dL { = - hU it follows that 

io i = w 2 . 

Since the velocities at tho unstaggored wing system aro exactly 
half those in the vortex band far behind tho piano (boo Art. 1 17), 
it follows that tho velocities at tho wings aro also oqual. Tho 
locations at which the variation of tho lift was made aro ontlroly 
arbitrary and it can therefore bo concluded that tho induced 
velocities aro equal not only at tho two points juBt chosen bu Uuivo 
to be equal everywhere. This completes tho proof of tho theorem 
that for a given lift the drag becomes a minimum when tho 
induced downward velocities at both wings aro oqual and con- 
stant along the span. In connection with our previous discus- 
sions (page 192), where tho flow round an airfoil was com pared 
to the impulsive downward acceleration of tho entiro flight path 
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of the wing by means of a “ board,” it is now seen that in the 
case of minimum induced drag the system of “boaids” repre- 
senting the biplane or multiplane is a ngicl one In case the 
most advantageous induced velocities had not been constant, 
Ihls system of “boards” should have been made flexible 

It is now possible to find a plausible and simple mteipietation 
for the general drag formulas in the case of minimum cliag 
T-.nl w ( bo the final velocity of our “board” system after the 
acceleration ; then the downward velocity at the wing is w = Wi/2 
and the induced drag is 




Lwi 

2V' 


Expressing Wi by means of the momentum theoiem, 

L = pSTtti, 

wo find, as before, that 

r.t 

n * 

2pS , V i 

In this expression the area 5" is to bo put equal to^f (<p a — <pb)dx, 
whom the sum coveis all individual wings Remembering 



(800 page 202) that the entire mass of air pS’V is given the down- 
ward velocity v>i and that the lest of the air is not affected, the 
equation states that the lift is equal to the momentum given to 
this mass of air. The woik done by the drag is equal to the 
kinetic energy imparted by the wing to the air. 

It was seen before that for the monoplane the area S' is a 
oirole with a diameter equal to the span (Fig. 181) Grammel 
and Pohllmuscn have calculated the corresponding areas S' for 
the usual biplane and for the tandem biplane by means of elliptic 
Integrals (Figs 182 and 183). The relation 
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n TJ 
v = 2 P V* • S' 

shows that tho induced drag for tho same lift is smaller when S' 
is larger. If tho distance between tho two wings of a biplane 
becomes very- large, S' reduces to two circles on the span as a 
diameter, i.e., the biplane acts as two separate monoplanes. 
Such a biplane has therefore half tho induced drag of a monoplane 
of tho same lift. On tho othor hand, if tho two wings of the 
biplane get closer and closor together tho figure of S' finally 
becomes identical with tho circle of tho monoplane and con- 
sequently the induced drag of tho biplane becomes equal to that 
of the monoplane, 

121. The Influence of Walls and of Free Boundaries. - Airfoil 
theory has yielded yet another result, which is of importance 
for tho interpretation of llio experiments on models in wind 
tunnels either of tho solid-wall or of tho froo-jot typo. 

From the tests in a free jet or in a closod tunnel it is Intended 
to draw conclusions regarding tho bohavior of tho test body In an 
atmosphore of infinite extent. Tho differences between tho 
wind-tunnel stream and the free atinosphoro lie in tho boundary 
conditions: on tho solid walls of a wind tunnel tho normal com- 
ponent of tho velocity must bo sioro, whilo for a free jot tho pres- 
sure at the boundary is constant and equal to tho pressure of tho 
surrounding air. With tho usual oxporimonts, those deviations 
at the boundary of tho jot cause cortain changes in tho flow around 
the model as well as in its inducod drag, rind it is of ton necessary 
to take those boundary offoots into consideration, 

We begin by assuming an infinilo atmosphere und tho corre- 
sponding velocity field around tho wing under tost. Then tho 
jet is cut out of this infinite atmosphere and it is soon that there 
are lateral velocity components and pressures at tho boundary 
of the jet thus out out. In orclor to obtain tho actual flow in 
the wind tunnel, it is nocossary to suporposo another flow, which 
has no singularities in tho inside and has lateral volooi ty eomponcnU) 
(or pressure variations) at the surface of tho jot equal and 
opposite to the ones of tho first flow, This superposition gives 
the actual flow in tho wind tunnel, ancl tho action of llui sec- 
ondary superposed velocity flolcl on the wing is just equal to the 
correction we are looking for. 

Since this secondary velocity field is a potential flolcl (having 
no discontinuities), it is only necessary to find tho expression 
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for its potential. This is tho so-called "second problem of 
potential theory,” wlioio tho potential function luvs to be doloi- 
minecl inside a closed legion when its derivatives aio known on 
the boundary of the region 

A similar piocess leads to tho solution of tho problem for iv 
free jet. Tho boundary condition hero is that the pressure m 
constant on the surface of the jot Denoting by V tho velocity 
of the main flow and bv u, v, w tho components of tlio flow induced 
by the anfod undci test, Bernoulli's equation gives 

V + flw 2 + ( V -I- r) 2 + w 2 ] « Pt -I- P 2 V\ 

and applied to tho fice surface ol tho jot, wlioio p = po, 
it 2 -j- y 3 -J- in 3 -)- 2 I'd *= 0. 


Assuming the induced velocities so small that their squares oivn 
bo neglected, only the last term 2Vv is of importance and tho 
boundary condition foi the jot thorefoio becomes 

v = 0 

On the further assumption that tho lift of the tui foil, and 
consequently tho deviation in tho direction of tho jot, is small, tho 
problem is simplified by taking v — 0 on tho oiiginal undisturbed 
jot instead of on tho actual deflected one Thorefoio it is 
seen that the boundary condition for a stream between solid 
walls is such that the normal velocity component is zero while 
for a free jet tho tangential component v has to bo zero. 

In the same manner as in tho dosed wind tunnel, the actual 
flow in a free jot is obtained by the superposition of the flow cut 
out from an infinite atmosphere and a secondary flow which 
has the velocities -y at the surfaco of tho jot, Jf ‘T> is tho poten- 
tial of this velocity field, tho boundary condition on tho surfaco 
of the jot is dl'/dy - — y. An integration along tho gonoralora 
of the cylinder then gives 

Hv) = ~f V vdy. 

The lower limit of this integration expresses tho fact that at a 
great distance from tho tost wing {y - — « ) the potential of tho 
secondary flow ( I» is zero. Thus tho condition that tho sooondary 
velocity field has the prescribed values — v at tho jot boundary is 
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equivalent to the condition that the values of the potential nvo 
given on the boundary and the problem therefore is that of 
finding a function without singularities inside the jot while the 
values of this function are given on tho boundary of the jot. 
This problem is known as the "first problem of potential theory." 

122. Calculation of the Influence for a Circular Cross Section. 
The problem for the solid walled channol as woll as that for tho 
free jet admits of tho easiest solution for tho circular cross section. 
The problem reduces to finding tho action of an "inverted" 
airfoil, i.e., of a body found from tho original airfoil by a 
mirroring process involving reciprocal radii. Tho circulation 
around this inverted wing has to be taken in tho same sense uh 
around the actual wing for tho case of a solid wallocl channel 
and with tho opposite sign for a freo jot. Tho calculations have 
been carried out in detail for a straight monoplano in tho middle 
of the jet, an elliptical lift distribution being assumed. Lotting 
the span be b, the diameter of tho jet bo cl, and £ = 2x/cl, where .v 
is the distanoe from the center of tho wing, it is found that 

«-'«> - sw(‘ +!«■+ 1** +!§*• +••■)• 

The added drag due to this velocity consequently bocomos 

This expression for the additional drag is exactly true for straight 
monoplanes with an elliptical lift distribution; however, it is also 
valid with a good approximation for all usual wing systems of 
which the dimensions relative to tho diameter of tho jot arc not 
too great. The expression for tho induced drag was found on 
page 202, namely, 

D = ~ 1_. 

4 

Denoting the cross section of tho jot 7rd 2 /4 by St, tho first approxi- 
mation of tho total induced drag of an airfoil in an air jot of 
circular cross section booomes 
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For the solid walled channel it was stated that the calculation 
around the inverted wing has to have the same sign, as the circu- 
lation round the actual wing. This results m a decrease m the 
induced drag due to the channel walls which is of the same amount 
as the increase in diag with the fiee jet Theiofoie the approx- 
imate foimula for the total induced drag m the tunnel is 


D - (| 

4^ ysV 5 



In order to obtain an appreciation of the numerical value of 
this collection, we consider a wing of wlnoh the span is equal 
to half the jet diameter or So = 45'. Hoio the collection equals 
12 6 per cent of the induced drag In ordci to determine 
tho diag in the fiee atmosphere, this amount has to be subti acted 
from test lesults in the jet The moie exact formula for the 
correction gives 0 1202 instead of 0.125 It is seen theiefoie 
that for most practical eases the appioxinmte formula is suffi- 
ciently accurate not only for elliptical wings but also for wings 
with constant lift distnbution whole tho moie exact value gives 
0 127 

Glauert 1 has made an analogous calculation for the influence 
of channels of loctangular cross section. 

In case of wings of great chord dimension with respect to 
the diameter of the wind tunnel, the variation of tho secondary 
velocities along the choid cannot bo neglected. A theory taking 
account of this ofTcct has also been developed with the result that 
the wing model undoi tost in a jot has to bo given a slightly 
increased curvatuie as compared with tho original wing in free 
an. 

1 Gi.aoeiit, II,, Tho Intoifoionoo of Wind-channel Walls on llio Aoro- 
dynamic Characteristics of an Aerofoil, lic'pls and Mem Nal Adv Comm 
Aeronautics (London), vol 1, p 118, 1923-1024 



CHAPTER VII 

EXPERIMENTAL METHODS AND APPARATUS 
A. PRESSURE AND VELOCITY MEASUREMENTS 


123. General Remarks on Pressure Measurement in Fluids 
and Gases.— When measuring the pressure at a point in Iho 
interior of a liquid or gas, it is impossible to avoid tho insertion of 
a foreign body, namely, the measuring apparatus, into the fluid at 
that point. For static conditions this is not important since tho 
state of pressure of the fluid in the direct vicinity of the measur- 
ing instrument is not disturbed by it. On account of tho finite 
dimensions of the instrument tho average pressure over a small 
area is measured instead of the exact pressure at a point. Thia 
value, however, can be approximated by making Llio apparatus 
sufficiently small. 

The conditions are fundamentally different when the fluid is in 
motion because in that case tho velocity and pressuro aro dis- 



turbed in the neighborhood of tho instru- 
ment. For instanoo, thcro must bo a stag- 
nation point on tho apparatus whoro tho 
fluid velocity is zero so that the pressuro 
measured at this point would bo p/2 ■ w 3 loo 
large, w being - tho undisturbed velocity 
(see Art. 2). 

124. Static Pressure. — If tho volocity i a 


Fio, 184 .— Disk for * s 80 l ar S G that the stagnation pressuro 


measuring statio pros- p/2'W 3 cannot bo nogloclod With l'CSpCCt to 
” il; ' the pressure in tho undisturbed fluid (tho 

static pressure), it is not sufficient to clecroaso tho dimensions of 


the instrument, but it is neoessary to make its slmpo such that 
the flow is disturbed as littlo as possible. 

A shape as shown in Fig, 184 serves tho purpose. A thin 
circular tube is closed at the top by a very thin disk pierced in tho 
middle. If the disk is placed in the direction of tho velocity, 
the flow at the location of tho hole is hardly influenced by it bo 
that the pressure at this point is the same as if the disk did not 
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c 


Pig 185 — Htftlio tubo 


exist. However, if the disk is inclined under a small angle with 
respect to the direction ot flow, a maikod influence is felt and tho 
mcasuicd pressuic does not correspond to tho picssuie of tho 

undistuibed fluid at that point *»- 

Owing to this gieat sensitivity 
against angular deviations tho disk 
is hardly evei used any moio 
The static tube shown m Fig 185 
is more advantageous m this 
icspect It is a thin tubo held 
paiallel to tho flow with a numbei 
of small holes m the side, Ilcie tho lecorded prossuio is much 
less dependent on tho angulai position, which will bo discussed 
in detail in Art. 126. 

A lelatively simple problem is the measurement of the pleasure 
at a solid wall along which tho fluid flows, since in this case it is 

not necessary to mtioduco a foicign body 

a- into tho flow A small hole is drilled in tho 

wall at tho point where the statio prossuio 
is to bo moasurod, as shown in Fig 186 
The fluid flows past tho hole but remains at 
lest in tho hole itself if its dimensions aio 
sufficiently small. Tho fact that tho voloc- 
Fia iso — iioio in wnii ity is dil’foiont outsklo and msido tho holo 
r °rc m ™ oasurmg 0tlvUo 10 not m conti adiction to Bernoulli’s 
equation, since tho Bernoulli constant 
for the two regions is different (sco Ait 58, “Fundamentals" 1 ) 
Owing to tho influence of viscosity there is some sucking action 
which becomes smallei with deci casing holo clmmotor Accord- 
ing to Fulirmann 5 tho actual pressure exceeds tho measured 
pressuie by about 1 per cent of tho stagnation prossuio for a holo 
diameter of about Yi m. Jn other wouls, if ]>u donolos tho 
actual prossuio, p tho measured prossuio, and w tho velocity of 
tho fluid flowing along tho holo, wo have 



P o 


p + O.Ol-w 2 * * 


1 Sec footnote, p 3 

* Fukhmann, G, ThooieBcal atul Expoumonlal Investigations on Bal- 

loon Models (Goiman)* Bissoi lation, GOttmgon, 1012; Jahib Alolorluft- 

schiffsludiengwclhchafl, vol 5, p 03, 191 1-1012 
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It was seen that for the measurement of static pressure it is of 
importance that the flow is not disturbed at the point where Live 
pressure is to be measured, For instance, it is necessary to 

make sure that no burr exists 
at the mouth of the hole. 
Small inaccuracies in this 
respect lead to completely 
false results. It is therefore 
recommended to shape the 
hole approximately as shown 
in Fig. 186. 

126. Total Pressure. — The 
Fia. 187. — Pitot tube for momnjring total prossuro, i.e,, the sum 
total pressure. 0 f the static pressure and tho 

stagnation pressure can be measured much more easily than 
the static pressure by itself. Introducing into tho flow im 
open tube, as shown in Fig. 187, causes tho velocity of tho 
fluid to become zero in the opening of tho tube so that, 
according to Bernoulli’s equation, in this stagnation point tho 

pressure is increased by gie 2 . If denotes the static prossuro in 



the stagnation point, it is seen that 
the instrument measures the total 

pressure pi = p 3 + |w 2 . This tube 

is known as tho "Pitot tube" after 
its inventor. 1 

It is evident that if the statio pres- 
sure is known, a measurement of the 
total pressure immediately allows of 
a calculation of the velocity w, 
namely, 




w 


- 


V.)‘ 




Fid* 


188. — Moufluromont of 
dynamic prosmiro by men mi of 

This method of velocity measure- mortmry< 
ment is used very often. For instance, if tho velocity at any 
point in the interior of a fluid or gas flowing through a pipe 1ms 
to be measured, a Pitot tube is inserted into it giving tho total 
pressure (see Figs* 188 and 189), Sinco the static prossuro is 

1 Pitot, Description of a Machine for tho Measurement of Velocity of 
Flowing Water (French), acad. p, 172, 1732, 
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constant across the cioss section, it can be measuied at the 
pipe wall as descnbed befoie The difference between the 
total piessuie and the static pies- n 

sure can then be measuiecl immedi- 

ately as shown m the figuies 1 

126. Velocity Measurement with 
Pitot-static Tube. — In oidei to 
moasuie a velocity diiectly, an 
instrument has been designed in 
which the static piessuie and the 
total piessuie can bo measuied at the 
same time Such an appaiatus was 

first used by D W Taylor 1 and con- aa« ; 

sists of a combination of a Pitot tube J J 

with a static tube For an undci- 1 

standing of the limitations of this : ' " ' ' ^ -zzzsmm 

mstiument the piessuie distribution dynamic prowmo by moans of 
around a blunt-nosed hollow cylinder iho fliucl Il,80l{ 
is of importance. This distribution can bo found oxpcnmentally 
(see Ait 86) by dulling into the hollow cylmdci a number of 
very small holes which aie all sealed up with tho exception of one 
of them. The interior of the cylinder is then connected to a 
manometer Insorlmg tho cylinder into a flowing fluid with 
velocity w and measunng the piessuies on tho various holes one 
after another, tho picssuro distribution as depicted in Fig 64 is 
found Theioforo, if tho pressures aro measuied at tho stagna- 
tion point of the oyhndor as well as at tho point whoio there is 
static pressure in Fig. 63, and if these two pressuies arc thon 
connected to a manometer, tho diffoionco 


Pi - p> « |u) s 

will bo found at once. Foi practical reasons, however, tho 
apparatus is mado m a somowhat different form. Figure 64 or 
190 shows that a very small orror In tho location of tho static 
holes leads to a considerable eiror in tho pressure Therefore it is 
more accinate to locate these holes farther away from tho noso 
of the cyhhdor wheie tho vacuum clecioascs asymptotically 
toward zero. Considering furthoi that tho stem of the apparatus 
causes an increased pressure distributed in the manner shown in 
1 Taylor, D W , Heating Ventilating Mag , p 21, 1006. 
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Fig. 190, it is comparatively easy to And a location where tlio 
vacuum duo to the nose of the cylinder is equal to the increased 
pressure duo to the stem. 

It has thus been found that the shape and the dimensions 
of the component parts of the apparatus are of importance for tlio 



Fiu. 10U. — Procure distribution on a blunt body, cioiiaidorhig nluo iho effect of 

the atom. 


results to bo obtained. 1 The dimensions given in Fig. 101, which 
are duo to Prondll, have given good results. 

It is to be noted that, for n flow in which the volocity oscillates 
rapidly about a certain mean value in magnitude but has a 



Fiu, 10 L — PHot-utmiQ tube of PriuultPa design, 


constant direction, tho reading of tlio manometer or its mourn 
value does not correspond to tho mean value of tho velocity , since 
the apparatus measures pressures which are proportional to tho 
squares of the volocity, This point may become Important in 
tho measurement of velocities in turbulent flows (see Art, 33). 

1 KuMimucit, II., Measurement of Flowing Air by Moans of Pi lot-8 In tio 
Tubes (Gorman), Forachunpaarbeilen V . £). /,, vol, 240, 1021. 
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Tho Prnndtl tubo is a very loliablo instrument snuio its leud- 
ings arc hlllo dependent on tho angle « with inspect to l he direc- 
tion of flow. As is shown in Fig 192, the total pi casino in 
as woll as tho static piossuvo p, M 
vanes consicleiably with a change 1 
in angle a but in suoh a mannei 2 wl 
that then diffoionco p t — p„ which 
detonmnes the velocity, is hardly 
affected for angles up to a = 17 
deg 

Another form of Pilot-static 
tube, which is oxtonsivoly used m 
tho United States and England, is 
tho ono duo to Brabbdo (Fig. 193). 

This apparatus, as woll as tho 
ono of Prnndtl, has a propor- 
tionality factor 1 so that it does not need any calibration. It 
is slightly more sensitive to angular deviations limn Pramlll’s 
instrument 


-Ml 


-'0 


-90\ 





60 * 


I'm* 102 HoiihiI I vily fn rhium<*H 
ill tlhun lion nf l’limtlirn Litlm 



Tho influence of Iho turbulence of the flow on l ho lonclingH of 
the instiumont will not lie discussed ii| detail hcic, lull Iho render 
is referred to the publication by Kumbrueh.* ll appears Unit for 
any form of instrument tho reading m about <! per cent high for 
very liubulont flows 
1 See footnote, j) 230 
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127. Determination of the Direction of the Velocity.—Tho 


measurement of the direction of Iho velocity is relatively 



complicated. The apparatus 
shown in Fig. 194 consisting of a 
disk with openings on cither side 
shows a difference between the 
pressures on Lho two faces except 
when the direction of tho disk 
coincides with tho direction of 



Fig. 104. — Disk for measuring dtrou- 
tion of volocity and static proBsuro. 


tho flow. Thoroforo if tho disk 
is hold along tho direction of the 
volocity, a pressure gauge shows 


a zero reading. This method, howovor, is of uso only for volocity 


fields which arc fairly constant over largo regions. In coses 


where the velocity varies considerably from 
point to point, the instrument of Fig. 195 
has to bo used, consisting of two Pitot 
tubes under 90 clog. Tf tho manometer 
does not show any deviation, the direction 
of the flow is under 45 clog, with eilhor 
tube. Tho relation betwcon the manomo tor 
reading and the direction of tho flow has to 
be found by calibration. 1 

Other instruments for tho measurement 



of velooity will bo considered later. First, 
some methods of pressure measurement 
will be discussed. 

128. Fluid Manometers. — If tho two 
water pressures to bo moasurod aro con- 
nected by moans of rubber tubing to tho 
legs of a U-shaped glass tubo containing 
mercury, of which tho spoeifio gravity in 
water is 7,ir, 2 the equilibrium condition is 
(Fig. 196) 



Fra. 106. — Two per- 
pendicular PI to l Ui ben 
for determining tilronlkm 
of velocity, 


h 



1 Lavender T,, A Direction and Volocity Motor for Uso in Wind-umuol 
Work, Rcpls. and Mem , Nat. Adv. Comm. Aeronautics (London), No, Sii, 
1923. 

8 The term "specific gravity in water" in this connection moans tlio spodfio 
gravity minus the buoyancy duo to water, i.c ta/ « y«noreury - y w*ur, 
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If 7 ir denotes the specific gravity of the flowing fluid (water), we 
have 

Vi~V> = ^ = y fw*, 

so that 

, _ yw 10 s 
Tv 2 g 

and, since for water y w ~ 1, 

w = \/2yhyM' 

Consideimg that the specific giavity of mercury is 13.6 and 
consequently that y u = 12 6, we have for g = 386 m./sec 2 : 

id = V 2 X 386 X 12.6/t = 98 Qy/h in, /sec 
(velocity of watci with meicury as manometer fluid). 


Thoiefoie a level difference in the manometei of 4 in mercury 

corresponds to a velocity of about 16 

ft/sec Assuming that a level diffcienco 'V'L—T'X 
of 0.01 in. is the limit of accuiacy of the f 

manometer, the smallest velocity that can *5 P* 

be measured with this method is about 10 •: ~~ 

m /sec Using the water itself as the " r | 

'manometei fluid (Fig 189), wo havo i I 

to = V2 X 386 X h = 27,8 y/h m./sec £-.1 I 

(velocity of water with watei as I ■ 

manometer fluid) ■ H 

For pleasure moasuiements or velocity 
moasuiements m gases, the method loinams Fl ° 10 ®~^“ t r ubo mn ’ 
practically the same, only a manometer 
fluid of small specific gravity, for instance water or alcohol, is used 
for the usual gas prossuics. Since the specific giavity of water 
referred to au of room lemperaluie and usual baromotrio pressure 


we havo 


id = V2 X 386 X 800 X/i « 780 y/h in./seo 
(velocity of air with water as manometer fluid) . 
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A level difference of 0.01 in. water therefore corresponds to an 
air velocity of 6.5 ft/sec., which shows that for small air velocities 
the level difference has to be measured very accurately. 

With the usual U-tube mercury manometer without special 
optical appendages, level differences can bo estimated down to 
about 0.004 in., whereas for water on account of capillary phenom- 
ena the reading cannot be trusted witli any hotter accuracy than 
about 0.04 in. Therefore in all cases whero accuracy is required, 
the water of the-manometor is replaced by organic fat-dissolving 
fluids, like alcohol, toluol, etc. If y is the specific gravity of this 
manometer fluid as compared to water, the abovo formula for 
velocity has to be changed to 

w = 780 -\/hy. 

With these organic fluids, the accuracy is increased to about 
0.010 in. so that with this method air velocities down to about 
6 ft/sec can be measured. For still smaller velocities or pressures 
special sensitive manometers have to bo used. 

129. Sensitive Pressure Gauges. — The sensitivity of fluid 
manometers is increased cither by special optical devices for 
observing the meniscus or by inclining the 
s legs of the gauge at an anglo. A third 
method which is used rathor seldom consists 
of replacing the air column by ft fluid 
lighter than water and not misoibio with 
it, as for instanco korosono or amyl acetate. 
The instrument has to bo completely filled 
with liquid. In this manner only llio 
difference in tho spocifio gravities of llio 
two fluids is acting; for water and korosono 
this is about 0.2. Tho method which is fivo 
times as sensitive (and could ovon bo made 
more sensitive by ft suitablo choice of 

Fio, 197.— Micro- liquids) has tho disadvantage that the 

^«vi°ty 0 ia er obtfti > nod B ly nieniscus between water, korosono, and glass 

ions system for reading is not so distinct as between air, alcohol, 
height of meniscus. and glagg> 

With the usual sensitive manometers one of tho logs of tho 
U-tube is transformed into a basin of relatively largo cross 
section (Figs. 197 and 198). This has tho advantage that only 
one reading has to be made, sinoe the change in lovel in tho 
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basin can be either neglected 01 subsequently corrected This 
decreases the on or of the procedure by 50 pei cent* Foi instance, 
if the diamotei of the basin is 4 m and that of the other log in , 
the fluid lovel m the basin sinks (J^/4) 2 , % e , one sixty-foui th pait 
of the change in level in the othei leg The leadings of the 
manometci m this example thciefoie have to be mcieased by 
one feixty-fouith to conect foi the change m level in the basin 
Modem constructions of inclined manometeis aie usually such 
that the inclined leg can be swiveled lound its connection with 
the basin. By tlus device several langes of the mstiument and 
several legions of accuiacy can be obtained Let A p be the pies- 
suic dilTeiencc m inches of watci, a the angle of the inclined leg 



with icspcct to the horizontal, l the tiavel of the meniscus m 
inches, and y the specific gravity of the manometer fluid, then we 
have (see Fig, 198) 

A p » ly sin a, 

if the level chango in the basin is neglected, It is thus seen that 
tlio sensitivity becomes gi eater for smaller angles For 
inclinations down to about sin a ~ ^ 5 , this kind of manometer 
can bo used without any special piocaufcions; for still smallor 
inclinations, howcvei, the 01101 s due to capillaiy action become 
moro and moio sonous, Those enois can be avoided only by 
very careful calibration 

Assuming that a change m the meniscus can bo obseived with 
an accuracy of 0 Oi in , this travel of the meniscus with an 
inclination of one twenty-fifth and alcohol as a manometci 
fluid (specific giavity 0 8 ) coi responds to a pressuio 

A v - 0,01 X X 0 8 - 0 32 in (water), 

W 1 U 1 this mstiument thoiefore an air velocity as small as 
15 in /sec can bo measured 

The oahbiation of inclined-log prcssuic gauges is accomplished 
by putting a carefully weighed quantity Q of the manometer 
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fluid into the basin and observing the travel of the meniscus duo 
to this. If A be the cross section of the basin, the amount Q 
increases the level by Q/yA and therefore is equivalent to an nit- 
pressure of Ap - hy - Q/A. By repeating this procedure a 
number of times a complete calibration curve p = /(l) can bo 
obtained. 

For very small inclinations (under one twenty-fifth) this 
calibration has to be done in small steps for the individual parts 
of the entire capillary tube in order to determine the errors of 
the capillary tube itself. 

An improvement in this instrument giving still grcnlor accuracy 
is due to Rosenmiiller. 1 His apparatus is shown schematically 



in Fig. 199. Instead of determining the pressure difference 
from the travel of the meniscus (which includes all the errors 
of the capillary), the inclined capillary tube is swivclod until 
the original zero reading is established. The angle through 
which the capillary is turnod can bo read off a micromotor screw 
T, By suitable construction of the pitch of the scrow, ono 
division of T corresponds to 0.001-mm water prossuro, which 
constitutes the sensitivity of the, instrument. The advantages 
of this construction arc that the irregularities of Iho capillary 
tube do not enter into the rosult and that tho reading can bo 
accomplished in a relatively short time (about 3 min). 

If such a great sensitivity is not necessary and if a greater 
range of velocities is to be measured (up to about 12 in. water 
corresponding to about 230 ft/sec wind velocity), tho precision 
manometer with vertical leg devolopod by tho Aerodynamic 


* RosBNMtlLMm, M., Now Measuring Apparatus of Air Vdooilios (Ger- 
man), Mesalechnik, vol. 2, p. 343, 1020. 
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Institute of Gottingen is to be lecommendecl 1 The sensitivity 
of this instillment is due to the fact that the meniscus can be 
obsoivcd veiy accuiately Parallel to the manometer tube there 
is a scaled guide cm lying a vermoi , a lens in fiont of the tube, and 
a concave minor M behind it (Pig 200) This mirroi gives an 
inverted leal image of the meniscus The carnage is adjusted to 
such a position that the actual meniscus seen through the lens 



is just touching tho inverted meniscus of the mirror, which 
can bo done very accurately In this position the veiniei is read 
by means of a second Ions which allows a determination of the 
position of the carnage to 0-002 in close For very rapidly 
varying pressures two diffeient degiees of damping can be inserted 
by means of two capillary tubes T Another piecision manom- 
oter with a range of 4- to G4n water piossurc with a sensitivity of 
0,0004 in water has been brought on tho maiket by the Askama 
Works, Beilin 

i Prandil, L, Odltmgci Ergcbmsse, vol I, p 44, Munich, 1921 
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For still greater sensitivities (to about 0.04 mil water) with 
a smaller range (about 2 in.) special manometers have been 
constructed. Among these the most important ono is tho 
Chattock gauge developed in England. 1 Tho instrument, shown 
schematically in Fig. 201, consists of a glass U-tubo of somowhat 

extraordinary shape which is 
attached to a metal frame that 
can be tilted round an axis. Tho 
two pressures are connected to 
tho two reservoirs right and loft, 
which are half filled with water (or 
with a salt solution of specific 
gravity 1.07). If tho vessel in tho 
middle would bo filled with the 
same liquid, a flow of tho salt solu- 
tion from tho outer vessel of greater 
pressure to that of lower pressure 
could not bo detected in tho middle 
Fia. 201 '-“;”nomotor of vosscl In or dcr to show a displace- 

men l from tho high-pressure nido to 
the low-pressure side, tho middle vessel is filled with castor oil, 
which does not mix with water, The glass lube connecting tho lof l 
vessel to the middle reservoir protrudes into the castor oil, and the 
salt solution forms a very distinct meniscus with tho oil on the top 
of the tube, This meniscus is viewed through a microscopo with 
crossed wires, If a very small pressure difference occurs botwcon 
the two extreme vessels, tho shape of the meniscus botwcon tho 
salt solution and tho castor oil deforms. This dofornmtion is 
made to disappear by giving the proper inclination to the fmmo 
carrying the glass vessels, which is done by turning a micromotor 
screw from the reading of which tho prossuro difference cun bo 
calculated. The sensitivity of this micromanomotor is 6 * 10~ D in. 
of water according to Chattock, 

A similar manometer of the same sensitivity but with a range 
of 6 in. has been described by Douglas; 2 see also the paper by 

1 Chattock, A, P., Note on a Sensitive Pressure Gauge being an appendix 
to: On tho Specific Velocities of Ions in tho Discharge from Points, Phil, 
Mag, } 1901, p, 79; see also J. It. Panncll, Experiments with a Tilting Manom- 
eter for Small Pressure Differences, Engineering) vol. 90, p. 343, 1013, 

2 Douglas, G. P,, Note on a Largc-rango Manomotor for Wind-tunned 
Work, Repts, awl Mem. Nat , Adv. Comm , Aeronautics (London ) , vol. 1, p. 1 10 a 
1919-1920, 
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Duncan. 1 A manometer of veiy great sensitivity (about 4 10 - ’- 
in water) has been described by Fry. 2 

Another manometer of lather gioat sensitivity has boon 
developed in the Aoiodynamic Institute, Aachen 3 Two vessels 
I r i and V 2 of nccuiatc cyhnducal shape to which the piossuies 
are connected contain two floats which aio ligidly attached to 
each other and cairy a minoi between them Tlio piessuvo 
dlffcienco causes a diffeionco in the water level bo tween the 
vessels V i ancl V* which turns the connection between the floats 
nnd consequently tho minor. This angular deviation of Lho 
minor is observed with a telescope. The sensitivity of lho instru- 
ment is about 10~‘ in. of water A disadvantage of tins manom- 
eter ia that relatively hugo amounts of water have to lie moved 
by very small forces so that it requires from 30 to 45 mm to 
obtain one leading. 

Finally, wo mention an an micromanomator mado by Kdel- 
irnimi <fe Sohn, Munich.* In this mstiumont, the air fiom the 
spot wlioio its piossiue is to bo mcasuied is blown thiough a 
nozzle against a small miea vano attached to a toision wire. Tho 
nnglo of torsion of the mica vano is mcasuied by means of a 
mnror attached to the samo wno, Tho sensilivity is said to lie 
about 4 * 10~° m of water 

Recording manometers lmvo beon constructed on the pimciplo 
of cither the aneroid barometer or utilising floats. Wiesols- 
borger 6 has constructed an anoioid baiometoi which has also 
beon adapted* 1 to tho registration of tho velocity of an ahplano 
relative to tho surrounding air. 

130 , Vane-wheel Instruments. — Besides tho Vj lot tubes dis- 
cussed in Art. 126, Ihoro exist a number of instruments winch 
require cnlilnaLion boforo they can bo used. 

Tho most important among these utilize wheels with vanes or 
buckots. For water measurements tho usual rotary-disk wilier 

‘ Duncan, W. ,T , On a Modification of the Glui block Gauge, Designed 
to Eliiniitnlo llio CShnngo of tlio Koto with TomporaUno, Tech Rcpl, 1000, 
Aero, Research Comm, 1027, p 848, London, 1 028 

* Put, J. D., A Now Mioioiimnoinolct, Phil Mag , vol 26, p. 404, 1013 

* Eiimisii, II , Mow and Piohsuio DihIiiIhiIioii of OlwIiieleH as a Kunolmn 
of Reynolds’ Numbm (Gorman), Abhandl Aero Inst, Tech Unchxi hulr 
Affcft<rn, vol 0, p 21, hcrlm, 1927. 

* 7, Ohrsnhcilk , vol 60, p. 344 

* WiHBmsiiBiianu, 0 , QOUzngcr Eigclmmc, vol 2, p 0, Munich, 1923 

* WiKBBisoBiKiBin, C, A Miuiomolot foi Recording Plying Speeds (Gor- 
man), 7j. Flugtcch, Molorluflschijfahtl, vol 12, p. 1 , 1021 
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meters fall under this class, whereas for air-speed measurements 
the instruments are known as anemometers, among which wo 
have to distinguish between vane- or wind-mill typo anemometers 
and hemispherical-cup anemometers. The number of revolu- 
tions of the instrument is read off on a revolution counter, but 
there are also constructions where the wheel operates an electric 
bell after a certain number of revolutions, Tho timo elapsed 
between two strokes on the bell is determined by means of a 
stop watch. The calibration of water motors of this type cun 
be accomplished by towing them with n constant volocity through 
water at rest. The calibration of anemometers for small wind 
velocities up to 30 ft/sec is done mostly on tho rotating arm 
(see Art. 140). The relative air velocity of tho anemometer is 
equal to the arm velocity corrected by tho wind which is caused 

by the moving arm. For largo veloci- 
ties (above 15 ft/scc) anemometers uro 
usually calibrated in tho artificial air 
stream of a wind tunnel and compared 
with the readings of a Pitot tube. 

Owing to the considerable inortia of 
the vanes, all instrumonlR of this typo 
indicate only tho moan valuo of the 
velocity with respect to timo. In wind 
of varying intensity the readings of tho 
anemometer show a considerable plume 
lag with respect to the wind velocity, 1 
Gusts of wind of very short duration 
cannot bo measured with this kind of 
apparatus, In caso an anomomotor is 
used for tho determination of tho veloci- 
ties in a pipo, it is to bo considered 
that, owing to tho volume which tho 
instrument takes up in tho pipo, tho 
indicated velocities aro higher than 
those in tho undisturbed pipe, With tho usual anomomotor 
placed In a pipe of about 10 in, diameter this orror amounts to 
about 3 per cent. 

1 ScanENK, 0., On tho Errors Duo to Inortia in tho Rowlings of Hemi- 
spherical Anemometers in Wind of Varying Intensity (Gorman), Z. lech. 
Phyaik, vol. 10, p. 67, 1920, 



Fia, 202, — Cons laiilrYolfc- 
uge hot-wire anemometer; tho 
bridge Yoltngo is kept 
eoJiBtan t. 
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131. Electrical Methods of Velocity Measurement — Anothei 
method of moasuring velocities is based on the fact that an 
eleotrically heated wne exposed to the air stream cools off ancl 
consequently changes its electric losistance. This method is 
especially valuable for model ately small air velocities The 
hot wiro which is usually very thin (0 5 to 5 mils diameter) is 
connected in a Wheatstone budge circuit (Fig 202), which 
makes the measuiemont of a small change in the lesistance 
oxti cmcly accurate This sort of insti ument is usually calibiated 
on the lotatmg aim 
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203 — Calibration ourvo of a constant- voltage hot-wiro anemometer 

Hot-wiro anemometois aio usocl in two kinds of circuits 
(1) constant- volt ago and (2) constant-resistance circuits, With 
the fust method tho voltage across the bridge is kept constant 
after having been adjusted to such a value that the galvanometer 
shows zovo cunent when the hot wue is in still air As soon 
ns tho air starts flowing, the hot wire cools off and the galva- 
nometer shows a reading which is related to the wind velocity m 
a mannei determinable by calibration This circuit was first 
suggested by Weber 1 and was developed further by King 2 It 
is useful only for vory small air velocities, but m this lange it 

1 Wbubb, L , Schr\fien nalnrwm Ver Schleswig-Holstein, vol 2, p* 
313, 1894 

3 King, It 0 , Phil Trans Roy Soc ( London ), A, vol 214, p, 373, 1914; 
Phil , May<i vol 29, p 556, 1915; J> Franklin Inst , vol, 181, p. 1, 1916, 
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is extremely sensitive, 
to 0.2 in./sco, 1 Since 



the velocity being determinable down 
the very thin platinum wire, which 
in usually healed to a dull-red heal, 
is cooled off considerably by rather 
smalt air velocities, a further increase 
in the velocity results only in a rela- 
tively slight further cooling and con- 
sequent change in resistance. Owing 
to this fact, the method of constant 
voltage is not very sensitive for larger 
air velocities. Figuro 203 shows the 
relation between air velocity and gal- 
vanometer reading for an instrument 
with 4-mils wire diameter. 

With the second method Urn resist- 
ance in the battery across the bridge 


nnco hot-wiro imomomotor; tho wlro whioh wftB originally cooled off 

roaistanoo and conecquontly Uio i . .1 ,* . » , , . t 

tompornturo of tho hot wlro nro ^ ^llO OUliOllfc \H figfiUl 1) VO 11^ Ilf 

kopt constant by varying tho up to its fll’Ht tOMpOmtUl'O (Fig. 204). 
bridge voltngo. TllO tompOmtUl’O of tllO hot wire Itlltl 

consequently its resistance are kopt constant by varying the 
bridge voltage so that tho galvanometer reading remains aero. 
The current in tho hot wiro is road by moans of a voltmeter which 
gives a measure for tho air velocity. This method has been 
improved by Callondar (see King 3 ) so that tho calibration curve 
of the instrument is pmotically a straight line even for very small 
air velocities. Tho calibration curves for tho various typos of 
hot-wire anomomotors are shown in Fig, 205. 

Another method for obtaining a practically straight-lino 
characteristic is by using a compensating hot wiro, as shown In 
Fig. 20G. a Tho compensating hot wiro II 1 1 ! a is always kept in 
still air and tho resistor is adjusted to such a value that if tho 
main hot wiro is also in still air tho galvanomotor reading is aero. 
When tho air begins to flow, tho galvanomotor gives a certain 
reading whioh is practically proportional to tho wind voloolly, ns 

1 Ovekbbck, A., Ann. Phyrtk, vol. 50, 307, 180/5; Dau, R., .Dissorlnlkm, 
Kiol, 1912, 

‘King, R. O,, Tho Moasuromont of Air Flow, Engineering, vol. 117. 
pp. 130, 249, 1024, 1 

* Huounbabd, MqoNAij, and PnANioi., On a ComponBalod Hot-wiro 
Anomamotor (French'), Cnm.pt, rend., vol, 170, p. 287, 1028. 
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hown by curve a, Fig 207 , cuive h f for a constant-voltage 
lot-wire instrument, is shown for comparison 



5 /O J5 20 25 30 

mm Wafer - 

i'lo 206 — VtinouB calibration ourvoa (a) const niit-vol lego nnomomotor, (k) 
aon&tnnt-rosistnnco nnomomotor, (c) dyimmio-inoeauro ourvo 




Fia 206 — Hot-wiro hook-up of Fla 207 — Calibration ourvoa (tt) of 
Hugunoard Fig 200 and {b) of Fig 202 


For the special purpose of investigating the structure of the 
wind the Siemens & Halsko Company m Berlin has put on the 
market an ingenious hot-wire recording instrument designed 
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by Gerdien, 1 This instrument automatically records the wind 
velocity with its smallest and fastest variations as well as its 
horizontal direction and its vertical component* 

132. Velocity Measurements in Pipes and Channels. — In case 
the mean velocity of gas or wator in pipe lines has to be deter- 
mined (with a view toward finding the transported volume), it is 
possible to determine the velocity in a good many points of the 
cross section by means of a Pitot tube or a hot-wire anemometer. 
This method is very laborious, especially for non-circular cross 
sections, and, moreover, its accuracy is not great on account of 
the rapid drop in velocity near the wall of the pipe. 

The method of finding the mean velocity by means of tlio 
pressure variations due to cross-sectional variations has been 
found more practical Bernoulli's equation states that the 

pressure po is decreased by an amount ^( w 2 - io 0 2 ) when the 

velocity is increased from w Q to w: 


po - V = |(w 2 ~ Wo 2 ). 


If the cross-sectional area drops from A to a, the continuity 
equation is 

a 

Wo = 


so that 


w 


■\fl~ a*/A 1 ‘>J' 


2 (po ~ y) 

P 


Owing to the non-uniform velocity distribution in tho pipe above 
the location of the measurement, this velocity has to be corrected 
by a certain factor, the f( velocity coefficient," which is to bo 
determined by calibration for each shape of pipe, 

133. Venturi Meter. — Certain difficulties are encountered 
in attempting to restore the original pressure by decreasing the 
velocity to its original value* In order to do this, it is nocossary 
to increase the cross section very gradually from the narrowest 
section to the original cross seotion. This typo of arrangomont, 
shown in Pig* 208, is called a Venturi meter, Herschol 2 first 

II., The Anomoldinograph, an Apparatus for tho Investiga- 
tion of tho Structure of tho Wind (German), Jahrb. wia s. Gexelhch. Elugtcck *, 
vol, 2, 1013-1914. 

2 Hbubchel, Cir., The Venturi Motor, paper road lieforo tho Am, Soc, 
Civil Eng,) December, 1887. 
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suggested its use foi llio measiuoment of delivered volume in 
pipe lines In older to find tho relation between the pleasure 
chffeience and the mean velocity 
m the pipe a cahbialion cuive 
of a gcometueally similai 
Ventuii metoi has to bo known, 
and in cases whole tho velocity 
of appioach is not vciy small 
with lespect, to the velocity m 
the thioat this goomolncal sun- 

ilonty hfls to bo o,lo, .dot! to 11, o toitaioo'liTt, »««!!." if” 
approach as well For Vontun dnahod oarvo along tho wall 
tubes of the shape shown in 

Fig 208 tho velocity coefficient is appioxunatoly 1 00 
134. Orifices. — In spite of tho fact that with a Vontun motor 
the piesstuo drop is voty small (about 15 to 20 per cont of tho 




Fia 200 — Flow (.luougli loundud-nppionrh orlfloo, full mid dashed lines aa m 

Fig 208 

pressure drop in tho throat), its piactioal application is limited 
by its laigo size, Thoiofoio standard mccl orifices as shown m 
Figs. 200 and 210 am used moio froquonlly. Tho prossuio 



Flu 208 — I' low tluoiiRh Venturi 



I'lOi 210 — HUmi> edged oilHce, full amt (lushed line* a» In Fits 208 

diagrams in thoso two liguios show that with LIub kind of appara- 
tus tho loss in pressure is from 00 to 70 per cont of tho prossuio 
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drop in the orifice. Tho velocity coefficient a has been found to 
be 0.96 to 0.98 with tho standardized (German) rounded-approach 
orifice (Fig. 209). For the sharp-edged orifice shown in Fig. 210 
the coefficient depends very much upon the ratio of the cross 
sections a/ A. For instance, for a/ A = 0,15, we have a = 0.61, 
whereas for a/ A = 0.76, the velocity coefficient is a = 0.91. 1 

136. Weirs. — For tho measurements of velocity in open chan- 
nels, woirs are used most Frequently. The height h of tho undis- 
turbed water level above tho crest of 
the weir is a measure for tho discharge 
per unit of time (Fig. 211). It is 
necessary to ventilato tho woir, i.e., to 
lot air pass freely under tho jot. In 
. the absence of this precaution a 

Fro. 211. — Flow over woir. .... . , . ., . , 

vacuum will bo created under tho jet, 
which will pull tho jot down and increase tho discharge. With 
ventilated weirs an accuracy of 99.5 per cent can be obtained. 51 

Since tho difference in height between tho water level and the 
crest of the weir in general is small, its measurement has to bo 
carried out with precision. Tho usual method is to have a 
mierometer screw with a sharp conical point entirely submerged 
in tho water. This point is screwed up until it touches tho 
water surface, which can be observed very accurately since at 
that moment the point itsolf and its reflected imago coincide on 
the surface. The observation is made from bolow through a 
glass window in tho side of tho tank. 

136. Other Methods for Volume Measurement. — For small 
volumes of either water or gas, tho method of diroct woigliing is 
useful. Tho amount discharged from tho pipo is collootod in a 
suitable vessel during a definite interval of timo and then either 
tho volume or tho weight is accurately determined. For gases 
tho possible error due to temperature changes has to ho 
considered. 

Besides the method of diroct weighing, volumes in small 
quantities can be measured by ordinary domestic water or gas 
meters as well as by the method of salt titration, 

1 Volume Measurement with Standardized Orifices (Gorman), V. I). I., 
Berlin, 1030; Mtjbi, wan, II., and II. Peters, Correction Factors for Standard- 
ized Orificos (Gorman), Z. V. D. I., vol. 73, 1920. 

1 llKimocK, Tii., Discharge Measurements with Slmrp-orested Weirs (Ger- 
man), Z, 7. D. I,, vol, 73, p. 817, 1929; we TiummY, G., and C. Matsoiiobr, 
"Tho Hydraulic Laboratories of Europe” (Gorman), p. 104, Berlin, 1026. 
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B DRAG MEASUREMENTS 

137. The Various Methods. — Because of tho fact that the drag 
on a body is the same whether the body is at lest and the air 
is moving 01 whethei the body is moving and the air is at lest, 
theic aie two different methods of ding mcasmomonl 

The first method, wheie the fluid is at lest, again lias sovcral 
modificn lions 1 

The body may be attached to a can Inge tunning on rails and 
towed through the fluid, oi it may be permitted to fall down 
freely, guided only by ft vcilical guide wire, or again it may bo 
mounted on the exliomity of an aim which is lotated through 
still ait. 

138. Towing Tests. — The method of towing the tost specimen 
is lestncted practically to water, as oxpcuonoo has shown it to 
be lmpiactical foi an, This is duo to tho fact that the carnage 
on which the body is mounted is also moving through the air 
and gonoially cieatcs considerable disturbance in it In caso 
the oxpeiimont is conducted in tho open, tho mogularitics of the 
free outside atmosphcie aie also very disturbing Moieovoi, it is 
difficult to move tho oamago with an accuialoly constant volocily. 
Any deviation fiom constant velocity will cause inertia forces 
in tho test specimens, which may become of tho same order 
of magmtudo as tho wind reactions For a practical realization 
of this method the tost track has to be very long, which makes tho 
construction as well as tho opoiation of such apparatus expensive 

However, for drag mcasuioments in water tho method has been 
used voiy successfully, piimanly of course m connection with 
tho problom of ship lesistanco, Exporimontal tanks foi this 
purpose can bo found in many laboiatorics all over the world. 

139. The Method of Free Falling. — This prococluio has been 
workod out only for all Tho first experiments in this direction 
wo owe to Piobort, Morin, and Didion (1835), 2 who readied 
velocities up to 30 ft/soo. They had an apparatus for locoicling 
the velocity. As soon as tho velocity had become uniform, tho 
drag was equal to tho woight, Tho method was gioatly improved 
by Cailletet and Colaidoau (1892), 3 Thoy dropped piano sui- 

l Tho vanons methods used pnor Lo 1010 nro described in detail by G 
Eiffel, "Tho Resistance of the An" (French), Pans, 1910, 

s Memoirs on tho Laws of An Resistance (French), Memorial de I'Arhllcne, 
No 5, 1842 

1 Compt rend , vol 110, p 13,1802 
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faces of various shape's down from the Eiffel Tower and measured 
the relation between the time required and the height of fall. 
They reached velocities up to 90 ft/sec. Eiffel 1 brought this 
method to complete development (1905) and made an elaborate 
series of tests on various bodies with velocities up to 130 ft/sec. 

His apparatus is shown schemati- 
cally in Fig. 212. The whole appa- 
ratus is sliding down freely on two 
bearings along a tightly stretched 
vertical wire. The object under 
test, D, is attached to two springs 
SS, which expand proportionally to 
the drag of D. The extension of the 
springs is recorded on a rotating drum 
by means of a tuning fork. Tho 
drive of this drum is by moans of a 
worm W and a friction wheol F. 
Owing to tho vibrations of tho tuning 
fork, tho record is not a smooth 
curve but has littlo ripples on it 
which indicate tho time. Tho 
abscissa of tho drum rocord is pro- 
portional to tho height of tho fall 
and the ordinate is proportional to 
the drag. At the end of the fall 
the guiding wire becomes thicker so 
that the apparatus is brought to a 
stop. Tho ontiro mechanism is 
balanced by means of a body of small 
Fm. 212.— Apparatus of EifM for resistance C, winch is drawn in tho 
a mg oxpanmon a. sketch in dotted lines but really is 
situated on the other side of the wire. If Q is tho woight of tho 
test specimen and of all moving parts attached to it (tuning fork), 
w the velocity, and / tho spring force, tho drag D is 



D *=f+Q | 


/, 1 dw\ 

(* " f n) 


since the product of mass and acceleration of tho specimen D 
must be equal to the sum of all forces acting on it. Tho values 

1 Eiffel, G,, u Experimental Researches on Air Resistance Conducted 
at tho Eiffel Tower” (French), Paris, 1007. 
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of / and of dio/dt can be lead from tho diagram The disadvan- 
tage of all fall methods in geneial is that the locoiding apparatus 
has to move with tho specimen This is bound to affect the 
flow conditions behind tho obstacle, which, as ivc know, are of 
gieat importance 

140 . Rotating-arm Measurements. — Tho method of diag 
measuiement by tho revolving arm lias been used by various 
investigatois, especially duung tho last contmy Tho pioneer 
of aeionautics, 0 Lihcnthal, 1 made Ins fundamental ovpoumonts 
(1870) in this manner on flat and cuivod plates, Figuro 213 
shows the apparatus used by him, which was also capable of 



Fia 213 — ItolEitinK"ftrm nppnnUuw of Lilumthal 


measuring tho lift. Tho drive by moans of falling weights 
is piimitive in companson with tho lator constructions of 
Langley 2 and Dines, 3 this was duo, liowovor, to tho fact that 
Lihonthal had hardly any money for conducting his experiments, 
on which account lie desorvoB all tho moio oroclit for his funda- 
mental lesoarchcs. 

Tlie mam disadvantage of tlio rolaling-arm method Is that 
after onc-half revolution tho plate or obsfticlo does not pass any 
more through still air but through tho walto of tho other plate, 
which generally consists of vory turbulent air. Moroovor, owing 
to tho rotation of tho arms, tho air is gradually put into rotation 
itself. This additional air velocity was recognised by Lilionthal 
but not considered in Ins calculations. It would bo noceasaiy 

1 Limuntiiau, 0, "Tho Flight of Birds ns tho Foundation of tho Art of 
Flying’’ (Gonnnn), Horlin, 1880 

j Langi.by, S P, Tho Tnlonml Worlc of the Wind, Phil, Mag, vol, 87, 
1) 425, 1807. 

} Dines, W II , Soma E\poi imonla Miulo to Invruligivlo tho ConnooUon 
between tho Piossmo and Volooity of tlio Wind, Quail. J. Mclcoralog 8oa, 
vol 15, 1880 
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to measure this relative velocity by means of very sensitive 
vane-wheel or hot-wire anemometers. Another difficulty of 
this method is to take care of the action of centrifugal acceleration 
on the flow. Because of all these factors combined, the drag 
measurements with the rotating arm show serious errors and 
therefore the method is now hardly ever used, 

Another method which has become obsolete utilizes a pendulum 
and is associated with the names of Borda, Ilergesell, and 
Frank. In this case the motion naturally is accelerated or 
decelerated all the time, and the velocities involved are very 
small. It has the same disadvantages as the rotating-arm 
method, namely, that the test specimen is moving through the 
turbulent air of its own wake. 




3?ia. 214. — Lift- and dr fig-measuring apparatus of Lilian that 


Now wo shall proceed lo discuss the second genoral method of 
drag measurement, where the test specimen is at rest and the air 
is streaming with respect to it. 

141 . Drag Measurement in the Natural Wind, — At first 
thought the simplest way of measuring the drag of a test specimen 
seems to be to subject it to the action of the natural wind, the 
velocity of which can be measured by means of one of the methods 
discussed before, In fact, this is the oldest procedure known, 
Besides his measurements on the rotating-arm apparatus, 
0, Lilionthal has made lift and drag determinations on planes 
inclined slightly with respect to the natural wind. The apparatus 
used by him is shown schematically in Fig, 214, He found that 
the drag values obtained in this manner were considerably 
different from those obtained by means of the rotating arm, 
Several commentators on LilienthaPs work concluded from this 
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discrepancy that it made a difToionce whether the tost specimen 
was moved with lespcct to the sunounding an* or whether the 
an was moved with lespect to the object. However, the matter 
can he easily explained by the fact that both methods aio 
inherently veiy inaccuiato 

The diag measurement in a natuial wind diffeis in two funda- 
mental points fiom the method of towing or of fiee falling. The 
fiec wind is always moio or less tuibnlcnt, whereas an object 
towed thiough still air experiences a laminar flow at least at its 
fiont side The other fundamental diffoionce lies m the fact 
that tho wind intensity depends voiy much on the distance from 
the giound Exactly at tho siufaco of tho ground tho wind 
velocity is zero, fiom which value it increases rapidly with tho 
height above (lie giound Veiy small lulls or othor unevonnesses 
of the giound mo capable of upsetting tho test losults complotoly 
Tho natural wind, mmeovor, is seldom very steady m its magni- 
tude hut is always more or less gusty, 

142. Advantages of Drag Measurement in an Artificial Air 
Stream.— In order to avoid tho various difficulties of tho fico 
atmospheiic wind, it has bocomo customary to oioato ailihoial 
an streams by moans of blowois and to study then* action on tho 
models. Tho advantages of this method aro obvious In tho 
first place tho vanous components of tho forco acting on tlio test 
model can bo moasuiod by moans of sensitive soales, one after tho 
othor. Foi those moosuiomonts plonty of time can bo taken, 
which impiovos then accuracy, whoroas in tho fioo wind all 
results have to bo taken from rocordmg instruments which are 
InhoicnllylosH accurate An advantago over tho falling method is 
that all difficulties relating to inertia forces duo to tho necessary 
aocolciation period aro avoided. Furthermore it is possiblo to 
locato all measuring instalments outsido the air stream, wlulo tho 
tost model itself is hold m place in tho stioam by moans of Hun 
wnos 01 struts For this reason, tho orrors arising from tho 
fact that tho air stroam is affected not only by tho tost specimen 
but also by Its supports aio rcclucod to a minimum 

With any moasuromont employing artificial air streams, it is 
of gioat miportanco, however, that tho stroam roach tho model 
in as uniform a state ns possiblo. Wo shall now proceed Lo a 
discussion of tho various tost sot-ups in existence and shall 
oxnmmo to what oxlont tho roquiroment of non-Uu'bulonco of tho 
stream is satisfied. 
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C. WIND TUNNELS 

143. The First Open Wind Tunnels of Stanton and Riabou- 
chinsky. — The first wind tunnel was built by Stanton 1 in the 

National Physical Laboratory in 
London in 1903 (Fig. 215). Tho 
air was sucked by a ventilator B 
through an intake tube P and then 
flowed past the test model M, At 
this point the tube widened out to a 
box in which a very sensitive scale 
was mounted. The model was 
attached to one arm of the scale by 
means of a very thin strut. The 
maximum air velocity was 30 ft/seo; 
the diameter of the air stream 2 ft. 
Stanton and, after him, Riabou- 
chinsky found that even for small 
test specimens the drag is affected 
by the walls of tho tube. For 
Eia. 215. — wind tunnel of T. E. platos of more than 2 in. width 
Stanton (1003), (t'.e., about 8 per cent of the tube 

diameter), the drag per unit area increased rapidly with tho 
width of the plate. 

On suggestions from Joukowsky a very elaborate experimental 
laboratory was built in 1906 in Moscow by Riabouchinslcy. 2 
The tunnel had a diameter of 4 ft and a length of about 45 ft. 
The model was suspended in the middle of this tunnel, where tho 
cylindrical walls were made of glass so that the model could bo 
observed during the test. The vorticity of the air was diminished 
by arranging a rather large intake nozzle at the entrance of tho 
tunnel and also by installing a number of honeycomb grids, with 
the result that the air velocity had variations less than 4 per cent 
of the mean. The wind velocity could be varied from 3 ft/sco to 
20 ft/ sec. As in Stanton's tunnel, the air was also sucked in by 
a blower since it had been shown by previous experiments that 
an air stream of this kind is far less turbulent than one blown into 
the tunnel. 

1 Stanton, T. E., On the Resistance of Plano Surfaces in a Uniform Cur- 
rent of Air, Proc, Inst. Civil Eng., vol, 166, London, 1903-1904. 

3 Riabovchinsky, D.: Bull. Inst. wSrodynamiquo do Koutckino, vols. I, 
II, and III, Moscow, 1006, 1909. 
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144. The First Closed Wind Tunnels in Gottingen and Lon- 
don. — Piandtl m Gottingen (1907-1909) and Stanton m the 
National Physical Laboratory in London (1910) consliucted 
closed wind tunnels whcie the an discharged by tho ventilatoi is 
guided thiough a closed circuit and after having boon fiecd from 
vortioity is led back to tho test model Tho Gottingen tunnel of 
1909 1 was intended to bo a tempoiaiy one in order to obtain 
experience foi a subsequent Ini goi construction It was demol- 
ished in 1918 and leconstiucled m a somewhat modified fonn a 



Fig 210 — Fiist oIohocI wind tunnol of l’umdU (1007-1000) 

The old tunnol had a oross section of 0 by 0 ft Tho wind 
velocity could bo vailed up to 30 ft/soo (Fig, 216), In order to 
guide the air four times through it light nnglo, special guide vanes 
wore built m Tho apparatus for smoothing out tho air after leav- 
ing the vontilator consisted of two honoycombrootifiors/Iiand lit, 
ooaiso and lino, respectively, and of a sieve 8 of 0.1-in. opening. 
After having passed through these, tho air struolc tho tost modol, 
which was supported by moans of thin wires on tho noiodynamio 
balance. Noar tho modol tho wall of tho tunnol had windows 
so that observations could bo mado during tho test. It was 
found that tho rectifiers and tho siovo did not insure sufficient 
uniformity of tho volooity across the section of the tunnol and, 

1 PiiANim,, L , Tho Importance of Modol Kxpomnont# for Aeronautics 
and tho Appauitiw foi Such TosIh in GOUingcm (Goi man), % V , 1) vol 63, 
p 1711, 1000 

* GWUingei Ergebmsxe, vol 2, p 1, Munich, 1023. 
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in order to secure this uniformity, a process of correction, con- 
sisting of widening or narrowing some of the openings, was 
applied to both rectifiers. A uniformity of the air velooity 
within ± 1 per cent was thus obtained. When discussing the 
larger wind tunnel in Gottingen, Art. 147, it will be seen that 
there are better methods of obtaining uniformity in the air 
velocity with simpler means. 

The wind tunnel built by Stanton 1 in 1910 is shown schemat- 
ically in Fig. 217. The air is sucked through the inside channel 
by a blower B. It then passes through the outside channel 
and returns to the inside one, in which the tost models arc 
suspended. At the entrance of this test tunnel, which has a 
cross section of 4 by 4 ft, a honeycomb is provided in order to 



Fm. 217. — Closod wind tunnol of T. 15. Blanton (1910). 


smooth out the air stream, The attachment of the models to 
tho balance is by means of a thin strut, such as was used on the 
previous English construction (Fig. 215). 

145, The First Wind Tunnel of Eiffel with a Free Jet. — The 
construction of a free-jet wind tunnel, first introduced by Eiffel 2 
in. 1909, constitutes a definite improvement. Tho walls of a 
wind tunnel prevent the air from flowing freely around an 
object of somewhat large size. In order to avoid this effect, 
Eiffel replaced the tunnel walls for a short strotch near tho tost 
model by a large air-tight chambor (Fig, 218). This construc- 
tion has the added advantage that the models can bo approached 
without difficulty at any time. 

Another advantage of the free jet over tho closed channel is 
that tho pressure along the length of tho jet is practically con- 
stant, equal to the pressure of tho surrounding air, which con- 

1 Stanton, T. E., Report on tho Experimental Equipment of tho Aero- 
nautical Department of tho National Physical Laboratory, Ropt, Atlv, 
Coimn. Aeronaulics, 1909-1910, London, 1910. 

5 Eifxbi,, G,, "The Resistance of Air and Aviation" (French), Paris, 1010. 
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sequontly makes the air velocity m tlio jot constant (with the 
exception of the nanow lango neai tlio boundary, whcio mixing 
with the outside air takes place)* With a channel, on the other 
hand, the boundaiy layer mci cases in thickness along it m 
the dnection of tlio flow* This tapers Iho cross soclum for the 
undistuibed an slicam down to a smaller diameter, winch loads 
to an mcicased velocity along the sticnim The air is sucked 
fiom the lmll II thiough a nozzle N, a sieve, Iho lest chamber T } 
and a lecciving nozzle by moans of a ventilator JL The an is 
then pushed through a channel of widening cross aoction 1) back 
into tho hall IL The model is suspended in tlio tost clmm boi 



Fia 218 ™Tho fust wind funnel with fioo joL of ( 11)011) 


about 3 ft distant from tho move. 'Pile velocity of (ho mr Ktrcaiu 
can bo vaued between Jf> and 70 f l/soo approximately Hindi ( bn 
air In iho hall II has almoaphoiio pioHnurc, the pleasure ui tho leal, 
chamber is lowor, according to HornmillPn law, thla difference In 
about 1 in water for 70 fl/soo wind velocity. Nmeo the jot flown 
rcotilmoaily through tho teat chamber T, tho name partial 
vacuum exists m it so that it Iran to bo closed off air-light, .Dur- 
ing tho tost tho chamber can bo entered only Hi rough a double 
set of doors. ]0iffel‘ built another larger wind-tunnel installation 
in 1914, which, however, does not differ fundamentally from Iho 
one just described It uses a different type of blower and a 
long diffusoi or gradually widening channel'! unload of tho intake 
nimlo of Fig. 218. Tho diamolor of the jet In nearly 7 ft, and 
the maximum wnul volooily is about 130 fl/ncto. 

Another installation utilising a froo jot In tho one m the Aoro- 
dynamio Laboiatory at Vienna built between Lt)J 1 and 1014 by 

1 Ei mu., G , "Now Jtwiuohes on tlio Ki’HiHtunco of Air uiul Avail urn 1 ’ 
(French), Paria, 1014 
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R, Knoller, Besides having a vertical jet, it differs from Eiffel’s 
tunnel mainly in the construction of the intake nozzle, 

146 Modem English Tunnels. — The tunnel of 1010 (Pig. 217) 



had the disadvantage of pulsations in the 
air velocity. Elaborate researches 1 into 
the cause of this phenomenon led to the 
construction of another typo which is 
used to a groat extent in England 2 (Fig. 
219). The entire structure is set up in a 
large hall about 0 ft above the floor. The 
channel has a square cross section of 4 by 
4 ft and is 25 ft long. On the intake side, 
it is rounded (A), and the blower B is 
built in a somewhat wider section. Up 
to this point the construction is very much 
similar to the one of Riabouchinsky. The 
improvement on this construction, however, 
consists in tho fact that tho air is not 
blown diroolly into tho room but into a 
long channel L having a great numbor of 
small openings from which tire air escapes 
at a reasonably slow velocity. Because of 
this, the stato of turbulence of tho air in 
the hall outside tho wind channel is con- 
siderably less. Without tiro muffler L tho 
non-uniformity of tho velocity in tho 
channel would amount to ±5 per cent, 
whereas tho muffler reduced it to ±1 per 
cent. The models can bo observed through 
a glass door placed at about 15 ft from 
the entranco of tho channel. 

In 1019 another larger wind tunnel of 7- 
by 7-ft cross section was built on tho same 
general principles. 3 In this construction 


the wind channel itsolf was made to widen out gradually bohind 


1 Bairbtow, L., and H. Booth, An Investigation into tho Steadiness of 
Wind Clinnnols, Repl, Nal. Adv. Comm, Aeronautics, 1012-1913, p, 48, Lon- 
don, 1013, 

8 Baiubi'ow, L,, 3. II. Hyde, and II. Booth, Tho Now Four-foot Wind 
Tunnel, Kept. Nal. Adv. Comm. Aeronautic s, 1012-1913, p. 69, London, 1013. 

* Rcpt. Nal. Adv. Comm. Aeronautics, vol. 1, p, 151, 1918-1010; and 
vol. 1, p. 283, 1922-1023. 
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the models. This makes the velocities in the blower somewhat 
smaller and also recovers part of the kinetic energy of the air at 
the model by converting it into pressure* Instead of using n 
muffler of the construction of Fig. 219, the air was forced by tho 
blower through a very coarse sieve of brick work into another 
room, from which it entered into the main hall again through 
another part of the same sieve. 

147. The Large Wind Tunnel In Gdttingen. — For the largo 
installation built in Gottingen in 1916-1917 by Prandtl, a f roe- 
jet construction was chosen rather than a closed channel. The 
okler Gottingen tunnel (Fig. 216) having a closed channel had 
shown that in many cases the walls were responsible for errors in 



Sec Hon B'B 

Fig. 221. — Sections of Gottingen tunnel (1910-1017). 

the test results, The reason for such errors, as was dis- 
cussed before, is that for large test objects tho constriction 
of the jet by the solid walls increases the wind velocity at tho 
model. 

The construction differed from Eiffel's tunnel in so far as tho 
free jet was made at atmospheric pressure and not at a partial 
vacuum. Because of this, the test place could bo kept entirely 
open, so that its accessibility was not impeded in any way. 
Eiffel's tunnel has the disadvantage that the air discharge of 
the blower into the free atmosphere becomes very turbulent 
and has to be smoothed out again by special means. This was 
avoided in the Gtittingen construction by inserting a diffuser 
between the model and the blower. As shown in Figs. 220 and 
221, the air discharging from the blower B first passes through 
some stationary blades V which serve the purpose of annihilating 



EXPERIMENTAL METHODS AND APPARATUS 259 


the lotation of Iho s (, 10 am impaitcd to it by tho piopollor Tho 
iur sticam is then deflected downwind Ihtough an angle of 90 deg 
by means of a senes of blades of special construction. After 
anothei turn of 90 dog , it entois into a squiuo cioss-soctional 
channel in the basement of tho building Fiom thcio it finally 
ontois thi ough a reel ifioi or movo II into tho nozzle chamber 
having a cioss section of 15 by 15 ft It is then ucoelointod into 
the nozzle, which is of cncuhir cioss section with a smallest 
diamolei of 7 l A ft, causing the velocity to be fi\o times as gieat 
Fiom the nozzle it flows tin ought the model space as a fice jet, 

The main advantage of this construction lies m tho fact that 
the smoothing out of the air by means of a sieve takes placo in 
the Iaigest channel cross section, which insults not only 111 a 
smallci power loss but also in a much mmo elTicient smoothing 
pi occss As was stated befoie, the volocity in tlio jet is five tunes 
ns great as tho velocity m tho nozzle chamber so that an air 
pat tide m tho jet has Iwonty-fivo times as much kinetic enoigy as 
one at the siovo Aftei smoothing out tho air stieam, tho devia- 
tions fiom the ideal state have only 011 c twenty-fifth of the kinetic 
onoigy of tho jot so that of each air parliolo a } fa tliH of tho oneigy 
is transmitted to the nozzle JOven if if were possible to induce 
in tho sieve the on or in the kinelic enoigy to only 50 pei coni, 
this would result 111 an oneigy vaualion of 2 per cent m the jot 
itself, i e , ft velocity variation 111 tho direction of tho jot of only 
1 por cent. 

148. Wind Tunnels in Other Countries.— A wind tunnol of 
considoiably largor dimensions was built ui 1927 at Langley 
Field, Va. ; the center of aeronautic research m tho United States 1 
Tho channel is of tho closed lypo shown schematically in Fig 222. 
The jot 1ms a cioss section of ovei !!()() sq ft, A still larger vvuul 
tunnel of similar constmelion was completed in 19:12 having a jet 
oross section of about WOO sq fl Another wind tunnel worthy of 
mention in tho United States is the one designed by von Krirniiln 
in Pasaclona, (Julif , which is remarkable for its ficodom from 
turbulcnco and its great over-all efficiency. 

If is not necessary to go 111(0 details legnrcfing installations in 
other countries since the constructions a»e all mmo or loss of I lie 

1 Wizok, F. E., null 0 II Wood, Tim Twenty-fool Piopollcr Iteseiueli 
Tiiimol of tho N A C. A , Rvpt !!()(), Nut A dr (Umm Anmuuitwt, Wnshiiig- 
ton, I92S 
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described types, Regarding the wind tunnels in Japan 1 and in 
Russia, 2 reference is made to the literature, 

The development in the construction of wind tunnels has 
been guided by the quest for two properties: first, to obtain an air 



Fia. 222,— Now American tunnel ntljnngloy Field (1028), 


stream of groat uniformity; 3 and, second, to carry out the tests 
with high Reynolds' numbers in order to obtain dynamic similar- 
ity with the actual conditions. This second dosidoralum has 
led to the vory large dimensions now in use, especially in 
England and the United States, and to the vory large wind veloc- 
ities (Gftttingcn 180 ft/sec, Moscow 260 ft/sec). A completely 

1 Tlio Resistance of Airship Models Measured in the Wind Tunnols of 
Japan (English) , Uepl. Aero, Research Inst ti Tokio Imperial Univ. f No. 16, 
March, 1020, The Wincl-tunnol Committee of tho Aoroutuilictil Counoil of 
Japan, 

3 OaEHOFF, G. A,, Tho Central A ero-hydrodyimmioal Institute, £/. 8. 8. ft, 
Sci, Tech Dept, , No . 183, Supreme Council of National Economy (Russian),. 
Moscow, 1027, 

3 Witosblsbbugbk, a, On tho Improvement of the Flow in Wind Tunnols 
(German), paper read before tho 108lh meeting of tho TApcm. Soc, Meek. 
Eng., 1926, 




EXPERIMENTAL METHODS AND APPARATUS 261 


diffeient method of attack was proposed by Munlt, 1 who used 
moderate dimensions and velocities but leached high Reynolds’ 
numbeis by making the kinematic viscosity v = n/p very small 
This was done by compiessmg the air to about twenty times 
atmospheiic piessuie which diminishes the kinematic viscosity 
to about one4wcntioth its ongmal value, so that the Reynolds’ 
number becomes twenty times as laigc The method natuially 
involves great structural difficulties since the entne installation 
has to be able to withstand an internal piessure of 20 atmospheres 
The outside shell is made of steel plates of 2-in thickness A 
sketch of the constiuction actually carried out m the United 
States is shown in Fig 223 The entiance to the tunnel is 
thiough the door T The vauous forces aic measuied auto- 



I’m 223 — Iligh-proeauro wind tunnel designed by M Mitnk 


matically by recording instruments or by small servo-motois 
electrically conti oiled fiom the outside to change the load on the 
vaiious balances, which can be observed from the outside thiough 
small windows Recently anothei larger tunnel on the same 
principle was built in England 

149. Suspension of the Models and Measurement of the 
Forces, — Of impoilancc for the suspension of the models in the 
an stream is the knowledge of the forces exerted by the stieam 
on the suspension wnes oi stiuts It is evident that these forces 
have to bo made as small as possible If a suspension by means 
of a strut is employed, the stiut is prefeiably attached to the 
model in a location wlieie the air would be m a turbulent state 
without the stiut (with a spheie, for instance, on the lear side) 
This i educes tho crrois introduced by the stiut to a minimum. 

It is further desirable that the suspension be made such that 

i Munk, M , and E W Miunm, Tho Vaimble-density Wind Tunnel of 
tho N A 0 A , Rcpts, 227 and 228, Nal Adv Comm , Ammuhto, Washing- 
ton, 1926 
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the various components of the air forces on the model can be 
measured conveniently, A free body in space has six clegreos of 
freedom so that six quantities have to be measured (Fig. 224) : 

1. The drag D, 

2. The lift L. 

3. The lateral force F. 

4. The pitching moment i.e, } the moment round Y as axis. 

5. The rolling moment L, i.e. t the moment round D as axis* 

6. The yawing moment N f i.e, } the moment round L as axis. 
In most* cases, however, the object under test is symmetrical 

and is situated symmetrically with respect to tho flow: for 



instance, an airplane in forward flight. In 
such cases, the resultant air force lies in Uio 
piano of symmetry and consequently is 
determined by three components. Tho 
lateral force Y as well as the rolling and 
yawing moments is zero, so that it is neces- 
sary to measure only the drag, tho lift, and 
the pitching moment. 


The construction of the various balances for measuring these 
forces differs in various countries. They are discussed in a fairly 
extended manner in the literature quoted before on the various 


wind tunnels so that it is not necessary to dwell upon them in 
this book. 


Only two special constructions will be considered hero, namely, 
the three-component balance at Gottingen and tho balance 
employed by Eiffel. The suspension in Gottingen is by moans of 
thin wires, whereas Eiffel employs a strut of streamlined shape. 

160. The Three-component Balance in Gottingen. — The object 
under test, in this case an airfoil (Fig. 225), is attached by wiros 
in the three points a, b } and c to various points on the arms L\ 
and L 2 of the two balances. From the point a two wires in 
V-shape connect to the balance L\\ similarly two wires connect 
c to L 2 . The point 6, however, is connected with a singlo vertical 
wire to L v The V-wires at a and c are for the purpose of pre- 
venting a side sway of the model. 

When lift forces are to be measured, the models aro usually 
suspended upside down so that the lift is pointing downward 
and can be measured by a wire in tension from the model upward. 
However, with negative angles of attack the models sometimes 
are subjected to negative lift forces, and, in order to take these, 
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it is necessary to give the moasuimg wiles some initial ten- 
sion by means of small weights Wi and W 2 In oidei not to 
subject the test model itself to sti esses, these compensating 
weights have been attached to the points a, b Fust the various 
balances are put in equilibiium when no wind is blowing, 
111 older to take caxe of the effect of the compensating weights 
as well as of the weight of the model itself If then the 
modol is subjected to the air slieam causing a lift, this lift is 
measuied by the sum of the foices cxeiled on Li and La The 



Ficj, 226 — Tin oo-componont ftoiodynamio balance at Gbttingen 

pitching moment is doteunmed by the foice measured by L 2 . 
For the moasuiement of the drag a wire is sti etched from the 
middle of the modol to the point K whence one wne goes up 
veiUcally to the drag balance D and another wne under 45 deg 
down to a fixed point P A decomposition of the diag force in 
these directions causes it to be measured on the balance D, as is 
shown by the force diagram of Fig 226 The drag wire is also 
given initial tension by means of a small counterweight Wz The 
drag of the suspension wues is measuied sepaiately by replacing 
the model by another object of very simple shape whose resist- 
ance can be calculated The diag of the oiigmal model finally 
is the cliffeience between the measured drag of it and the drag 
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of the suspension. In all airfoil and airplane measurements 
it is of importance to know the air forces for various anglos 
of attack, hence it is convenient to have an apparatus for varying 
the angle of attack without changing the suspension of the model 
itself. In order to do this, the balance L% can be lowered or 
raised round the axis A by means of a lover IL This causes the 
model to turn about the axis ctb so that various angles of attack 
can be obtained, To be sure that the suspension wires at c 
remain exactly vertical after rotation, it is necessary that the 
horizontal distance between ah and c bo exactly equal to the 



horizontal distance between the balance £2 and the axis A , 
Further details regarding the balance, its calibration, and sources 
of error are described in the literature. 1 

161, The Aerodynamic Balance of Eiffel. 2 — A T-slmped bal- 
ancing arm T has knife-edges at its ends I and II (Fig. 226), 
The test model is attached to T by means of the streamlined 
strut S. The arm Z of the balance can be lengthened or short- 
ened by means of the eccontric E so that the horizontal arm of 
T can be raised or lowered and either one of the two knife-edges 
I or II can be made to touch its support, In the first case tho 
balance measures the moment about I and in the second case 
the moment about II. 

1 06ttinger Ergebnisse (German), vol, 1, Munich, 1921, 

2 See footnote, p, 256. 
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Let the lesultant air force exerted on the model be given in 
magnitude and position by the vector R, This vectoi R is 
decomposed into a lift vectoi L and a drag veotoi D m the figure, 
both passing tlnough tho point 0 which is taken to be veitical 
under the knife-edge I. The moments about I and II are 
lospcclivoly, 

M z = -Dy, 

M lt = Lb — D(y - c). 


A tlnid measurement is needed For tins we take the moment 
lound the hypothetical point 0, which is the mmoi image of I 
about S as an axis The measurement about C is earned out by 
inverting the model and measunng the moments about I, giving 

M c = D{ 2a — y) 

From these thiec equations tho tlnee quantities!), L , and y can 
be calculated to be 


n M c ' Mi 
DrftK = D = 

Lift - L - \{Mu ~ Mi) + 2^(M e - Mi), 

Mi 


y » -2a 


Mu - Mi 


D* VISUALIZING FLOW PHENOMENA 

162. Fundamental Difficulties— Since the liquids or gases 
studied me always homogeneous, and since consequently the indi- 
vidual particles m them cannot be distinguished fiom each other, 
it is fundamentally impossible to obsei ve the motion m a liquid or 
gas without using special means 

One way of appioachmg the problem is to measure the piessure 
and the velocity at many points of the flow by means of Pitot 
tubes oi similai appaiatus This, howevei, gives only an average 
value of tho velocity in space as well as in time, and m geneial 
the method is too lough to give a complete pictuie of the entile 
flow 

The only manner in which a flow phenomenon can be made 
visible is by inserting very small pai tides into the fluid which 
distinguish tho elements from each other without changing 
the density 01 other properties of the fluid, For a liquid it is 
usual to mix certain parts of it with a dye, taking caie that the 
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density of the colored liquid is not different from that of the 
uncolored liquid. For the flow in air, a convenient method is to 
mix smoke with certain parts of the air stream, but care has to bo 
taken that in feeding in the smoke no additional volocity is 
imparted to the general stream. Another fairly simple way 
to obtain a rough picture of the flow of gas (air) is by the use of 
very thin and light threads of silk, For a steady-state flow these 
threads show the direction of the velocity at the points where 
they are located. A fairly complete picture of the flow can bo 
obtained by scanning the field with such a thread, 

153. Mixing Smoke in Air Streams. — The usual manner of 
feeding smoke into a gas or air stream is by means of a number of 
nozzles which are held stationary in the stream. Figures 34 and 
35, Plate 14, show photographs taken in this manner. Several 
good methods of producing smoke exist, of which the most 
convenient one consists of permitting air saturated with hydro- 
chloric acid to come into contact with the fumes of ammonia. 
This leads to a white, fog-like smoke which shows a good con- 
trast against a black background. Other methods for producing 
smoke photographs are described in the literature. 1 

Vortex rings especially are suitable objects for being shown by 
means of the smoke method. A box closed on all siclos has on one 
side a taut rubber membrane, and on the opposite side it has a 
circular hole. The box is filled with smoko and then a light tap 
is given on the membrane, A well-formecl smoky vortex ring 
escapes from the opening and remains intact for a long time in 
still air sinco such a vortex structure is in a very stable state of 
equilibrium. By tapping the membrane a number of times in 
succession several smoke rings can be produced and the mutual 
reaction of them can be demonstrated. 

154. Motions in the Boundary Layer. — In an investigation of 
the flow in the wake of a body where there is considerable tur- 
bulence, the smoke method is unsuitable since tho various smoko 
threads will become completely mixed with each other. In 
order to avoid thi§ difficulty, Riabouohinsky 2 used the following 

1 Gdllinger Ergcbnisse , vol; 2, Munich, 1923, Mahey, On tho Movements 
of Air Flowing round Various Obstacles (French), CornpL rend., vol, 
131, p, 160, 1900; Changes in the Direction and Velocity of an Air Stream 
(French), CompL rend,, vol, 131, p, 1291, 1901. 

* Hiabotjchinsky, D., Bull, inst . atro. Koutchino (French), vol. 3, p. 50, 
Moscow, 1909, 
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method foi the investigation of a two-dimensional flow. The 
models weie cylinders of various cioss sections mounted with 
their bases on veiy thin blackened steel plates on which a 
light-yellow powder (lycopodium) had been deposited, The 
model was then subjected to a honzontal an stream parallel to 
the plate, and the plate at the same time was put into vibration 
by means of light hammer taps The picture of the powder 
on the black backgiound then indicated the stieamhne pattern 
A serious objection to this method is that the an flow is recorded 
not in the free air but lathei in the region of the boundary layei 
on the plate, 

The same objection can be raised against another method for 
visualizing an flows, ongmated by Tales 1 He wanted to 
investigate the angle of attack at which the flow lound an airfoil 
would bieak away. His airfoil model was of white color and 
in the middle a disk was attached to it peipendiculaily Both 
the airfoil and the disk were coated with a suspension of lamp- 
black m kerosene Owing to the action of the wind, the lceiosene 
flowed along the model as well as along the disk and showed 
the flow as white lines on a black backgiound 

The vanous methods foi visualizing flow phenomena in water 
can be divided into two gioups, depending on whether it is 
desired to study the flow in the intei lor of the fluid or only on its 
surface 

155, Three-dimensional Fluid Motions, — In the case of a 
three-dimensional fluid motion, it is necessary to study the flow 
not only on the surface but also in the interior of the fluid The 
flow can be shown in such cases by inserting colored water of the 
same specific gravity through a number of nozzles, but care has 
to be taken that the velocity of efflux at the nozzle is equal to the 
velocity of the sunounding fluid Foi water a suitable coloring 
is potassium permanganate oi certain kinds of anilin dyes dis- 
solved in a small amount of alcohol and then distributed into a 
large volume of water. If gieat accuiacy is necessary, these 
dyes can be given the same specific gravity as water by adding to 
them other liquids of suitable specific gravity before mixing them 
with the water. If it is intended to make photographs of the 
flow instead of making visual observations only, the choice of 
color is detormmed by somewhat different considerations Then 

1 Fales, E f N , Visible Study of Flow, McCook Field Report , Serial No. 
2636, Published by the Chief of Air Service, Washington, 1920 
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it is desirable to choose a color that would make hardly any 
impression on the photographic plate, for instance, certain 
red dyes usually employed for coloring the glass in photographic 
darkrooms* In cases when there is a dark background, skimmed 
milk is a suitable coloring agent. Another method of showing the 
flow is to use a suspension of extremely small aluminum particles 
in the water, which on account of their size remain floating for a 
very long time. Such a suspension can be made by first wotting 
the aluminum powder with alcohol and then pouring it into a 
bottle of water which is shaken violently. An advantage of this 
procedure over the color method is that the aluminum suspension 
is still capable of showing details of the flow in a turbulent region 
where a colored jet becomes completely mixed up . 1 

A method of showing motions in the boundary layer near to a 
body immersed in water consists of coating the body with a color 
which can be dissolved easily in water or of painting it with 
condensed milk. In this connection it is of interest to montion 
the method of Thoma , 2 who uses a precipitato which is formed 
by the chemical action of the air on a substance paintod on tlio 
surface of the body and which evaporates and comos into contact 
with the air by diffusion, Since diffusion is subject to the samo 
laws as the change in velocity due to internal friction, this 
method gives a coloring of the boundary layers and of the 
turbulent regions, Thoma wrapped the body in blotting paper 
saturated with hydrochloric acid. The air was mixed with 
ammonia vapor, causing a white fog in the region of diffusion* 

Another method for making boundary-layer motion visible 
is that of Simmons and Dewey . 3 The model in this case ie 
painted with titanium tetrachloride (TiCU), which evaporates 
as a white fog, 

It is also possible to mix the entire fluid with a suspension of 
very small aluminum particles; the concentration of tho particles 
has to be made rather small in order to make it possible to 
look sufficiently far into the fluid. In case only certain path 

1 Ehmisch, H,, Plow Pattern ’and Pressure Distribution on Various 
Objects as a Function of tho Reynolds' Number (German), Abhandl. Aero. 
Inst., Tech , Ilochschulc Aachcn } vol« 6, p, 21, Berlin, 1927, 

2 Thoma, II., Highly Efficient Boilers (German), Berlin, 1921. 

3 Simmons, L, F. G., and N, S. Dewey, Wind-tunnel Experiments with 
Circular Disks, Repls. and Mein. NaL Adv. Comm. Aeronautic s r No. 1334, 
London, 1931; Photographic Records of Flow in tho Boundary Layer, 
Repts> and Mem. Nat, Adv . Conm « Aeronautic s, No. 1336, London, 1931 * 
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lines aie wanted, it is practical to take a smaller nuinbei of laiger 
suspended pai tides A method foi the making of spheies of 
the samo specific gravity as watei foi this piupose has been given 
by Matey 1 These spheies aie made of a mixtuie of wax of 
specific gravity 0 96 and iosin of specific gravity 1.07 The 
spheres so obtained aie silveicd like pills m the pharmacy 
They are made a tulle heaviei than water so that they sink 
down slowly, then some salt is mixed with the water until the 
point of poifcct equilibrium is 1 cached Another method which 
is often used m England consists of injecting oil Into the fluid 
by means of an atomizer. The resulting droplets aie then 
illuminated sharply by means of a thm sheet of light * Satis- 
factory results have been obtained by diops made of * mixtuio 
of olive oil and mtrobcnzol or of a mixtuie of tetracarbonchlonde 
and xylol 

156. Two-dimensional Fluid Motions — In case the flow is a 
two-dimensional one, it can be visualized in a much simplei 
manner since it is usually necessary to observe only the motions 
on the water surface in a lank As an example, let the model be a 
cylinder of which the base sits on the bottom of the tank and of 
which the top just pi o trades from the suiface of the watei In 
such a case, the flow is completely two dimensional, i e , the same 
in all planes parallel to the surface Care has to be taken that 
no capillary effects come in, by keeping the surface of the water 
meticulously clean Even the dipping in of a clean hand, or a few 
houis J contact of the watei suiface with the atmospheie, makes 
the surf aco useless f or this purpose. To be oei tain that the condi- 
tion of the suiface is satisfactory, the following simple test can be 
made Spnnkle some aluminum powdei on the water and then 
blow vertically down on it with the mouth This spreads the 
aluminum paiticles m all directions and cleais a ouculai aiea of 
the surface. If, aftei the blowing, the aluminum particles 
remain whcie they aie, the suiface is clean; if, however, the circle 
closes up by itself, the surface is contaminated and has to he 
lenowed This can be done in the simplest way by using an 

1 Maths y, Expeninontol Hydrodynamics (French), Compl rend,,vo\ 

110, p 913, 1893 , „ iV , . t . 

a Eden, C G , Investigation by Visual and Photographic Methods of the 
Flow past Plates and Models, Repl Nal Ado Comm Aeronautic*, 1911-1B12, 
p 97, London, 1912, Ruli?, E. E , Photographic Investigations of tho llow 
round a Model Aufoil, Repl Nal Adv Comm Aeronautics, 1912-1913, 
p 133, London, 1013 
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overflow. Given a clean surface the flow can bo shown very 
satisfactorily by means of aluminum powder or lycopodium 
powder. The first experiments of this sort were made in 1900 
by Ahlborn. 1 Later Rubach 2 photographed the motion of a vor- 
tex pair behind cylindrical bodies in motion. Most of tiro 
photographs shown at the end of this book have been made in this 
manner by the author. To prevent the aluminum particles from 
running away from the model under the influence of the capillary 
angle between the water surface and the model it is helpful to coat 
the latter with a thin layer of paraffin, By means of this pro- 
cedure it is possible to prevent the capillary action so that tho 
fluid surface remains completely horizontal at tho model. It is 
even possible to create a negative capillary angle by lowering 
the model somewhat, which may be useful for showing the history 
of the boundary-layer particles. Under tho influence of a nega- 
tive capillary angle the aluminum particles are crowded round 
the model, and after a short time of motion it can bo seen clearly 
where these boundary-layer particles move (see Fig, 7, Plato 4). 

Another method of visualizing the motion of water is duo 
to Prandtl (1904). 8 He suspended very small flakes of mica 
in the water. Certain regular motions, especially vortioos, 
could be seen clearly because a great number of these flakes then 
had the same orientation, 

A serious disadvantage of the method of observing tho surface 
of the fluid is that at relatively small velocities capillary waves 
are formed. For water this critical velocity is about 10 in. /sec. 
A circular cylinder moving through the water with a certain 
velocity shows approximately twice this velocity at some local 
points so that it cannot be moved at a speed greater than 
6 in./sec if capillary waves are to be avoided, 

If greater velocities are desired, it is necessary to move the 
model entirely under water and to photograph tho motion not of 
the top surface but of a plane parallel to it in the water. Tho 
technical difficulties of such a procedure, however, are great. 
The best method is to mix the water with drops of a mixture. 

a 1 Ahlbohn > p -> 0n the Mechanism of Hydrodynamic Drag (Gorman), 
Abhandl. QebieleNalurtma., vol. 17, Hamburg, 1902; or Jahrb. Schiffhautechn. 
Qeselhch., 1904, 1906, and 1909. 

‘Rdbxch, H., On the Generation and Motion of the Vortex Pair behind 
Cylindrical Bodies (German), Dissertation, Gottingen, 1914; or Fonchungs- 
arbeilen V. D, vol. 186, 1916. u 

3 See footnote, p, 58, 
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of olive oil and mtiobenzol and then illuminate only a plane 
sheet of the watei under the siufacc Because the oil diops me 
illuminated undei an angle of 90 deg, with lespect to the dnection 
of motion they aio very cleaily visible, wheieas the diops in the 
fluid above the illuminated surface do not impede vision to a 
great extont This latter piopeity makes oil chops moie prac- 
tical than the spheies of wax and rosin discussed befoie 

157 . Advantage of Photographs over Visual Observations. — 
Aside fiom the fact that photogiaphs are far more convincing 
to an outsidei than a meie description of the observations of an 
expci mientei, a phoLogialnc lccorcl of a flow will disclose many 
facts which cannot bo obtained by visual observation. It has 
beon shown m Ait 37 , “Fundamentals,” 1 that the shape of the 
sUeamhnes depends very much on the choice of the coordinate 
system Foi instance, if an airfoil model is moved through water 
the stieamlines obtained by photographing the aluminum powdei 
with the camera standing still with lespect to the water aio 
different from those taken with the camera at lest with respect 
to the model In the fiist case the slieamline pictuie has tho 
appeal ance of Fig 52, Plato 21, wheieas m the second case Fig 
50, Plate 20, is obtained An obsoiver without special tiaming 
sees only tho pictuics of the second land since tho eye has tho 
tendency to follow the model m its motion 

Moi cover, tho element of time is very impoitant, Wheieas a 
photograph can be studied at leisure, and many details can bo 
found in this mannei, the visual observci has to digest all his 
information m a few seconds Another advantage of photo- 
graphic lccoids, especially moving pictures, is that they can be 
shown lepealcdly, which is very instructive* 

158 . Streamlines and Path Lines. — The photogiaphs obtained 
do not give tho streamlines with mathematical accuracy The 
pictuie consists of shoit stretches of cui vc of vauous length duo to 
the motion of the individual aluminum particles during tho time 
of exposure of the plate. Therefore these little stretches nie pai ts 
of path lines. On the other hand, duung a short interval tho 
path linos and streamlines have the &ame tangent so that tho 
pictuie made of the various stretches of path line put together 
givos the appearance of a field of streamlines Theiefore 
streamlines appeal the more exact the shorter the time of expo- 
sure is 

1 See footnote, p 3 
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If the velocity field is independent of time (steady flow), it 
was seen in Art. 35, “Fundamentals,” 1 that streamlines and path 
lines are identical. In such a case, streamlines could be obtained 
also with a long exposure (Fig. 50, Plate 20). For non-steady 
motions (Fig. 52, Plate 21), the streamline picture changes with 
the time; only short exposures show approximately the instan- 
taneous stream geometry, whereas a long exposure gives path 
lines which in general give a very irregular and useless picture. 
An analysis of a number of consecutive streamline pictures follows 
the procedure of Euler, whereas an analysis of path lines requires 
the use of Lagrange's method (see Art. 34, "Fundamentals” 1 )* 
In the case of three-dimensional flow phenomena it is useful and 
sometimes necessary to make stereoscopic photographs. 

169. Slow and Fast Moving Pictures. — In case the actual 
phenomena occur at a very fast rate, it is useful to take a great 
number of exposures during a short time and reproduce them 
later at a slower rate, which has the effect of slowing up the 
motion. With the usual motion-picture camera 16 to 20 pic- 
tures per second are made and the reproduction on the screen 
is at tho same rate. With special cameras, up to 2,000 pictures 
per second can be taken. 2 

For instance, if a phenomenon has been photographed 320 
times per second and is reproduced at the rate of 16 pictures per 
second, the motion appears twenty times as slow as in tho actual 
case. For motions of great rapidity for which this is not suffi- 
cient (flying bullets, explosions, cavitation), the number of 
exposures per second has to be even greater, For this purpose 
ballistic engineers have constructed cameras with intermittent 
illumination by moans of electric sparks, which are oapable of 
taking 40,000 pictures per second. 3 By the use of several lenses 

l Sec footnote, p. 3. 

2 Tjiun, K., Application and Theory of the “Time Strotchcr” (German), 
Z. V, D, L } p. 1353, 1926. 

3 The upper limit of tho number of pictures per second is not caused by 
tho frequency of the sparks, which can easily be increased to 100,000, but is 
rather duo to tho strength of tho film which moves with vory groat velocity 
in ordor to obtain sufficiently largo pictures, For instance, for 0,000 pic- 
tures per second at Jg-in, width each, tho film has to movo at a speed of 
260 ft/sce. See paper by Ternmwn, ICinomatographio Study of Aeronau- 
tics (English), RcpL Aero, Research Inst., Tokio Imperial Univ ., vol, 1, p. 8, 
1924. 
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tlie f re fluency of the pic tines can bo increased still fuithor, up 
to about 300,000 per second 1 

The opposite pioceduie of taking a smalloi number of pieturos 
than aie repioduced latei has also boon used, 2 This is useful 
for reproducing voiy slow motions, for instance, if tho motion of u 
cloud dunng 50 mm has to bo shown, it is of advantage to take 
one pictuie eveiy 5 sec and to lepioduco it at tho usual rale of 
20 pictuies pei second Tho whole phenomenon then takes 
place in Yi mm, which levoals tho chaiac fens tic motions of tho 
cloud in a veiy striking manner 

160. hong-exposure Moving Pictures — Since m a usual mov- 
ing pictuie tho exposuie is about ,! i o sec, a singlo piotuio docs not 
show anything about tho state of flow, Tor instance, a picture 
taken of the water tank with aluminum powder will show the 
vnnous aluminum particles as dots only If tho clanking of the 
moving camei a is slowed down bo Unit only two exposures per 
second aic made, tho illumination is about f i seefoi each pictuie 
Then the pai tides show as short linos so that one single photo- 
graph m itself gives a clear idea of the flow, Jf a print worn 
made on tianspaienl papoi and several consooutivo pm tines wore 
put on top of each other, tho various images of tho same aluminum 
pai tide would form a dashed lino, Tho various dashes show the 
oxposuicfa, whoioos the gaps between the dashes mo duo to the 
closing of the lens dunng tho transportation of tho film to iIh 
next position The lengths of tho dashes as well as of the gups 
aio a measuio of the instantaneous velocity of tho particular 
particle under consideration 

In order to shoi ton tho time of non-o\posmo and thus to 
improve the possibility of interpolation, Pmndtl has suggested 
a modification of the usual motion-pictuio camom J in which, 
by means of the insertion of a "malleso cross" into tho drive, tho 
time nccossftiy for transportation of tho film is reduced to about 
onc-twolfth of the time of exposure, Figures 7, 8, and 9 on 
Plates ‘1, 5, and 6 show a number of films taken by tho author 
with this apparatus, 

1 Cram, C , and II Souariiin, Kmomiitogtftpliy on a Non-moving .Film 
vi th Extremely High Frequency (Qonmin), X Phynk, vol CO, p 147, 1020. 

1 Neumann, II , Tmic-cimclonsing Pictures (Gorman), KmnlcchmL vol 0, 

> 173 , 1027 

* PrtANim,, L , nnd O Tibtjbns, Kmcmalogiapluo Flow Pictures (Gor- 
rmn), Nairn wmenschaftcn, vol 13, p 1050,1025 
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It is mentioned in passing that it has been found useful in 
many eases to photograph not only the flow but also a clock, a 
scale, etc., in order to record the time, velocities, and distances 
immediately on the film itself, 

161. Technical Details, — Since it is desired to obtain the 
greatest possible contrast in the flow photographs, it is of impor- 
tance to make the background as black as possible, For this 
purpose, black velvet is very useful since it reflects less than 1 per 
cent of the incident light, whereas from dull-black metal surfaces 
or black paper about 10 per cent of the light is reflected. In 
order to get the maximum contrast in the pictures, it is generally 
better to use intense illumination and good lenses than sensitive 
plates or films. The best plates or films available arc relatively 
non-sensitive ones, since with them tho curve giving the relation 
of the blackening as a function of the intensity of illumination 
is much steeper than with hypersensitive plates or films, Another 
advantage of the less sensitive plates is that tho grain is much 
finer. If the sensitivity of an ordinary fine-grained plate is not 
sufficient for the purpose in hand, it can be raised about thirty 
or forty times by suitable baths without increasing tho sizo of 
grain. 1 If there exists danger of underexposure, it is well to 
raise the sensitivity threshold of tho film by previously exposing 
it to a very weak source of light in tho dark room, such that 
tho plate remains clear but is just on the point of blackening. 

The choice of lens is not of particular importance since very 
little depth focusing is required in the picture, Any powerful 
Ions of short focal length serves tho purpose, for instance, a 
well-corrected doubly anaslignmtic lens. 

Regarding illumination, it has to bo borne in mind that it is 
desired to make an impression on the photographic plate and not 
on the eye. For the usual nan-sensitized plates tho maximum 
sensitivity is for light of about X - 400 A, Therefore lamps with 
much ultra-violet light like mercury-arc or carbon-arc lamps are 
better suited than tho usual incandosconts. Among arc lamps 
the enclosed types are better than tho opon-arc ones, sinco for tho 
same watt consumption they give three to four times as much 
actinio light. For short exposures (^o sec) flash-light powder 

1 Guilluminot, P., Hyporeensitizing and UltrasonsiUzing (Frond 0> 
Rev, fran$, de photog, el cin6?nalog, t vol, 8, No, 181, 1027; Siimppawd, S, E., 
Increasing the Sensitivity of Silver Emulsions (Gorman), Die Pholographische 
Industrie, p. 1032, 1925. 
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is useful. In order to increase the length of time’of the flash 
which is necessary for flow photogmphs, a mixture of magnesia 
powder and some inert powder is used 

In choosing the developing and fixing baths it is to be remem- 
bcied that foi ordinaiy snapshots it is desnable to have the 
various shades of darkness merge into each other gradually, 
while here sharp conti asts aie wanted Theiefoie hydrochmon 
is useful as a dovelopei since it makes very black pictures 
Special developers made for titles in moving pictuies are also 
suitable 

If the film is underexposed it is desirable to ovei develop it, so 
that the unexposed pails start to blacken This blackening is 
then lomovod by moans of a 1 educing bath (Farman reducer) 
and the film is then intensified in a uranium bath Though for 
ordinary pictuies the uranium intensifler is capricious, it is very 
suitable for obtaining negatives of great contrast. 

The best paper for making prints is non-sensitive extra-glossy 
“developing-out” paper, having a steep blackening curve 1 
In older to get a still bettei gloss the paper may be dried on 
plate glass, which gives pictuies that are very suitable for 
reproduction in print. 

1 GoLmuma, E , The Composition of the Photographic Picture (German), 
a ol T, Halle, 1926 




PLATES 



Tho flow phokiKruplm urn made at lint Kaiw>r Wilhi'lm 
lulo for flow Uownvrch ((Uil Unit’ll, Cloriimny) with an ospori- 
man lid oquipmonl; ttavolopod by I ho author. 



PUT« 1 



bl't I* ritun^l rylimfor jm- Ho 2 Hnrkwuul How In Uio 

mwliftloly nfior »i«rUn« (potential Imtimlury Inyor liehind llio cylinder, 

nmiifmlnilrm of bound tiry layer 
nmlM'Inl 


Pi vm a, 



Ftci tl, luirmnlUm of two vorlltwii, Kidi4." Tho oddlon Inortmao In ctoo, 
flow brwtklftK Imww from cylinder. 


pi«at» a. 



Phi, ft rh«i mldliHi grow still Pm, fl.—FInol picture obtained a long 
mortjiy Anally 1,1ns picture become* time After Blurting. 

uuMynmM’lrfon! and dtolnlegrolott 


x Tho ilirpotlim af flow in all photograph# i« from loft to right. 
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I i i.atk4. 



lha, 7.— Oanaooutlvo plcturea of Lho How round ti cylinder, Bel, ween Uie third 
mul fourth vortical column a number of iilnUiri* I« mining. Tim lotirlh 
itoluinn hIiowh tlm d lain loam ticm of tlm eym metrical vctriliuw muling In upfcluro 
Hko Hint of FIk. 0. 
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Pi atjj f> 



Ft a 8 —Consoautive pictures of the flow round a rotating cylinder starting 
from roat The ratio of poriphoral velocity of rotation u to the forward velocity 
v is t< /v « 4 
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1'Uh U* Tim mum* «'t Yl#, Hi. l h«il * * — *»« 



Plate 7 



Ficj 10 — u fv 0 





Pi; ATE 8 . 





PlAll 9 



tflG 10 — U/9 = 0 



Fro 17 — u/v ** M This pictuio wns taken by moung the rotating cylinder 
With tho cam or a through the water, stopping both and immediately afterward 
cxpoBing the plate 


286 


PfiATK 10. 





Platl 11 



Fig, 22 — u/v ~ 3 
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1’liAib 12 — (Cimimiutl) 



Kid 27 
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Plate 13, 



2 ! 





Pr,ATu 13 — ( Continued ) 



Fia, 31 
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Plate 14. 



FiO. 33. 
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Plata 14 — (Continued) 



Fig 34 — Flow lound sphere below critical point (WicBclsherger > 



Fio 35 — Owing to a tlua wire ring round tho ephoro, the flow becomes of the 
other typo with turbulent boundary layer (Wiesclsbertfvr ) 
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Plate 15. 



Pm. 30. — Plow in a sharply divorfiinfi channel. 




Plai'u 10 



Vru tO *1^1 1 liiiliuii Hmv in mi iijihii 
c lifimiifi tin* **f lliM mimrm H 

ul, nut v* Mini hi 111** npwl iif tin* wnli* 
i l (« jti Oh* vhOm 




Fla, 41 Flow round t\ kulfo o<|h*» 
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Plate 17. 









Plate 18 



Fius 4G-47 . — Coullnu ulloii of Pjga 12-44 
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Plate 19. 




, . . •- ,; T ;j. ..; 



1 1 

1:. ~M^: 


Fm, 48, — Streamlines round an airfoil tho very first moment after aturtinjs. 
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■;■-■■> : f / r ; *' *'W** i ’.• . : i. •-•~ ->.vat I - .. .. ^ 


Pig, 40. — Formation of tho starting vortex whioh is washed away with tlio fluid. 
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Plate 20* 



Fto 61 — Tftktm Boinawhat lntor than Fig, 60, 
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Plate 21, 



Fia, 52. — Liko Fig, 49; but iho (minora is at rest with ronpool io the uudlHlurhori 

fluid * 



Via, 53, — Liko t'ig, 51, but with oamora ut roat. 
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Platt 22 



Fio 64 — Lilco Fig* 62, but with gtontor anglo of nilaok nnd consequently 
Bliongci stniting voilox Also shorter oxpoauro of plate* 



Fiu 66 — Aftor foi million of tho shntmg vortex tho airfoil wan stopped nnd thou 
iho picture was taken 
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Fig, 60, — wd/v « 0,25, 



Fig, 67. — wd/p = 1,5, 









IFiu 50 — Kdimrin tiail » wd/v » 250 Tho camera is at lost with roBpoal lo 

tlio oylmdor 



JTiu 00. — KArmfln trail, xod/v =■ 250 Tho camora is at rost with krapool lo 
tho undisturbed fluid 
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Plate 25, 



Fia. 03 ,—wb/v « 250, 

Pigs, 01-63, — Plow round sharp plato of width 6, 
304 






1?LATE 20 



Fia 00 — tvb/p ** 250< 

Vum 04-00 — Flow round elliptic cylinder with major axis b, 
806 


Plate 27. 




Fia, 08, — Flow round thin plato of length l, xd/v 3. 
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Acceleration, longitudinal, substan- 
tial, 2 

resistance duo to, 107 
Aerodynamic balance, 2(>2 
Auloil, with (unto tail angle, 182 
Joiikow&kj piolilo, 180 
pressure distnbution on, 15l> 
slotted, 161 

sucking boumlaiy layei liom, 166 
theoiy oi finite, 185 
thorny of infinite, 158 
Airplane, tiansloi of weight to 
giound, 180 
Anomomctci, 239 
Angle of attack, 110 
Aspect latio influence of, on ding, 
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Backflow in boundniy htvi i, 09 
Balance, aoiodynamie, 202 
Bernoulli's constant, 3 
Bernoulli's equation, 3 
Biplane, theoiy of staggeml, 213 
theoiy of unstnggmed, 210 
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differential ocpiation of, 02 
for flat plate, 00 
ordoi of magmtudo of, 01 
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velocity distribution m lamimu, 
08 

in turbulent, 70 
visualizing motion m, 206 
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On dilation, definition of, 160 
genei at ion of, 107 
Cohn cd line, outouonfoi turbulonco. 
34 

Con foi mal mapping, 173 
Continuity equation, 1 
Convergent flim , 62 
Coincisicm foimulas, 200 
Collection tcim foi kinetic energy, 
24 

Cutieal Hey Holds' nuinbei, 32 
D 

Dofm million icsistauco, 88 
Differential cooifioient, convcolivo, 2 
local, 2 
substantial, 2 

Differential equation of Navioi- 
iStokea, 5 

Dimensional analysis, 12 
Dn millet's paradox, 108 
Discontinuity, auifaco of, 101 
Diveigcmt flow, 62 
Downwind volocity, induced, 107 
Ding, of aufml, 147 
dnlei m nui lion fioin wake meus- 
uromonls, 126 

wilh discontinuous potential flow, 
110 

of half body, L18 
induced, 198 

moasmomonl of, in natural wind, 
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in Mind tunnel, 261 
momentum theory of, 123 
with polonlial flow, 104 
nolf-induccd, 210 
stinting, 109 
Diag coefficient, 02 
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E 

Eddy (see Vortex) 

Electric velocity measurement, 241 
Euler's equation, for one-dimen- 
sional flow, 2 

for three-dimensional flow, 4 
F 

Falling, free, drag measuring meth- 
ods by, 247 
Fieltncr rotor, 82 
Fluid resistance, 80 
Flying characteristics of airfoils, 149 
Friction, internal, 4 
(Sec also Skin) 

Froucta’s number, 10 

G 

Gliding anglo, 144 
H 

Hagcn-Poiscuille, law of, 17 
Half body, 118 
Hot-wire anemometer, 241 
Hydraulic radius, 43 

I 

Image method, 100 
Induced drag, approximate calcula- 
tion of, 189 
minimum of, 204 
of staggered biplane, 213 
of Tinstftggored biplane, 210 
Induced downward velocity, 197 
Inertia effect on alill-air drag 
measurement, 201 
Inertia force, 7 
Intermittent turbulence, 36 

J 

Joukowaky's profiles, 180 

K 

ICdrmdn trail, 133 
Kinematic viscosity, 9 
Kutta-Joukowsky'a lift theorem, 162 


L 

Laminar boundary layer inside tur- 
bulent one, 78 
Laminar flow, 14 
Lanchestcr, 169 
Lift, of airfoils, 144 
and circulation, 168 
Kutta-Joulcowsky’s theorem, 102 
Lift coefficient, 140 

M 

Magnus effect, S2 
Manometer, 232 

Mean velocity of turbulent flow, 40 
Micromanomctors, 234 
Minimum theorem for multiplanes, 
219 

Mirrored imago method, 100 
Moment coefficient, 148 
Moment diagram of airfoil, 147 
Momentum of a source, 121 
Momentum analysis of drag, 123 
Momentum integral of airfoil, 104 
Momentum theorem, LOS 

N 

Navi or- Stokes, aquation of, 6 
Newton's law, of resistance, 80 
of viscous friction, 4 
Nozzle, 245 

0 

Orifice, 245 

P 

Path lines, visualizing of, 271 
Photography of fluid motion, 274 
Pitot static Lube, 229 
Pitot tube, 228 
Poiseuille, I-Ingon, law of, 17 
Polar diagram, 147 
Potontial flow, with circulation, 177 
drag duo to, 104 

Potential jump behind airfoil, 101 
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Piosauie, stagnation, 228 
static, 220 

Picssmc tlibtiibution on nnfoils, 160 
on stieamlincd bodies, 137 
Piessuie dmg, 137 
ot half body, 111) 

PioHsiuo diop, due to urn t nu* lion j 
62,215 

m entuiiuo i off ion } luimmu, 23 
tin Indent, 61 
ifttmiuu How in pipes, 20 
tuilnilont flow m pipes, 42 
Piessuie mlegiul of an foil, 105 
Piessuie immsuu men Is, 220 
Piessuio vunatioiis between tutbu- 
lout and lnmnnu How, 38 
Piohlo diag, 150 

It 

Resistance (see Dmg) 

Reynolds 1 nunibm, 0 
ciiluul, 32 
Bo tat mg Him, 240 
Kotaling nyluidm, 82 
liotoi, Plellnoi, 82 
Bough ness, wall, 44 

8 

Hopaialion, mulucn ol, 101 
Seventh-ioo l law, 70 
Shorn shews in lamuuu bnunilmv 
lay ni| 71 

m liubulonl boundntv lavm, 74 
Ship lesislnm o, 101 
Sinuliuilv lawrt, 0 
Skin faction, (VI 
of Hat plate, 77 

with lam inai boundaiy layei, 07 
or lolatiug dwe, 77 
with Uu Indent boundaiy lavm, 70 
Slotted wing, 163 
Smoko, 20(1 

Mom re, momentum of, 121 
Som re sink method, 137 
Speed (see Velocity) 

Klaggm ihcoami, 213 
Stagnation piessuio, 228 
Stalling ding, JOU 


Static piessuie, 220 
Statu tubo, 220 
Steady motion, 3 
Stokes's lesislancc law, 113 
Stieiim tube, 1 
Shoamlme, 1 
visualizing of, 271 
Stioaml tiled body, 130 
Sinking of boundaiy Iftyci material, 
81 

T 

Tip voi ticca, 185 
Total piessuie, 228 
Totting method for drag mcasutc- 
ment, 2 17 

Tuibulonee, inieimiUent, 30 

Till Indent How, 10 

Tin Indent velority dintubuUon, 48 

V 

Vmie wlusd mstiumenls, 230 
Veined v, culii id, 32 
Voloi ity emdlieienl, 244 
Velocity diHUilmliun, m ltumnai 
boimdmy layei, 08 
m lanunui pipe flow, 27 
m tuilmlent hmindmv lnvoi, 70 
m liubulonl pipe How, 48 
Veined y hold lound mi full, 170 
Velneity ineasmeuuniL, 220 
i leelnnil, 241 
Ven tun molei, 2 11 
ViHMHity, dehmlion of, 4 
Vmle\, bound, 11)3 
Kill niitiip 133 
shilling, 108 
Vui to\ band, 100 

W 

Wall, imifflmrsH, 44 
wav mens, 44 

Wake, dmg (Intel mmMinn m, 120 

Wave n HiHliuiee, 101 

Weil, 24(1 

Wind tu lined, 252 

Wing, Hint ted, 153 



